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Abstract

The purpose of this paper is to establish some new common fixed point theorems for
weakly compatible mappings. In this paper we prove some common fixed point theorems for
six mappings under the condition of weakly compatible mappings satisfying an implicit
relation. We point out that for the existence of the fixed point, continuity of the function is

not required.
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1. Introduction

Jungck [1] introduced generalized commuting mappings called compatible
mappings, which are more general than the concept of weakly commuting mappings [11].
Many authors have proved common fixed point theorems for compatible mappings for this
we refer to [1]-[3], [4], [6], [13], [5], [14]. On other hand Wong et al. [18] proved some fixed
point theorems on expansion mappings which correspond to some contractive mappings.
Rhoades [10] generalized the above results for pairs of mappings. Some theorems on unique
fixed point for expansion mappings were proved by Popa [7]. Popa [8] further extended
results [7], [10] for compatible mappings.

Definition 1.1: Let S and T be two self-mappings of a metric space (X,d). Sessa [11] defines

S and T to be weakly commuting if

d (STx, TSx) <d (Tx, Sx) forallxin X.

Jungck [1] defines S and T to be compatible if
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lim gesre 7s¢ )=0
n— o n n

whenever, {x,} is a sequence in X such that

lim 5, - lim 5 _, forsome xin X.
n— o n n-—oow n

Clearly, commuting maps are weakly commuting and weakly commuting mappings are

compatible but implications are not reversible.

Definition 1.2:

Two mappings S and T are said to be weakly compatible if they commute at their
coincidence point. In 1999, Popa [9] proved some fixed point theorems for compatible
mappings satisfying an implicit relation. Sharma and Deshpande [15] proved some common
fixed point theorems for compatible mappings in Banach spaces, satisfying an implicit
relation. Sharma and Rahurikar [17] improved result of Sharma and Choubey [16] and proved
the theorem for five mappings under the condition of compatible mappings. In this paper, we
prove common fixed point theorems for weakly compatible mappings in Banach spaces,

satisfying an implicit relation. We extend the results of Sharma and Rahurikar [17].

2. Implicit relations:
Let ¢ be the set of all real continuous functions ¢ (t;... ,t¢): R.° — R satisfying the

following conditions:
®1: ¢ is non-increasing in variable te.
d,: there exists h e (0, 1) such that for every u, v > 0 with
(da): & (0, v, v,u, (172) (u+v),0)<0

Or
(d):d(w,v,u, v, (172) (u+v),u+v) <0
We have u < hv
$3: d(u,u,0,0,0,u)>0forallu>0
Example 2.1: ¢ (t;....,t6)=t; - k max {tz,%,ts,%’}, where k € (0, 1).
¢1: obviously

d2: Letbeu>0, ¢ (u, v, v, u, (1/2) (u+v),0) =u -k max {v, (1/2) (u+v), (1/2) (u+v), 0}.
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If u > v thenu < ku <u, a contradiction.Thus u < v and u < kv = hv, where h =k < (0,
1).Similarly,

ifu>0then ¢ (v, v,u, v, (1/2) (u+v),u+v)<0implyu<hv.If u=0 thenu< hv.

3.0 (u,u,0,0,0,u)=u(l-k)>0. Forallu>0.

Example 2.2: §(t,..., ts) = t*; - k max {5, tst5, (1/2) t4ts }, where k € (0,1).

¢;. obviously.

¢2: Letbeu>0, ¢ (u,v,v,u, (1/2) (u+v), 0)=1u’-k max { V4, (172) v (u+v),0 }<0.Ifu
> v then u< Jku< u, a contradiction.Thus u < v and u < JVkv=hv , where h =Jk e
(0,1).Similarly,

ifu>0then ¢ (u,v,u, v, (1/2) (u+v),u+v)<0.Implies u<hv. [fu=0thenu<hv

b3 & (u,u, 0,0, u)=u’ (I-k) >0, forallu>0.

ti+t,

Example 2.3: ¢ (t_tg) =t’-at5-t3 [ - tsj - bte (t2 - t4), where a, b € (0, 1/2).

¢1: obviously

¢2: Let be u> 0, ¢(u, v, v, u, (1/2) (u+v), 0) = u® - av? < 0, which implies u < Jav= hv,
where h= +a & (0, 1).Similarly,

ifu>0then ¢ (u, v, u, v, (1/2) (u +v), u+ v) <0. Which implies u <hv. [fu=0thenu < hv.
03z ¢ (u, 1, 0,0, 0, u) =u”[1- (a+b)] >0, for all u> 0.

