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Preface

Shivaji University, Kolhapur has introduced the Distance Education mode for external
students. The number of students appearing for M. Sc. Mathematics course externally is
increasing every year. Therefore there is need to prepare self instructional material (SIM) for
the students. Further this book is also helpful for regular students who opt for this subject.

I'am thankful to the authorities of the Distance Education Centre who entrusted the task
of writing this book on Fuzzy Mathematics-I to me. The objective of this book is to provide
basic material on this subject to the students from which they can prepare for the examination
on their own. Most of the part of this self instructional material can be understood without
or very little help from a tutor.

I am extremely happy to present this book on Fuzzy Mathematics for M. Sc semester
III students. I am very grateful to my teacher Prof. Dr. H. V. Kumbhojkar for his guidance
and valuable suggestions in preparing this manuscript. I hope that the exposition of the subject
in this book will meet needs of all aspirants.

The book introduces the students, the notion of fuzzy sets. The first unit deals with
introduction of fuzzy sets and standard operations on fuzzy sets. Unit II contains the
properties of a-~cuts. Unit Il exposes generalized operations and their constructions various
combinations of operators and ordered weighted averaging operators. Unit IV is the
introduction of fuzzy numbers and discusses arithmetic operations on fuzzy numbers and also
contains latties theoretic properties.

I owe a deep sense of gratitude to the Vice-Chancellor, Shivaji University, Kolhapur
who has given inspiration and active support to go ahead with this ambitious project. I also
thank Prof. Dr. (Mrs) S. H. Thakar, Head, Department of Mathematics, Shivaji University,
the Director, Centre for Distance Education and the Principal, Willingdon College, Sangli for
their help and keen interest in completion of this book. Thanks are also due to Mr. Sachin
Kadam for giving his valuable time for computerizing the manuscript neatly and correctly. Any
suggestions and corrections for the improvement of the book will be highly appreciated.

Editor
Prin. Dr. M. S. Bapat
D. B. J. College, Chiplun
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Each Unit begins with the section Objectives -
Objectives are directive and indicative of :
1. What has been presented in the Unit and
2. What is expected from you

3. What you are expected to know pertaining to the specific Unit
once you have completed working on the Unit.

The self check exercises with possible answers will help you to
understand the Unit in the right perspective. Go through the possible
answers only after you write your answers. These exercises are not to
be submitted to us for evaluation. They have been provided to you as
Study Tools to help keep you in the right track as you study the Unit.
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UNIT - |

Fuzzy Sets: Basic Concepts

INTRODUCTION :

Fuzzy sets were introduced in 1965 by Lotfi Zadeh to model ambiguity and
vagueness. Any realistic process is not perfect and ambiguity may arise from the
interpretation of inputs or in the formulation of relationship between various attributes.
Fuzzy sets is a tool which can be used to relate human reasoning capabilities to the
knowledge based systems. Fuzzy logic provides mathematical base to transform certain
perceptua and linguistic attributes for further computational and decision process.

11 Fuzzy Sets

There are three basic methods of describing a subset of X. Fird is ligting the
dements of the set. eg. A={x, %, X}, X T X foradli=1,23, ...

Secondly, a subset of X can be defined by the property of its members, eg.
A={x1 X | p(x)} where p(x)is the property about X.

Third method is by characteridtic function. If A X then it is represented by a
function c,: X ® {0,1} suchthat c,(x)=0if xI A and c,(X)=1if xT A. This
method of describing subsets of X can be generdied to define Fuzzy subsets of X. In
characterigtic function 1 represents full membership and O represents non-membership
vaue of the dement x in A. Characterigtic function dlows these two membership vaues

to every dement of X. Fuzzy sets dlows the membership values between 0 and 1. We
define Fuzzy subset of X formdly as follows.

1 Fuzzy Set
Let, X be any sat. A Fuzzy subset of X is defined by a membership function,

A: X ® [0]]

D)




The Fuzzy st is identified by its membership function.

Following are some of the examples of Fuzzy <.

A class of red numbers close to 12 is a Fuzzy <.

11 12 13

A

]

y

11 12 13

12:R® | =[0,1] may be defined by various types of functions

Obtain a Fuzzy set which represents the property

2. Example
A A

1 1
< . . } > <

O, 1 12 13 O}
3. Example

(1) Highly educated, (2) Little educated

Ans. :

We assume the following levels of education

0 - No education

1 - Elementary education
2 - Highschool education
3 - Junior college

4 - Degree college

5 - Masters degree

6 - M.Phil. / Ph.D.

C2)




Highly educated

A 4

Medium educated

 /

Little educated

v

\ 4

4, Example :

v

1 2 3 4 5 6

Represent the following linguistic concepts as fuzzy sets -

(1) Very low temperature

(2) Low temperature

(3) Medium temperature

(4) High temperature

(5) Very high temperature
in a temperature range 0-100°C.

Ans. :
A
1VL L M H VH
"0} 10 20 30 40 50 60 70 80 90 100

C3)




1.2  Basic Concepts

The concepts of a -cuts and strong a -cuts play an important role in the
relationship between fuzzy sets and crisp sets (classical sets).

1 Definition
a -cut of afuzzy set : Let, A: X ® | beafuzzy subset of X, then a -cut of A
is defined as, 2 A={x1 X |A(x)3 a}, al[01]

Thedtrong a -cut of A isdefined as, 2*A={x1 X |A(x)>a}, al [0,1]
2. Note
1) a*Al 2A
2)If a =0, then
oa={xi x|A(x)2 q}
p °A=X
Andif g =1 then
A={xi X |A(X)3 1}
a={xI X |A(x)=1 (--al[0,4])
1p iscdled the core of the fuzzy st A.

3. Example

v




4, Example
Let M be the fuzzy of middie aged persons defined by,

M:X ® [0,1]
where, X ={0,1,2, 3, ....., 100}
andM (x) =0 if x£20 or x3 60
_x-20 i
15 20E£X£35
60- x i
15 IT 40 £ x £ 60
=1 if 35€£x£45

Find, 1M, 05M, 08\ and %M.
Ans. : Here,
M:X®1,X={0,12,...., 100}

v

of 25 05
10 20 30 40 50 60 70 80 90 100

\4
For xI [20,35],

M (x) =2 20

50




For xI [45,60]

M(x)=60_ X

Now,
1) M ={xi X|Mx)=1

b M ={35,36,37,........,45}
2) O3\ ={xT X |M (x)3 0.5}
But, M (x)3 0.5

Xx-20,1 60-x,1

15 2 15 2
P 2x- 403 15 or 120- 2x3 15

3§0rx£10_5

2 2

b x

b §£ x£115
2 2

Thus,
%5\m ={28,29,30,.....,51,52}

3) 08\ ={xT X |M (x)3 0.8}
But, M (x)? 0.8

x-203£Or 60- x
15 5 15

p x3320r x£48
b 32£ x£ 48
Thus,

3

4
5

08\ ={32,33,34,.......,48}

6




4) "M ={xT XM (x)>0}
But, M(x)>0

X- 20>Oor 60- x
15 15

P x>200r x<60

p <0

Thus,

M ={21,22,23,.......,.59}

B, The set of dl levels x1 [0,1] that represents distinct a -cuts of a given fuzzy
st Aiscdled alevel set of A denoted by ((p) - i€

U(A) ={a |A(x) =a for somexi X}

6. Note

For any fuzzy st A and for digtinct values a,;, a,1 [0,1], a; <a, b %AE #2A
and 2*A E @2 A. Thusdl a -cuts and strong a -cuts forms a families of nested crisp

ss e if a; <a,<ag<.. then

MAE 2AE BAE ...

7. Convex Sets

A st Ain pn is cdled a convex st if for any two dements v, 51 A, the
element.

t=Ir+(@-1)si Afordl 0£I £1

i.efor any two points ¥ and s in A, the line segment joining ¥ and sd<0 lies
in A.

7




8.

Convex Fuzzy Set

Let A: X® | beafuzzy st defined on X. The fuzzy st A is cdled a convex

fuzzy =t if every levd cut of A is convex st.

0.

Proof :

Theorem
A fuzzy st Aon R is convex iff

All % +1-1)%)3 min(A(x), A(%)), "% %1 R

Let A:R® | beaconvex fuzzy s, | = [0, 1]
Let X, %1 R bearbitrary and let A(x) £ A(x,)
Let A(x)=a where, al [0,1]
Then, A(x)3ab xi *A
Also, A(x,)3 A(x)=a

P A(x)2a

b x1 2A

Thus, x,%,1 A and ap isaconvex set (- A is convex fuzzy set)

We g,

| % +(1-1)x1 2A “17[07]
b Al x+(1-1)x%)%a "11][0]]
Also,

A(x)3 A(x)=a

C8)




P min{A(x),A(x)} =A(x)=a .. )
Thus, from (1) and (2), we get,

Al x +(1- 1) %) 2 min{ A(x), A% )} "0El £1, "X, %1 R

Conversdly,

Let, Abeafuzzy ston R st, "X, %1 R and "0£1 £1
Al % +(1- 1) %) 2 min{ A(x), A(x,)}
We will prove that,

A is a convex fuzzt .
i.e. we will show thet, every a -cut of A is a convex <.
Let, a beabitrasy and g >0.1.e 0<a £1

(For a =0, %A =R which is convex)

For, 0<a £1 we have,

aa={xI R|A(x)?a}
Let, x, %1 2A. Then,

A(x)®a and A(x,)3a
Forany | , 0£1 £1, we have,
All % +1- 1) %)3 min{A(x),A(x)} (assumption)

3a

(A(xl) 3a,A(x)2a b min{A(x),A(x)}3 a)

Thus, Al % +(1- 1)x,)% a

b lx+(-1)x%12A "0£I| £1

9




p 2A isaconvex st.
Thus,
a p isaconvex st for dl al [0,1]
Hence, A is a convex fuzzy set.
Thus,
A is aconvex fuzzy st iff " x, %1 R and " | 1 [0,1]

All x+(1-1)%)3 min{A(xl),A(xz)}
10. Examples

If A is a convex s, then we may have the following representation.
A A

v

A

a p isnot a convex set. Hence, A is not a convex fuzzy <.

C10)




12.  Support of a Fuzzy Set

Let, A be afuzzy st defined on X. The sat of dl dements whose “membership
vaues are non-zero” is caled the support of A.

Thus,
Support of A = Supp A
={x1 X|A(x)>0}
e SuppA= OtA

13. Coreof A
The st of dl dements whose “membership vaue is 17 is cdled the core of A.

Thus, coreof A ={xT X | A(x) =1

i.e Coreof A = 1A.

14. Height of Fuzzy Set
Let, A be a fuzzy set defined on X. The “maxima membership vaue’ of the
elements of X is caled the height of A.

i.e Height of A = h (A) = supA(x)
A X

If h(A) = 1, then A is cdled normd fuzzy st. Otherwise it is caled subnormal
fuzzy <.

15. Notation For Representation of Fuzzy Sets
LeAbeafuzzy sston X, A: X ® |

If X ={X, Xp,.r., X} - Then,

1)




16.

o AlX,
ie A=a—( )

n %
If X ={x, %, %, ..}

Then, we write

¥ A

-5 (xn)

n=1 Xn
W

For an interva X, we denote the fuzzy st A by,

~~

X)
X

A= A

T

X

Example :

Thus,

(1)  h(A) =%:O.71

P h(A)®1

Therefore, A is not normd fuzzy set.
(2) Coreof A=f
(3  Supp(A)={12 .., 10}

(subnormal)

12)




17.

18.

Scalar Cardinality of Fuzzy Set
If A isafuzzy set defined on X, then, scdar cardindity of A is defined by

|Al = é A(x)

X X

Example
Let X ={0,1,2, ....., 10}.

Define A: X ® | by A(X)szXA,' Then
IA=§ A(x)
A X
=A0Q)+AQ) +A2) +...... + A(10)

1 2 3 10
=0+= 4=+t

5 6 7 14
=02+033+...+071= 531

Operationson Fuzzy Set

Fuzzy Intersection

Let A and B be the two fuzzy setsdefinedonasst X (A: X® |, B: X® | ).
(AC B)X ® | defined by

(AGB)(x) =min{ A(x),B(x)} = A(x) UB(x)

This is caled standard Fuzzy intersection.

Fuzzy Union
Let A and B be the two fuzzy sets defined on a st X, then,
(AE B): X ® | defined by

13)




(AEB)(x) = max{ A(x),B(x)} = A(x) UB(x)
This is called standard fuzzy union.

3. Standard Fuzzy Complement
Let A be afuzzy st on X. The standard fuzzy complement of A is defined by,

A:X® I

(x) =1- A(x)

>

4, Definition : Fuzzy Power Set

The family of dl fuzzy sets defined on X is cdled a fuzzy power sat of X and it
is denoted by £ (X).

F (X) is a complemented, distributive complete lattice.

5. Note
Law of contradiction and law of excluded middle are not true for the fuzzy sets.

ie ANALE L. (Law of contradiction)
and  AUJA! X ... (Law of excluded middle)
where,
f:X®1 st f(x)=0 " X
and X:X®1 st X(x)=1 "X
6. Example

Prove that, for any Fuzzy sets A and B defined on X, the following properties
holds,

(1)  AU(ANB)
(2 AN(AUB)

A
} (Law of Absorption)

A

| (14D




Proof :

(1) Forany xi X,
[AU(AN B)](X) = A(x) U(ANB)(x) SF.U. definition
= A(x) U[A(x) UB(x)] SF.I. deinition
Now, A(x),B(x)T [0,1]
Then,
either A(x) £B(x) or B(x) £ A(x)
Case (i) : If A(x) £B(x)- Then,
A(x) UB(x) = A(x)
And A(x)U[A(Xx) UB(x)] = A(x) UA(X) = A(X)
e [AU(ANB)](x)=A(x), "X X

P AU(ANB)=A

Case(ii) : Smilaly,
if B(x) £ A(x)- Then,
A(x) UB(x) = B(x)
and A(x) U[A(X) UB(x)] = A(x) UB(x)
= A(x)
b [AU(ANB)](XN=A(x) "xI X
Thus,
AU(ANB) = A

15)




(2) Forany xi X,
[AN(AU B)] (x) = A(x) U[(AUB) (x)]
= A(x) JA(x) UB(x)]
Now, A(x),B(x)1 [0,1]. Then

dther, A(x) £B(x) of B(x) £ A(x)-

Case (i) : If A(x) £B(x)- Then,
A(x) UB(x) = B(x)
P A(x)U[A(X)UB(x)]= A(X)UB(xX)
= A(x)
b [AN(AUB)](x) =A(x), "xi X
Therefore, AN(AUB) = A
Case (i) : If B(x) £ A(x)- Then,
A(x) UB(x) = A(x)
P A(X)U[A(X)UB(x)]= A(X)UA(X)
= A(x)
p [AN(AUB)](x) = A(x) “x1 X
Therefore, AN(AUB) = A

7. Definition : Subset

Let, ABT F(X),wesaythat, Al Bif A(X)£B(x),"

(16D




Ans. :

Example

Provethat, Al B iff ANB=A and Al B=B,

where, ABT F(X).