Sharma and Choubey [16] proved the following results for Banach spaces.

Theorem A:
Let (X, || . ||) be a Banach space and A, B, S, T: X — X be four mappings satisfying the

conditions.
® ¢ ([|Ax-By ||, [| Sx =Ty ], || Sx = Ax ||, [| Ty = By [, (1/2) (|ISx = Ax || + | Ty — Byl)),
ITy — Ax ||)<0. For all x,y in X, where ¢ € @,

(i) A(X) c T(X) and B(X) < S(X)
(ii1) {A, S} and {B, T} are compatible pairs.

Then A, B, S and T have a unique common fixed point.
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Theorem B: Let S, T and {Aj}i cn be mappings from a Branch space ( X, || . ||) into itself
such that

(1) A2 (X) ¢ S(X) and Ai(X) < T(X)

(ii) the pairs {A;, S} and {A,,T} are compatible.

(ii1) the inequality

O Aix -Aiery [l | Sx-Ty |, [ Sx - Ax [[, [[ Ty - Aieay [, (172) (f Sx - Ax ||+ || Ty -Aic1y
1), [ Ay - Ax [|) <0

holds for each x,y € X, for allie N and ¢ € ©.

Then S, T and {Ai}i < n have a unique common fixed point.

Sharma and Rahurikar [17] proved the following results for Branch spaces.

Theorem C: Let (X, || . |[[) be Banach spaces and A, B, S, T, P: X — X be five mappings
satisfying the following conditions:

(1) ¢(| Px =Py [|, [| STx — ABy [|, [| STx — Px |, [| ABy =Py[|, 2(|]| STx — Px [[ + || ABy —Pyl)), |
ABy —Px || ) <0. For all x,y in X, where ¢ € @,

(i1) P(X) < AB(X), P(X) < ST(X),

(ii1) {P, ST} and {P, AB} are compatible pairs.

(iv) AB=BA, ST=TS, PT = TP, PB = BP.

Then, A, B, S, T and P have a unique common fixed point.

3. Main results

Theorem 3.1: Let (X, || . ||) be Banach space and A, B, S, T, P, Q: X — X be six mappings
satisfying the following conditions:

.1 o(| Px = Qy [|, [| STx — ABy [|, || STx = Px [|, [[ABy-Qy |, 1/2(]| STx — Px || + ||ABy-Qy
I, || ABy — Px || ) £ 0. For all x,y in X, where ¢ € ©.

(3.2) P(X) < AB(X), Q(X) < ST(X),

(3.3) {Q, AB} and {P, ST} are weakly compatible.

(3.4) AB=BA,QB=BQ,PT=TPand ST=TS,

Then A, B, S, T, P and Q have a unique common fixed point.

Proof : By (3.2), since P(X) — AB(X), for an arbitrary point xo € X there exists a point x; €
X such that Pxy = ABX; . Since Q(X) < ST(X), for this point x; € X, we can choose a point
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eX such that Qx; = STx, and so on. Inductively we can define a sequence {y,} in X such
that
Van = PXon = ABXop1g

Vont1 = QXont1 = STXonez , for everyn =0,1,2,...

By (3.1) we have

¢ (|| Pxan- Qx2n1 |5 || STXon- ABXoneill, || STX2n - PXon ||, || ABXont1 - Qxansil, (1/2) (|| STx2n -
Pxon || + || ABXan+1 - QXone1 || ), || ABXons1 - PXon || ) <0

¢ (1l yan = Yanetlly | Y2ne1 = Y2u [l [ Y21 = ¥2n [l 1 Y20 = Y2net [l 720 Y201 = Y20 [+ 1] Y2u- Y2us1 ) |l
Y -Yul) <0

OCII'y2n = Yanells | Y2n-1 = Yan lls | Y201 = Yon [l 120 = Yaneills 7201l Y201 = Yoo | + 1| Y20 - Yaneill ), 0)
<0

By (¢2) we have || Yon - Yont1 || £ h| Yon-1 - Yon ||-Similarly by ¢, we have

A

| Y2n1 = yan || < h| y2n2 - yona1 ||

and so

I

Iy yomsa | < B[ yo-yi| forn=0,1,2...