Let, Al B
e A(x) £B(x) "X
Then,

(ANB)(x)= A(x) UB(x)
e (ANB)(x)=A(x)

P ANB=A

Similarly

(AUB)(x)= A(x)UB(x)

P (AUB)(x)=B(x)

P AUB=B
Conversdly,

Let, AUB=Bad ANB=A
Then, forany x1 X,

By definition of fuzzy intersection

"xI X (- A(x) £B(x))

By definition of fuzzy union

"xI X (- A(x) £B(x))

(AUB)(x)=B(x) and (ANB)(x)= A(x)

b A(x) UB(x) =B(x) and A(x) UB(x)= A(x)

b A(x)£ B(x)
b Al B

Example

"x1 X

If A and B are Fuzzy sets defined on X. Then, Show that

|Al+|8 =|AUB|+|ANB|

D)




Ans.: Forany xi X,
A(x),B(X)T 1
Since, ‘I is totaly ordered

ether A(x) £B(x) or B(x) £ A(x) holds
Thus,

Case (1) : If, A(x) £B(x) holds, then,
(AUB)(x) = A(x) UB(x) = B(x)
and  (ANB)(x) = A(x) UB(x) = A(x)
Therefore
(AUB)(x) +(ANB)(x) = A(x) +B(x)

Case (2) : If B(x) £ A(x) holds. Then,
(AUB)(x) = A(x) UB(x) = A(x) and
(ANB)(x) = A(x) UB(x) =B(x)

Thus
(AUB)(x)+(ANB)(x) = A(x) +B(x)
Thus " xi X,
(AUB)(x)+(ANB)(x) = A(x) +B(x)

Taking summation over x| X ,

& (AUB) (0 + & (ANB)(x)=§ A(X+§ B(X)

A X Xl X A X

P |AUB|+|ANB|=|A|+|B]

18)




10. Example
If A, B, C are Fuzzy setson p+ defined by,

e 1 0}/
()_1 10x BW= &+10xg O

2

e 1 o
C(x)= =
d C(x) &1+10x 2

Order the Fuzzy sets A, B and C by incluson.

Ans.: Since, O£ £1

1+10x

el &, 1 aelo}/z

81+10x;z; T+10x “&1+10x5

b C(x) £ A(x)£B(x) fordl xj r*
b Ci Al B

11 Definition : Degree of Subset-Hood

Let A and B be the two Fuzzy sets, the degree of subset-hood S (A, B) of AinB
is defined by,

S(A,B)= ||—|

12. Example
For a Fuzzy sets A and B defined on X ={x, %, X, Xy, X5} by,

01, 07 09 1

A= g2l 29
XXk XX
5-03,01,06 1 05
X% X X X
Find
) A
2 B

C19)




Ans. :

3 AUB
4) ANB

5 AUB
6) ANB
7) AUB
8 ANB
9 AUA

10) ANA
11) S(A, B)
12) S(B, A)

13) ADB (=(A- B)U(B- A)=(ANB)U(BNA))

—~ 09 1 .03.01 0
1) ATttt —

2) Be—t—t—F—+—
3) AUB=—+—+—+— +—

4) ANB=—+— +— +— +—

5)  AUB=——4——h-—do (By 3

— 0. 9 1 O 4 0 1 O 5
ANB=2241 04,01
6) X X X X X By 4




7)

8)

9)

10)

11)

12)

13)

ZUE _9 i+%+0_'1+%
o X X X

AﬂB_0_7 £+E+£+£
X X3 X X

AUA=22,1,07,09, 1
o X X X

AnA201, 003,01, 0
o X Xy X
|ANB|

S(AB)=——

(A,B)= IN

But, JA|=0.1+0.7+09+1=27

By 12

(By 1, 2)

and, |[ANB| =0.1+0+06+09+05=21

|ANB| _ 21 _

Hence, S(A’B)_—IAJ =57"
s(8.a)=/BNA _|ANH
|B| B

Now, B|=0.3+0.1+0.6+1+05=25

and |ANB| =
2.1
Th S(B,A)=—=0.84
us, S(B,A) Y
For ADB
We know that,

ADB=(A- B)U(B- A
=(AnB)U(BNA)

21)




Now,

ANE=01, 0,04, 0 05

and
— 03 Ol 03 01 0
BnA=23,921,03,01, 0 —
x % % % >% (min(B,A))

e e e Tk % (mad{(anB).ENA})

13. Example
For Fuzzy sets A and B defined on X, prove tha,

1) ANB=AUB
2) AUB=AN

Ans. :

|
W

1) Forany xI X,
(ANB)(x) =1- (ANB)(x)
b (ANB)(x) =1- (A(X) UB(x))

b =(1- A(x))U(1- B(x))

p = A(x)UB(x)

b =(AUB) (0

Thus,

(ANB)(x) =(AUB)(x) “xi X
P ANB=AUB

22)




2)

14.

15.

Proof :

Now, forany x1 X,

b (AUB)(x)=1- (AUB)(x)

) =1- (A(x) UB(x))

) =(1- A(X)) U(1- B(X))

p = A(X)UB(x)-

b =(ANB)(x)

Thus,

(AUB)(x) =(ANB)(x) "xI X
P AUB=ANB

Definition

If A and B are Fuzzy sets defined on X the difference A — B is defined by

A- B=ANB
And the symmetric difference of A and B is define by,

ADB =(A- B)JU(B- A).

Example : Prove that
aoBEC =(ANBNC)U(ANBNCT)U(ANBNCT)U(ANBNC)
Consider
AD(BLC) = (BDC)DA
=[(B- c)U(c- B)]DA (- By definition)

=gBNC)U(cNB)gDA

-{gBnC)ulcnB)y- AlU{A- dBNC)U(cnB)Y

(23)




-{gnc)ulcnB)inalu{angenc)ulcna)y

{ {
-{angend)ulcnBlgu{angenc)n(cne)d
-{andBnc)u(snc)gu{ angBuc)n(cus)y
-{

(Aan(Ene))(an(ena)) u{ and(Buc)nc)u((Buc)ne)y
={(anBnc)u(anencllu{ angenc)ulcnclu(enB)u(cus)g -

Case (i) B(x) £C(x) B(x)3 C(x)
b (BNC)(x) =B(x) (BNC)(x)=C(x)
P BNC=B, BNC=C
Consider,
(BnC)ulcnclu(Bne)u(cns)

(cn

=cU(cnc)u(ene)us
-CUB (-AU(ANB)=A ad (CNC)* f )
=(BNC)U(BNC)
Case (ii) B(x)3 C(x), B(x) £C(x)

P BNC=C.BNC=8B
p (BNC)u(cnc)u(BnBe)u(cnB.)

=BU(cnc)u(ens)uc

=CUB

=(BNC)U(BNC)

C24)




With this value, equation (1) becomes

ro(Boc) ={(AnBnc)u(Aanenc)u{angBnc)uenc)d
=(AnBNc)u(anBNC)U(ANBNC)U(ANBNC)

AD(BDC) =(ANBNC)U(ANBNC)U(ANBNC)U(ANBNC)

HRERN

(25)




UNIT - Il

Additional Propertiesof a -Cuts

1. Theorem
Let ABI F(X),thenforany a,bT [0,1].
(D) 2*Al 2A
(Qafbb *AE A bAj 27
ATAE PTA OF PFA] 2*A
3 *(anB)=(2A)n(2B)
@ ®(auB)=(2A)u(2B)
5 **(AnB)=(2*A)n(2*B)
6 **(aUB)=(2*a)u(2*B)
(M (A)=®aka
Proof :

1) Letal [0,1],andlet xT X,
Then,

(26D




2)

3)

Leta £b,
Then,

xI PAbp A(X)3 b
P A(x)2b3a
P A(x)2a
b xi? A
b PAl 2A
Now,
x1 * Abp A(x)>b
b A(x)>b3a
b A(x)>a
b xI2* A
5 b+A|' a+A
Let xT X bearbitary. Then
xi 2 (ANB)
U (ANB)(x)3 a
U A(X)UB(x)3 a

A(x)2a ad B(x)3a

()

U xi2 Aand xj2 B
U xi®AMNB

Thus,

xI® (ANB)U x1* AN®B
Hence,

2(ANB)=*AN%B

(definiionof b cut)

(@a£b)

(definition of b + cut)

(@a£b)

(a -cut)

C271D




4)

5

Let x]T X bearbitrary. Then
xi & (AUB)
U (AUB)(x)3 a (a —cut)

U A(x)UB(x)3a

(@)

A(x)3 a or B(x)3a

U xi2 AOrxi2 B

U xi 2AU° B

Thus,

xi “(AUB) U xi 2AU®B

Hence,

*(AUB)=%AU®B

Let x]T X bearhitrary. Then

xI 2% (ANB)

U (ANB)(x)>a (a +Cut)

A(X)UB(x)>a

()

(-

A(x)>a and B(x)>a
U xi3* aandxja+p

U xi2* ANi2* B

Thus

x12*(ANB)U 2*AN2*B
Hence,

a* (ANB)=2*AN%'B

(28D




6)

7)

Let x| X bearbitrary
If xI 2* (AUB)
U (AUB)(x)>a (a +Cut)

A(x)UB(x) >a

(-

A(x)>a or B(x)>a

(@)

U xi2* A0 xia*B
U xi?* A2 B

Thus,

xI2*(AUB)U xI 2*AU?'B
Hence,

2" (AUB)=2"AU%'B

If x12 (A)

U A(x)3 a

c o o o
2 = © T
X X & >
v ot 2%
=R 2y

» X o

0 xi @) A (xi AP xi A, crisp complement)

(29D




Proof :
1)

Theorem
Let, Thenfor any

(1) Al B iff 2A] 2B
(@ Al Biffa*taf 2B
3 A=Biffap=2p

(4 A=B iffatp=23+p

Let Al B.
Then, forany X, A(x) £ B(x)
Andforany a1 [0,1],

xi 2AP A(x)3 a

b B(x)3 A(x)2a

b B(x)2a
b xI 2B
Hence,
apj ag "al [0,4]
Conversdy,

Letaaj ag "al[0]]
Then, forany xi X,

Let A(x) =a,,

Then A(x) =a,

P A(x)3a,

b xI Al 2o

b xI 2B

"al [0,4]

C30)D




2)

P B(x)a,
b B(x)3 A(x)
b A(x)£B(x)

Thus " xI X, A(x) £B(x)
Hence Aji B

Thus Al Biff aaf 2g "al[0]
Let Al B holds
e A(X) £B(x) "x1 X
Forany al[0,1],

xI 2*Ab A(x)>a

b B(x)3 A(x)>a

b B(x)>a

b xT 2'B
Hence,

atpj a*p "al[0]]
Conversdy,

Leta+af a+g "al[0]]

Then, we show that, A B i.e we provethat

A(x) £ B(x) "x1 X
On the contrary suppose that,

A(x) £ B(x) forsome xT X

i.e thereexists x7 X st. A(x) > B(x)

(31D




3)

Thus, there existsared number a in [0, 1] st.

A(x) >a > B(x)
e A(x)>a ada >B(x)
b xi a*Aad B(x) ¥a
b xi 2*Aand xj a*p
b a+Aj/a+B
Thisisacontradiction. Since,

atpf a+g
Hence,

A(x) £ B(x) "x1 X

i.e Al B.
A=Biffap-ag
Here,

A=BU A(x)=B(x)

U A(x) £B(x) ad B(x) £ A(x)
U Al Bad BI A
U 2Al 2Band 2B 2A
U 2A=2B
i.e
A=Biffap-apg

"xI X
"al [0,4]

"ai[0.]

" ai[0.]

(32D




4)

1

2)

Proof :

1)

Here,

A=BU A(x)=B(x)

U A(x) £B(x)ad B(x) £ A(x)
Al

A~

U

~

Bad Bi A

0 2*Aj 2*ganda*gj a*a

U 2*A=2'B

A=Biffatp=-a+pg

Theorem

Forany Al 7 (x) thefalowing holds-

ap_ ba_ b+ R
A‘boa A‘boa A alfod
A= U bA: U b+A al [071]

a<b

a<b

For b <a wehave,

Hence,

bAE2AOr2A] Pp

Al N °A

b<a

On the other hand, if

"b<a

(D)

"b<a

"b<a

“xi X
"ai[0,]

(@&<D)




Let | >0 beasmadl postive red number,

"b<a

Thena-1 <a

b A(x)3a-1
Snce, | >0 isabitrary (Taking T ® 0)

b A(x)3a

b xI 2A
Thus,

xI () °Ap xi ®A

b<a

. M °AT 2A
i.e

b<a
Hence, we get

aA: ﬂ bA

b<a
Smilaly
x] 2AP A(x)2 a

b A(x)3a >b

b A(x)>b

b xI P*A

pxi A

b<a

Thus

aA| b+ p

b<a

.. (2
From (1) and (2)
b <a
"b<a
"b<a

3

(&7D)




Next,

b<a
b xI P*A "b<a
P A(x)>b "p<a
b A(x)>a-1 Sncea-1 <a forsome] >0

Further, | >0 isarbitrary, we g¢t,
A(x) >a
P A(x)3a
b xI 2A

Thus,

b+,7 a

Al A
A .. (4
Hence from (3) and (4) we get,

aA=ﬂb+A

b<a
2) Fora <b wehave,
b 2*AE P*A
b P*A[l 2*A "a<b

b |JP Al **A

a<b

(3B




On the other hand,

xI 2*A

P A(x)>a a<b
Let, | >0 besmdl postive rea number. Then,

b-T<b

P Alx)>b-1
Since, T >0 bearbitrary (Taking T ® 0)

P A(x)>b

b xI °*A

pxi J”A

a<b

b a*Al b+ A

a<b

- (2
Then from (1) and (2)

A= ] A

a<b
Equivdently
Let, xI 2*A
P A(x)>a
P Alx)3a
Let, T >0 besmdl pogtive red number such that,
b-T<b
P AX)3b-1
Snce, | >0 isabitrary (Taking T ® 0)
P A(x)3 b

36D




b xi PA
pxi J°A

a<b

p**A=J"A

a<b

3

On the other side,
Let,

b xI °A For someb >a
P A(x)3 b For someb >a
P A(x)3 b>a (b >a)

b A(x)3a

b xI 2*A

b |JP Al **A

a<b

Hence, from (3) and (4)

pA={J"A

a<b

Hene, the proof.

4. Theorem

If AiT F(X),il | ,wherelisanindex sets, then following properties holds -

) a(UAi)EUaAi

37D




2 a(ﬂAi):ﬂaAi

TR

i
y (m Ai) 5 pla*Ai
Proof :
1) Let, x] X beany dement.
if xi UaAib Xl 2A
il
b A(x)3a

b UAI(x)3a
il

p (UAi)3a

il
b xi a(UAi)
il
Hence,
2 aii a(UAi)
il il
2) Let xT X beany dement.
Then,

X1 a(ﬂAi)

U (plAi)(x)3 a

0 UA(x)3a
il

forsomeil |

forsome ] |

(38




A(x)3 a

([an)

x1 2 A

O xi ﬂaAi
il

()

Hence, we have
a(ﬂAi):ﬂaAi
i i
3) Let xi X beany dement
Then,

xi a+(UAi)

(U Al

(x) >a

([

_HN(X)>a

([am)

(@)

A (x)>a
xI 2*Ai

0 xi [J2*A
il

([an)

Hence, we have,

a+(UAi): at
il i1
4) Let x]T X beany dement. Then,
x1 ﬂ"“Ai
i |
b xI 2*A
b A(x) >a

forsome ] |

forsomeil |

fordl il |
fordl il |

(39D




P UAi(x)>a
il

p (ﬂAi

(x) >a

b xi (ﬂ Ai)

il
Thus,

el a+(ﬂAi)

ih i
Note:
In the above theorem, the equditiesin (1) and (4) need not hold.
eg. Let,1=N={1,2..1}
Let, X =p ad

AT F(R) defined by,

-

. 1
N:R@I,A'(X)zl'T "xI R

Then { Ai}; , isafamily of Fuzzy sstson R .

(UAi)(x):iHN(x)

400




Hence,

](LJAq:HQ
il
But,
Y(A) ={ X RIAI(X)2 1
_Llos 21,0
—%Xl R‘l i l%
b '(Ai)=f i
p |J(A) =f
i
Hence,
U(lAl)‘I1 1(UAi)
il i=1

Representation of Fuzzy Sets
Definition

If ,A: X ® | isafuzzy set defined on X.