By routine calculations it follow that {y,} is a Cauchy sequence in X and hence it converges
to a point z in X.

Consequently, sub sequences {Pxz,}, {Qxon+1}, {ABxon1} and {STxoni} of {yn} also
converges to the point z. Since Q(X) c ST(X), there exists a point u € X such that STu = z.
Then using (3.1), we write.

¢ (| Pu - Qxaniifl, [| Stu - ABxons1 |, || Stu — Pu ||, || ABxans1 - QXansill, 72(]] Stu — Pu || + |
ABXan+1 - Qxan+1]]) , [| ABXonr1 —Pu || ) <0.

Taking the limit as n — oo, we have

¢ ([Pu—zl,[[z=z,lz=Pul,lz=z[,[[z+Pul|+ || z=z[[,12 (| z+ Pu |+ [ z—z]]), || z
-Pu|l) <0

¢ ([|Pu—z[[,0,lz=Pul[,0,(’2)[|z-Pull,[[z-Puf[)<0

which implies by (¢), that Pu = z. Therefore Pu= STu = z. Similarly since P(X) c
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AB(X), there exists a point v € X such that ABv = z. Then again using (3.1), we have

O( [[Px2n- QV ||, || STX2n — ABV ||, || STX2n - PXon ||, [[ABV- Qv]|, 1/2 (|| STX2n - PXon || + [[ABV -
Qvl), | ABV - Pxxn [|) <0

Taking the limit as n — oo, we have

¢ (llz=Qvll[[z=zl[[z=zl,[[z= QvI,12([z=z[+[z=QVI),[lz-z[)<0

¢ (llz=Qv I, 0,0, z=Qv [, (172) [[z—Qv |, 0) <0

which implies by (¢,) ) that Qv = z .Therefore ABv = Qv = z.Since the pair{P,ST} is weak
compatible. Therefore P and ST commute at their coincidence point i.e. P (STu) = (ST)Pu or
Pz =STz.

Similarly Q (ABv) = (AB)Qv, or Pz = STz. Similarly Q (ABv) = (AB) Qv or Qz = ABz.
Now, we prove that Pz =z, by (3.1), we write.

O([| Pz - Qxantill, [| STz - ABXansil], [| STz - 2 [|, || ABXan+1 - Qxana [, 72 (| STz - z || + ||
ABxon+1- QXont1 || ), [[ABXon+1-Pz||) <0

Taking the limit n — oo, we have

o([| Pz=z], [| Pz-z], [ Pz=Pz|], [|z—z ||, 1/2 (| Pz =Pz || + || z—z])), || z— Pz ][ ) < 0.

¢ ([[Pz—z],[|Pz-2],0,0,0,[[z-Pz[[)<0

which is a contradiction to (¢3), if | Pz — z || # 0. Thus Pz = z. Therefore z = Pz = STz.

Now, we show that Qz =z, by (3.1), we write,

¢ (|| Pxon—Qz ||, || STx2n— ABZ|, || STX2n - Pxon ||, || ABz —Qz ||, 1/2(]] STX2n - Px2n || + || ABz
—Qz{)), [| ABz - Px [|) <0

Taking the limit n — oo, we have

¢ (l[z=Qz|l, | z=Qz|l, [ zz |, [ Qz=Qz |, 172 (| z—z | + | Qz—Qz || ), [ Qz =z || < 0
¢(llz=Qz|,z-Qz],0,0,0,|Qz—z[|) <0

which is a contradiction to (¢3), if || Qz —z || # z. Thus Qz = z. Hence Pz = STz = Qz = ABz
=z. If putting x =z and y =Bz in (3.1) we write

¢ (I Pz - Q(B2) |, | STz - AB(B2) ||, [| STz - Pz ||, || AB(Bz) - Q(B2) ||, 1/2(]| STz — Pz || + |
AB(Bz) - Q(B2) [)), [| AB(Bz) - Pz | ) < 0

0([|z=Bz|, [|z=Bz||, [|z—z]], | Bz=Bz||, (|| z =z || + || Bz - Bz )), [| Bz - z[| ) < 0
¢([|z—Bz], [|z-Bz|,0,0,0,|Bz-z[|) <0
which is a contradiction to (¢3) if || Bz—z || ) # 0. Thus Bz = z. Since ABz = z, therefore Az =

z. By putting x = Tz and y=zin (3.1) we write
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o([| P(T2) - Qz ||, || ST(Tz) — ABz|, || ST(Tz) - P(T2) ||, [| ABz - Qz ||, 2(|| ST(T2) - P(T2) || +
I ABz—Qz ), || ABz - P(Tz) [| ) <0