Then, we define a gpecid fuzzy set by

ta ifxl 2A
A=
10 ifxi 2A

ie aAlx)=a xcaA(x)

or 2 Alx)=a @ A(x)

or aA=a XA

D)




Example
Let, X ={X, %, X, Xy, X5} beAfinite sat.
Let, A: X ® | bedefined by,

02,04 06,08, 1

A=s——4 4 4
X % X X% X

Then,

O2A={%, %, X, X4 X5}

02A:X® | by

02A(X) =0.22A(x) =0.2
Thus,

02 02 02 02 02
02AT —t+—t—+ —+—

XK XK X4 X
Smillaly,

0O 04 04 04 04
AT —F—F——

XX X X X5

0O 0 06 06 0.6
0eAT—Ft—+—+—+—

X1X2>%>&>%

C42)




Proof :

COﬂSIder, O.ZAU O.4AU 0.6AU 0.8AU 1A

02 04 06 08 1

B e b St

o K8 X X

Theorem : First Decomposition Theorem

Forany Al F(X),

A= |J LA

al[o]]
where,

1a if xI 2A
TO if xI 2A

2 Alx) =

2 A iscaled specid fuzzy st

Let x]T X bearbitrary and let

Alx)=a al [0,1]
Then
giL[g,l] ) A;%(X) aifog? AL , Ofafl
:aT[Lg’a] A(x)Ualgll A(x) .. ()
If al [0,4a]
P afa
b a £ A(x)
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P A(x)3a

b xI 2A
P ,A(x)=a
Hence,

A(x)= U a=a

al H,a] a ~aifoa]

Next, If

al (aq]

P a<a
P A(x) <a
P A(x) ¥a
P xI 2A
P ,A(X)=0

Thus, al l[-;;1,1] a A( X) - al l[-;;1,1] 0=0

Hence, (a) becomes,

(by given definition.)

=l L Ad0= 0 A0 0 L AK)

i [011] ﬂ al [O,a
=alo
=a

A(x)

Thus, fordl x] X,

Alx)=eel] . Adx)

&ilo] g

. A= a A
1€ aTL[g,l]

From (1) and (2)

@)




Proof :

1)

Theorem : Second Decomposition Theorem

Forany Al F(X)

A= | a.A
al[o]]

where,

R = oas
a+A(x):¥a if x| .A
10 otherwise

Let, x] X bearbitrary and let

A(x)=a, a i [0,1]

Congder,
& LANX) = U L AX)
Baiga]a AERUCE
pel) ,.Adx= U ,,AXU
o] g al[0a) @
Ifal [0,a)
b a<a
P a>a
b A(x) >a
b xI 2*A
P ,.A(x)=a
Thus,
U ,Ax= U a=
ai [0,a) 2" ) aT[O,a)a 2
Next,if a1 [a,1],
b afa

@)




P A(x) £a
b A(x) #a
b xI 2*A
P ..A(X)=0

e aTl[ga,ﬂaJrA(X) =0
Thus,

el ) A= U ,AxU0 U ,, AKX
gai o1 B al[0,a) al[a]]

=auo From (1) and (2)
=a
=AX)
Hence,
A= | a+A
al[o1]
5. Example

Let X ={x, %, X, X, %} andlet A7 7 (x) bedefined by

02 04 06 08 1
As—+ ———+ 44—

oo X XX
Express A asaunion of specid Fuzzy sets and verify the decomposition theorems.
Solution : Congder the leve cutsof A

O2A={%, %, X, X4 X5}
0'4A={x2,x3,x4, Xo}

OO A={Xg, %4, X5}

@)




CEA={xy, %}

A ={Xs}
Therefore,

02 02 02 02 02
02AT —+—+—+—+—

X1X2X3X4X5

0O 04 04 04 04
A= —F+—+—+—+—
XXk X X X
0O O 0.6 06 0.6
0pA=—F—+—+—+—

X1X2Xs>&>%

Consider (o,AU g4AU oAU ggAU,A)

02 04 0.6 08+

04,06, 08 1
X% X X X
=A
Thus,
A=02AU 04 AU g6 AU gg AU 1 A
Hence, first decomposition theorem verified.
Next consider for any ail [0,1] such that

Ofa;<02<a,<04<az<06<a,<08<ag<l=ag

And,
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A(x,) =08

A(x) =1

Consider

ae.lL[%l]aHA;(X)_an[oua‘*A(X)
Therefore

=S 1+ AD(x U L A(X
B A 00

) g&ﬂ [lgyO-Z] e AL HU %ZT [82,0.4] az+ Al Xl)g
g'asi [ol.J4,0.6] 3s* Ab) HU g4 [(%os] aat A(Xl)H

¢ U AL IO AGK);
If 0£a, <02
P a;<A(x)
P A(x)>a;

b x1 %A, fora; <0.2.

P a; +A(x)=a, fora; <0.2.
Andif a; 1 [0.2,1]

b 02£a,£1

P A(x)£a;

P A(x)*a;

48




b xi *"A,fora;1[0.21].
b a; +A(x)=0fora;T[027].
Thus,

g LA9(x)=¢€¢ U . A(x)uué U (0
&iTL[Jo,lla' B( 2 & (002 % (1)0 &il0204 G

Ué U (outé U (o
@sl[04,06] (0 édlo608 ()

Ué U (0)uu(o)
g5l (081 ()

=(0.2)U(0) U(0) U(0) U(0)

beal) ,.A8x)=02
&l g

Smillady

el . Ao(=22,04,06,08 1
U aj+’ =
SaiiTod] & x ok 8 X X
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b A=zl ,.,Ab
it [01 2

Hence, second decomposition theorem is varified.

2.3 Extension Principle
1 Definition

Let, f : X ® Y beafunction. Define f : F(X)® F(Y) by,

t(A(y)= U Al

A £ H(y)

b f(A(y)= '( A(x)

y=f (x)

f (A) iscaled the direct image of afuzzy set Aon X.

h>
1 ’ A (X))
f () A (%)

A f(A) A (%)

Definition :
Forany g1 F(y) wedefine

f-1(B)(x) =B( f(x)

(@D




-1
f~(B) | B

f-1(B) iscdled theinverseimage of the fuzzy set B defined on Y.

2. Theorem
Let, f : X ® Y beacrig function for aAif #(x) and BiT F(y). il I, the
following properties hold

1) f(A) =f iff A=f
2 Al AP f(A)T T(A)
3 f(UAi)=Uf(Ai)

2 f(ﬂAi)i M f(Ai)

il il
5) If Bii B,,then f1(B)I f*(B,)
6 f'l(UBi):Uf'l(Bi)

7 f'l(ﬂBi)=ﬂf'1(Bi)

8) f-1(B)=f*(B)

(51D




9

10)
Proof :

1

2)

Al £ 1(f(A))

B=f (f2(B))

Let A=f i.e A(X):O "xl X
Then, forany yi Y,

=0 Snce, A(x) =0, " X
Thus,
f(A(y)=0 "ylY
ie f(A)=f
Conversdly,
Let, f(A) =f
Then, f(A(y)=0 "yly
P U A(x=0 , -
i yby
P A(x)=0 "xI X
P A=f
Let, Al A
ie A(x) £ A (x) "x1 X

Then, forany y1 Y,

f(A))= 0 AW

(52D




£ U AM=f(A)Y)

«d £2(y)
P f(A)(Y)E f(A)(Y)

b f(A)T f(A)
3 Let yl Y beany dement

I
c
C
=
z

ie f(UAi):Uf(Ai)

4) Forany yl Y andif |.
Congder,

f(OAi) (OAi)(x)

= U
A ()

"ylY

(53)




:(ﬂf (Ai))(y)

-
il

Hence,

f(OAi)i N f(A)

il
5  Le, B B,
Then, forany xi X,
f71(B) (0 =B,(f () £B,(f (x)) =(B,)(x)

p fH(B)(X)EF1(B,)(X) "x1 X

b (B)1 17(By)
6) Let, x] X beany dement.

Then,
f'l(UBi)(x):(UBi)(f(x))
= UBi ( f (X))
=Uf(Bi)(x)
=€ | £1(Bi)Qu(x)
g Mg
Thus,

f'l(LiJBi)(x)zéJ f'l(Bi)g(x)

@)




7)

8)

9)

Let, be any element.
Then,

f'l(ﬂBi)(x):(ﬂ Bi)(f(x))
=LiJBi(f(x))

=Uf *(Bi)(x)
:g]f'l(Bi)l)(x)
i ¢!

f'l(ﬂBi) = f(8i)
Forany xi X,
f-1(B)(x)=1- f1(B)(x)

Thus,

=1- B(f (X))
=B(f(x)
= £-1(B)(x)
Hence,
t-1(B)=1(B)
Forany x1 X,
£ (A)(X=f(A(f (X))
=1 (A)(y)

= U A(2)
4 t7Yy)
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3 Ax) (- f(x)=y)
ie fHf(A)(X3 AP AKXE FH(f(A)(x)  fordl xT X
b Al f1(f(A))

10) Forany yi Y,

f(f1B))(y)= U f1(B)(xX

A 1 Y(y)
= U B(f(¥)
A £ (y)
f(x)=y
- f()szyB(y) (- f(x)=y)
=B(y)
Thus,
f(f(B)=8
3. Theorem

Let f: X ® Y beacrispfucntion. Forany A7 £ (X)-
D [f(A)]=1(2*A)

2 *[f(A)]E f(2A)
Proof :
1) Let yl Y bearbitrary
It yi *[£(A)]
p f(A(y)>a

b U A(x)>a
A 1 Y(y)
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b A(x)>a forsome x] X suchtha xI f-*(y)
b xI 2*A xI £ 1(y)or f(x)=y
b f(x)7T f(2*A)

byl f(2*a) (- f(X)=y)
Thus,

lea]i 1 (2a) (D)
Conversdy, If
yi f(2*A)

Thereexigssome xj 2+, such that

y=f(x)
b xi 2*A where xT f~*(y)
b A(x)>a where xi f*(y)

b U A(x)>a
A 1 Y(y)

P f(A(y)>a

byl *[f(A)]
Hence,

(AT [ (A)] - (2)
Thus, we get,

“le(a]=1(2*A) From (1) and (2)

2 *[t(a)]E i(2A)

Let yi Y bearbitrary. Then
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yi f(an)

b $someyj apst y=f(x)

b xi A where xT f*(y)
b AX)%a where xi f~1(y)

b U A(X)3a
A f7Y(y)

P f(A(y)%a

byl *[f(A)]
Thus,

f(aa)i *[f(n)]

4. Note:
The equdity need not hold for (2) in above theorem
Counter Example X =N f Y

Let, X =N, Y ={a,b}
Defineafunction f : X ® Y by,

f(n)=a ifn£l12
=b ifn312

i
Ve
~

Let, A:N® | beaFuzzy st definedon N by,

A(n)ZI-% nl N.1=[0,1]

Defing, f (A):Y® |,

f(A@= U AlX
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:u[o,l,Z,E,.....,E]
2'3'477712

f(A)(a) =
12

f(Ab)= U Ax

x £ Yb)
¥ {1314,..}
- 19
- ><T{13,14,...}g X @
f (A)(b) =1
Thus,

f (A):Y® | isgvenby,
1
f(A)(a)—12 and

f(A)(b) =1
Then,

) ={yl Y[t (A(y)=1

={0}
Also,

Then,

f(a) :{yT Yigxi AT y=f (x)}
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f(2p) =f

Thus,

()i [t ()

5. Theorem

Let, f : X ® Y beacrigpfunctionthenforany aAj #(Xx),
f(A)= ] f(a:A)

al [0]]
where, ., A isaspecid Fuzzy st defined by,
a+ A(X) =a if XT a+A

=0 if x| a*A

Proof : Let yl Y bearbitrary. Then,

'iL[g]]f(mA)@(y)- U f(aA)(y)

e =
% H al [01]
:arh’m{ i f-Ul(y)a+A(X)}

=0 U L AK)
A £ Y(y)a] [0.]

= U el ..Adx)
A y)&io] g

= f g%ﬂ a+AS(Y)

(7]

(60




But, by second decomposition theorem

U axA=A

al [01]

Hence,

an y)=f(A(y)

|mﬂ g

P f(A= ] f(asA)

al [0]]

Example:

Let, X bethe universd st given by,

X={0,1,2,3, ..,10}. Let f : X ® Y beafunctiondefinedby f (x)=x?,

whereY ={0,1, 4,9, ..., 100}. Let, A, B, C be the Fuzzy sets defined on X by,
1

1+10(x- 2)°

__ X _1 -
A(X)_x+12’ B(x)—zx and C(x)

Find f (A), f (B) andf (C).
Further, if B isaFuzzy set definedon'Y by,

05 06 07 1

Find f (D)

A(x) =
Ans.: Let, A: X ® Y defined by, 12

Defing, f (A):Y® | by,
f(A(y)= U A

xi £7Y(y)
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= U X
f(x)=y x+12

But, f (x)=x*P y=x

b x:\/y

Let, B: X ® | defined by, B(X)

Define, f (B):Y® | by,

f(B(y)= U B(x

X £ Y(y)

1
f(x)=y 2%

gL
x:ﬁ o

b £(B)(y)=—=

2

Let, C: X ® | bedefined by, C

yl Y

T ox

(x)=—

" 14+10(x- 2)2

"yiyY
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Define, f (C):Y® | by,

P f(C)(y)=XT f_L'Jl( )C(x)
y

. 1
= U —2
F()=y1+10(x- 2)

. 1
= U —2
=y 1+10(x- 2)

1
p f(C)(y)= " or
1+10( y-2) yby
_ 1
1+10y - 40,[y +40 yby
— 1 ~
10y- fy+a1 Y'Y
Next,
05,06 07, 1
D=4 o &
4 16 25 100
Defing, f1(D): X ® | by,
f-1(D)(x)=D(f(X) where xT X

Thus f-1(D)(0)=D(f (0)), f1(D)(2) =D(f(2))

=D(0) =D(4)
=0 =05
Smilarly, we can write,

f-1(p)=94+9,95,0,06,07,0,0,0, 0 1

012345678910
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7. Example
Findf (A), f (B), f (C) where A, B, C are asin the above example and if the function

f isdefined by,
f:X®Y, f(x)=x+7
where, X ={0, 1, 2, ...., 10}
Y ={7,8,9, ...17}
If p=22,29,097, 1 find f (D)
9 11 12 17

X
: : i A(x) =
Ans.: Let, f (A):Y® | bedefined by, 12

Defing, f (A):Y® | by,

f(Ay)= U A

xi £7X(y)

= U X
f(x)=y Xx+12

But, f (x) =x+7b y=x+7
P x=y-7
Hence,

. X . X
f = U = U
(A)(y) f(x)=y X+12 x=y-7X+12

_y-r
y- 7+12

Y’
y+5
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2)

3)

Y7
y+5

_ 1
Let B: X ® | bedefined by B(x)—§
Define f (B):Y® | by,

_ 1
Let C:X ® | bedefinedby, C(X) =

Define f (C):Y® | by,

. 1
fC)(y)= U ————
) i -Y(y)1+10(x- 2)°

S J——
f(X)=y1+10(X_ 2)

fe)y)= U — L+
(y) X:y-71+10(x_ 2)2

1+10(x- 2)?