Taking the limit n — oo, we have

O([| Tz=z ||, | Tz =z, | Tz= Tz ||, | z—z ||, 2(| Tz= Tz |+ [| z—z]), [[z-Tz || ) < 0

o([| Tz=z]|, | Tz—z ||, 0,0,0,][ z-Tz | ) <0

which is a contradiction to (¢3) if || Tz —z || # 0. Thus Tz = z. Since STz = z therefore Sz = z.
Hence Az=Bz =Sz =Tz=Pz=Qz=2z Thus z is a common fixed point of A, B, S, T, P and
Q.

For uniqueness, let w (z # w) be another common fixed point of A, B, S, T, P and Q. Then
using (3.1), we write

o( || Pz—Qw ||, || STz — ABw||, | STz — Pz ||, || ABw — Qw||, 1/2(]| STz - Pz || + || ABw —
Qwl)), [l ABw —Pz||) <0,

O([[z=wl I z=wl,[[z=zl, [[w=wlI. 2 z=z|| [ w-w]D), [[w=-z]|) <0
o([[z=wll, | z=wl, 00,0, [|w-2z])<0

which is a contradiction to (¢3) if || z - w|| # 0.Thus z = w.

Theorem 3.2: Let (X, || . ||) be a Banach space and A, B, S, T, P, Q: X — X be six mappings
satisfying the conditions (3.1),(3.2), (3.4) and the following

(3.5) the pair {P, AB} is weakly compatible.

(3.6) || x—STx || < ||x—ABx| forall xeX

Then A, B, S, T, P and Q have a unique common fixed point.

Corollary 3.1: If we put P = Q in Theorem 3.1 our theorem reduces to the result of Sharma
and Rahurikar [17]
If we put P =Q = {P;}icn, we have the followings :

Theorem 3.3: Let A, B, S, T and {Pi}icn, be mappings from a Banach space ( X, || . ||) into
itself such that.

(3.7) the inequality

o([| Pix - Piy [|, || STx - ABy]|, [| STx - Pix[|, [| ABy - Piy [|, (1/2)( || STx - Pix [ + || ABy - Piy [,
| ABy - Pix [| )< 0

holds for all x, yeX, for all ieN, where ¢ € O,
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(3.8) Pi(X) < AB(X) N ST(X),

(3.9) the pairs {P;, ST} and {P;, AB} are weakly compatible.
(3.10) AB=BA, ST=TS, PiT =TP;, P;B = BP;.

Then A, B, S, T and {P;};cn have a unique common fixed point.

If we put P=Q =B =T=1in Theorem 3.1 and Theorem 3.3, we have the following

Corollary 3.2: Let (X, || . ||) be a Banach space and A, S, P: X — X be three mapping
satisfying the conditions:

(3.12) ¢C | Px =Py ||, || Sx — Ayl|, [| Sx = Px|l, [Ay — Py [l, (1/2)( || Sx = Px || + [| Ay —Py]|), |
Ay—Px||)<0

for all x, y in X,

where ¢ € O,

(3.13) P(X) < A(X) N S(X),

(3.14) the pairs {P, S} and {P, A} are weakly compatible

Then A, S, and P have a unique common fixed point.

Corollary 3.3: Let (X, || . ||) be a Banach space and A, S, P: X—>X be three mappings
satisfying the conditions (3.12), (3.13) and

B.15 || x-Sx||£||x—Ax|, forallxinX,

(3.16) the pair {P, A} is weak compatible.

Then A, S, and P have a unique common fixed point.

Corollary 3.4: Let A, S, and {P;}icn be mappings from a Banach space ( X, | . |) into
itself such that

(3.17) the inequality

O(| Pix - Piy [|, [| Sx = Ay ||, || Sx - Pix [|, [| Ay - Piy [, (1/2)( || Sx - Px [| + [ Ay - Piy [, [|Ay -
Pix|| £0

holds for all x, y eX and for all ieN,

where ¢ € O,

(3.18) Pi(X) < A(X) N S(X),

(3.19) the pairs {P;, S} and {P;, T} are weak compatible.