"ylyY

"ylyY
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-U 1

1+10(y- 7- 2)°

1

= U— .
1+10(y- 9)

_ 1
1+10(y- 9)°
4)  LetD:Y® | bedefinedby,

+
11 12 17
Define f 1(D): X ® | by,

"ylyY

"ylY

"ylY

f-1(D)(x)=D(f(x)  wherexi X

p f1(D)(0)=D(f(0)) ad f(D)(2)=D(f(2)
=D(0) =D(9)
=0 =05

Similarly for 1,3,6,7,8,0 Smilarly for 4, 5and 10

Thus, we can write

000500

6,07 0 0 0 0 1

(1(p)=0,0,05,0,06,07, 0,00 0 1
0 2 3 4 5 6 7 8 9 10
2 4 5 10
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8. Example
Let A and B be the Fuzzy sets defined on the universdl set 7, whose membership
vaues are given by,

A:%-{-l-{-% +%

-1 01 2
05,1, 05,03
+

B4+t "

2 3 4 5
Let f beafunctiondefinedby 7~ 7Z ® 7 by

@ f(x,%)=x% ad
(b) f (Xl’ Xz) =X tX

Find f (A B)

Ans. : Here f isafunction defined by,
f:2"72® 7Z
(AB)® f(AB)=AxB
Thus,
f(AB):Z® | gvenby,

f(AB)@)= U 6AUB(y)g

= 0 eAG) UB(»)g
Next,
Support of A ={-1, 0, 1, 2} and Support of B ={2, 3, 4, 5}
Thus,

(Supp A). (SuppB) ={ —2,-3,4,-5,0,2,3,4,5,6, 8, 10}
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Consider

f(AB)-2= U gA(xUB(y)y

(12

:_ZL;JXy(A(x)UB(y))

0.5U05
=05

f(AB)(-2)=05

f (A B)(4) :4:X51 (A UB(y))
(14)22)
= U{ A1) UB(4),A(2) UB(2)}
= U{0.5U0.5,0.3U0.5}
= U{0.5,0.3
=05
f(AB)(4)=05
Next
f(AB)(-3= U (A(-DUB(3)

1y

= U (ACDUB(®3))
- 3=xy

=05 Ul

=05

f(AB)-4)= U (A()UB(y))

(14

(68)




= U (AC-DuB(4)
-4=xy

=05U05
=05

f(AB)(-5)= U (Al-DUB(5))
(18
=05 U 03
=03

f(AB)0)=_U (AKUB(y))

63463

{A(0)UB(2), A(D)UB(3), A0)UB(4), A0)UB(5)}

U
U{100.5,1U1,1U0.5,100.3
U

{0.5,1,05,0.3} =1

f(AB)(2)= U (A(X)UB(y)) = A(D UB(2) =05U0.5=0.5

@

f(AB)(3)= U (A(WUB(y))= A UB(3)=0501=05

gfc

[

3

f (A B)(5) :50 (AU B(y))=A(D UB(5)=05003=0.3
=Xy
(15)

-

f (AB)(6)= U (A UB(y))=A(2)UB(3) =0.3U1=03

N
L

-

C

f(AB)(8) = U (A(x)UB(y))=A(2)UB(4)=0.3005=03

2

8=
(24

=
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and

f (A B)(10) :lol:'ny(A(x) UB(y))=A(2)UB(5)=0.3U0.3=0.3
(25)

_05 05 05, 03,1 05 05 05 03 03 03 03
P f(AB) ==+ 4+ 4+ S sy T O T T
-2 -3 -4 -5 0 2 3 4 5 6 8 10

HENRN
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UNIT - [l

Operations of Fuzzy Sets

Fuzzy Complement

A function C:[0,1] ® [0,1] defined by C(x)=1- x is caled a standard fuzzy
complement :
Thus,

A(x) =C(A(x))=1- A(x), Clearly isadecreasing function.
andC (0)=1andC (1) =0

Definition

A function C:[0,1] ® [0,1] which satisfiesthe following axioms
Cl:C(0)=1andC(1)=0

C2: agbb C(a)s C(b) "a,bl [0.1]
i.e. C isadecreasng function, is cdled afuzzy complement.

In addition, if C satisfies,

C3: Ciscontinuous

C4: Cisinvoutiveie C(C (@) =a "al [0,1]
Then, C iscdled Continuous involutive fuzzy complemen.

Example

Let, C:[0,1] ® [0,1] begivenhby, C (x) = 1 —x (Standard fuzzy complement)
Then,

1) C(0)=1andC (1) =0

(@)




2) aEbb -a3-b
b1-a31-b

p C(a)3 C(b)
Thus, C is monotonic decreasing function. Hence, C isafuzzy complement.
Further C is continuous and

c(c(a)=c(1- a)

=1- (1- a)
= a

Thus, sandard fuzzy complement is a continuous and involutive fuzzy complemen.

4, Examnple
Let C:[0,1] ® [0,1] bedefined by,
1
c(a)= 5(1+ cospa)

Show that, C isacontinuous fuzzy complement but not involutive.
Ans. : L€,

C:[0,4] ® [0,1] defined by,

c(a) =%(1+ cospa)
c1:¢(0) =%(1+ c0s0) =1 and

C(l)=%(1+cosp) =0

C2:afb

P cospa? cospb

720




P 1+cospasd 1+cospb

p %(1+ cospa) 3 %(1+ cospb)

b C(a)2 C(h)-

Therefore, C is monotonic decreasing
Thus C isafuzzy complement.
Further C is continuous and

c(c(a))= C%(H cosp a)g

b Cisnotinvolutive
Thus, C isacontinuous fuzzy complement but not involutive.

5. Sugeno’s Class of Fuzzy Complements

Definition : A function C:[0,1] ® [0,1] defined by,

1-a
C(a) =137 | ° 0 iscaledaSugeno's dassof fuzzy complements
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6. Example
Show that Sugeno’s dass of fuzzy complementsis continous and involutive.

Ans.: Let C:[0,1] ® [0,1] be defined by,

c(a) =

1- a
1+l a

1- 0 1-1
cl1:c(0)=——=1 c@d)=—==0
140 -~ d 1+]

C2:afb

p-as-b

p1l-at1b
l1-a ., 1-b

3

1+la 1+IDb

p C(a)2 C(b)

C ismonotonic decreasing.
C3:

1l-a

1+l a

p C iscontinuous function.
C4:

Congder,

c(a) =

el-aod

clet@)=cras

®l-a o

_ &+l ap
el-a o

1+ =
81+I ag

@)




1+l a- 1+a

- 1+l a
1+l a+l -l a

1+l a

_all +1)
1+

=a
p c(C(a)=a
Thus C is continuous and involutive fuzzy complemen.

7. Example
Show that Y ager’' s dlass of fuzzy complements given by,

1
c:[04]® [0,1], c(a) =(1- a¥)w, w>0 iscontinuous and involutive.

Ans. : Let C:[0,1] ® [0,1] be defined by,
cla)=(1- a")
(C1):C(0) = (1- 0)M =1 ad (1) = (1- 1W)%V =0
(C2):afb
p a"¥ £b%"
p-a“3-b"
b 1-a%3 1- b¥
b (1- 2"/ (1- )0

b C(a)3 C(b)

Thus C is monotonic decreasng.

@ED)




(C3): Since

Cla)=(1- a*)%
C iscontinuous.
(CH:

Congder,

C(C(a)):C((l- a‘”)%v)

|~

7

=§- (1- a¥)g~

:[aw]%
—a
c(c(a)=a

Thus Yager' s dlass of fuzzy complementsis continuous and involutive (w > 0).
Definition
Let C:[0,1] ® [0,1] beafuzzy complement.

Andement al [0,1] iscaled aeqilibrium paint of Cif c(a) =a.-
If C isgandard fuzzy complement then,

1
Hence > isequilibrium point of C.

(@D




0. Example
If afuzzy complement C is defined by,

1
C(a) = §(1+ cospa), find the equilibriumj point.

Ans. : If al [0,1] isthe equilibrium point. Then,

C(a)=a

1
b E(1+cospa)=a
b (1+cospa) =2a
p Zcoszp—;:Za

b costP?=3
2

b cosp—za =./a

1
b < istheeapilibrium point of C.