Then A, S and {P;}icn have a unique common fixed point.
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Corollary 3.5: Let A, S and {P;}icn, be mappings from a Banach space ( X, || . ||) into itself
satisfying the conditions (3.15), (3.17), (3.18) and (3.19) the pair {Pi, A} is weak compatible.
Then A, S and {P;}icx have a unique common fixed point If we put A=B=S=T=11in

Theorem 3.1 and Theorem 3.3 we have

Corollary 3.6: Let (X, || . ||) be a Banach space and P: X - X and Q: X — X be mapping
satisfying the following condition:

(3.20) ¢(|| Px = Qy [, [ x- yll, [ x = Px |L[l y = Qy [l (172)([[ x = Px [[+ |y =Qy [ ), |ly —Px][)
<0

for all x,ye X where ¢ € O,

Then P and Q have a unique common fixed point.

Corollary 3.7: Let {P;}icn, be mappings from a Banach space ( X, || . ||) into itself
such that

(3.21) the inequality

O(|| Pix - Piy [l[| x =y ||, [ x - Pix ||, [ly - Piy [I, (1/2)( || x - Pix || + [y - Piy [l,[| y-Pix | <0
holds for all x, y € X and for all ieN, where ¢ € ©.

Then {Pi}icn has a unique common fixed point.

Theorem 3.1 and Examples 2.1 to 2. 3 imply the following:

Corollary 3.8: Let (X, || . ||) be a Banach space and A, B, S, T, P and Q: X — X be six
mappings satisfying the conditions (3.2) - (3.4) and the following:

(3.22) [[Px - Qy || < kmax {[| STx — ABy [|, (1/2) (|| STx — Px || + || ABy —Qy [), (1/2) || ABy
—Px ||}

for all x,y in X, where k € (0,1)

or

(3.23) || Px = Qy | < kmax { || STx — ABy |% (1/2)|| STx - Px || (|| STx — Px || + || ABy —
Qy ), (172) [ ABy —Qy [|. [| ABy — Px [|}

for all x, y in X where k € (0, 1)

or

(3.24) || Px~Qy | < al| STx ~ABy |I*- bl| ABy — Px || (| STx — ABy |-| ABy ~ Qy]| for all
X, yin X, where a, b € (0, 1/2)
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Then A, B, S, T, P and Q have a unique common fixed point.

Example 3.1: Let the set X = [0, 1] with the || . || defined by d (x, y) = || x—y |, forall x,y €
X.

Clearly (X, || . |) is a complete Banach Space. Let A, B, S, T, P and Q be defined as

Ax =x, Bx=x/2, Sx =x/5, Tx =x/3, Px =x/6 and Qx =0, for all x € X.
Then P(X) = [0, 1/6] c [0, 1/2] = AB(X) and Q(X) < {0) — [0, 1/15] = ST(X).
We see that the condition (3.2) of Theorem 3.1 is satisfied. Clearly (3.3) and (3.4) is also

satisfied.

Example 3.2: Consider X = R with the usual norm. Define A, B, S, T and Q by
Px=0,0Qx=0,Bx=x; forallx € R

{0 if —0<x<0

I if 0<x<oo

x if-wo<x<l
Tx = )
I if 1£x<w

0 if —o<x<0
Sx=4-1 if O<x<l
1 if 1<x<owo

and so

0 if—o<x<0
ABx = f ¥

1 if 0<x<o
and

0 if —-oo<x<0
STx=4-1 if O<x<l

1 if 1<x<wo
Then A, B, S, T, P and Q satisfy conditions (3.2) and (3.4) of the Theorem 3.1. Let us
consider a decreasing sequence {x,} such that

lim
x =
n—>o  n

Then
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lim lim
Px =
n—>o "p T n—o>®

Aan =0
and
lim
1 —> o0 HPAan - ABPan )

Thus the pair {P, AB} is compatible. Similarly the pair {P, ST} is also compatible. We see
that condition (3.1) is satisfied if ¢ is similar to that of Example 2.1 or Example 2.2 or
Example 2.3. Here we take k €(0, 1) in Example 2.1 and Example 2.2 and a=0.4, b= 0.3, in
Example 2.3. Thus A, B, S, T, P and Q satisfy all the conditions of Theorem 3.1 and

Corollary 3.8 and have a unique common fixed point x=0.
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