We write,

e==
2

D)




10. Example
Let afuzzy complement C isdefined by,

1- a
Cla)=——, | 3
1+Ia’| 0

Find the equilibrium point.
Ans. : If el [0,1] isthe equilibrium poirt then,

1+Ie_
bl-e=ze+l &
ble&+2e-1=0

-2++/4+4

2l

:-212vﬁ+|

2l

-1+4/1+]

P e=
b e

P e=

But, el [0,1]

- 1+4/1+]

JiHl -1
|

P e=

ie e=

8




11 Example
If afuzzy complement C is defined by
c(a) =(1- aw)%v’ w>0
Find the equilibrium point.

Ans.: If el [0,1] isthe equilibrium point then,

isthe equilibrium point.

12. Theorem
Every fuzzy complement has atmost one equilibrium point.
Proof : Let C beafuzzy complement. If a isthe equilibrium point of C then.

| )




C(a)=a

ie c(a)-a=0

Ingenerd, weshow that, theeguation, C (g) - a =b hestwo solutionsof thisequation.
Then,

C(a)-a,=b and C(a,)-a, =b
> oa)- a=Cla)- &

Now,

a,a,1 [0,]]

Then, we assumethat, a; <a,

But, a <a, b C(a)3 C(a,)
Alo, &y <a, P -a >-a,

P C(a)- &>C(a)- a

Which is a contradiction and hence, the equation, C(a)-a =b cannot have two

digtinct solutions.

13.

i.e. C(a)-a =b hasamod one solution.

In particular, if b =0, thenthe equation C(a) - a=0 hasamost one solution.

Theorem
Assume that, the fuzzy complement C has an equilibrium point, e, then,
1) agc(a)iffate,

2) a3 C(a) iff a3 €

Proof : If e, istheequilibrium point of C, then

Cle)=¢

(80)




1

2)

3)

1

Also, by theorem, every fuzzy complement has amost one equilibrium point.

b el [01] isunique

Therefore, for any dement al [0,1] either,

a<e, or a=e, Oor a>eg,
If a<e b C(a)3C(e)
p C(a)3e>a

b C(a)>a
Next, if

a=e b C(a)=C(e)=¢e =a
b C(a)=a
and if
a>e b C(a)£C(e,)
p C(a)Ee <a
p C(a)<a
Thus afe. b C(a)? a
and a>e.b C(a)fa
Conversdly, foany al [0,1],

c(a)i [0,1]

(a<e,)

(a>e;)

From (1) and (2)

From (2) and (3)

Therefore, we have either, g <C(a) or a=C(a) or a>C(a)

If a<C(a) or a>C(a)

Thendealy, a1 C(a)

P ale

8L




@

(b)

2)

Therefore, we have,

a<e, ora>e,

Now, if g <C(a) ad a>g; holdsthen,

Cc(a)£C(e) =6,

p C(a)fe

b a<C(a)fe (--a<c(a))

P a<e,

Which is a contradiction.
Thus,

a<C(a)p a<e
Simillady, if

a>C(a)and a<e, holds
p C(a)? C(e,)

P C(a) g

P a>C(a)s e,

P a>eg

Which is a contradiction
Hence

a>C(a) P a>g
Also,if a=C(a)thena=¢-,
Therefore,

afC(a)p afe (by 1(a) and (2))
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14.

Proof :

1)

2)

ad a3 C(a)bp a3 e (by 1(b) and (2))

Thus, we have,
a£C(a) iff a-£ec

a3 C(a) |ff as eC

Theorem

If C isacontinuous fuzzy complement, then C has unique equilibrium point.

For equilibrium point, we have,
C(a)=a

i.e. The equilibrium point is a solution of
C(a)-a=0

We consder, amore generd eguation,
C(a)-a=b, al [0]]

Fora=0

We get,

c(0)- 0=b

P 1=b

i.eb=1
Andfora=1, we gd,

C()-1=b

b 0-1=b

bb=-1

Thusif al [0,1] then, bT [-1,1]

Next, if C is continuous function.

(-c(0)=1)

(--c(®=0)
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then, C(a)- a isdso continuous.
Also, C(a) - a tekesthevauesintheinterva [-1, 1].

Hence by intermediate value theorem for every bl [-1,1] there exists at least one
solution al [0,1], such that

C(a)-a=b

In particular, if b =0 then, the equation C(a)- a=0 has at least one solution
in[O, 1].

i.e c(a)=a forsomeal [0,1].

If C(a) =a, then, aisan equilibrium point and by theorem a is unique.
Thus, if C is continuous fuzzy complement, then it has unique equilibrium point.

15. Dual Element

Let, C beafuzzy complement. For al [0,1], thedlement, Yai [0,1] iscaled adua
dementof a w.rt. C. If

c(a)- ‘a=a-c(a)

1) If C is standard fuzzy complement, then, for any al [0,1] .
c(%a)- Ya=a- c(a)
b 1- %a- %a=a- (1- a)
b 1- 2%a=2a-1

b 29a=2-2a

&D)




16.

Proof :

p 29%a=2(1- a)

b Ya=1-a

b Ya=C(a)

ie d3=c(a) "al [0,1]

Hence,

dooq, g, EO-1
0=1 =0, §55°3

Theorem
Forany al [0,1],

da=c(a) iff c(C(a)) = a i.e Cisinvoutive

Let,
da=C(a) "al [0,]]
b c(?d =c(c(a)) "al [0] (1)

By definition, of dua dement of a,

c(%a)- Ya=a- c(a)

p c(C(a))- c(a)=a- C(a) by (1)
b c(c(a))=a "al [0,1]
i.e. Cisinvolutive
Conversdy, let
c(c(a))=a "al [0,]
Then,

c(c(a)-c(a)=a- c(a)
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b 9a=c(a) (definition of dudl.)
Thus
da=c(a) iff c(c(a))=a

17.  Increasing Generator Function
A continuousfunction g:[0,1] ® R iscaled an increasing generator if g is drictly

increasing and g(0) =0.

[gisdrictly increasing iff a<b b g(a) <g(b) ]

18. Psuedo-Inver se of the I ncreasing Gener ator

Let g:[0,]® R beanincreasing generator. A function g2 : R ® [0,1] iscalled
a“psuedo-inverseof g’ if

10 if al (-¥,0)
o ?(a)=ig™a) if al [0,g(D)]
1 if al (9(1)¥)

19.  Theorem

Let C:[0,1] ® [0,1] beafunction then C is invalutive fuzzy complement iff there
exists a continuous function g:[0,1]® R which is a increasing generator and
c(a)=g"“?(g)- g(a)).

Proof : First, we prove the inverse implication, that means to prove C is invautive fuzzy
complement.

Since g beacontinuousfunctionfrom[0, 1] to R suchthat g (0) =0 andgisdrictly
increasing the pseudo inverse of g is defined by,
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i0 if al (-¥,0)
o“2(a)=ig™a) if al [0,g(D]
1 if al (g(1.¥)

where g1 isthe ordinary inverse of g.

We have to prove that, C isinvolutive fuzzy complement, it means to show that the
axioms C,, C,, Cyand C, are stified.

C:

c(0=g"Y(g@- g(0) (-~ g(0)=0)
=g"?(g@- 0)
=1

And

c(=g"?(g@- g)
=g“?(0)
=0
Hence, c(0)=1and c(1) =0-
C,:Ifa<b " a,bl [0,1]
Then, g(a) < g(b), snceg isdrictly increasing,
P g(®- g(a)>g@®- g(b)
b gYg@- g@)]>g*g)- g(b)]

p C(a)>C(b)
Therefore, C is drictly decreasing function.

87




Next,

C5: Since g is continuous function, C is aso continuous function.
C,: Forany a,bl [0,1]
c(c(a)=d"Vggw- g(c(a)y
=g 2€9(D- g(g (g(®- g(a)))H
=g"?[g(@®- g +g(a)]
=9(g(a))
=a
Thus, C(C(a)) = a
Thus, from axioms C,, C,, C;and C,, C isan involutive fuzzy complement.
Conversdy, we have to prove tht, there exists a continuous function g:[0,1] ® R
which isincressing generator and C(a) = g**? [9(1)- g(a)].
Since C isinvalutive fuzzy complement. By theorem C has unique equilibrium point
sy e, thatis C(e.) = e, where e, T [0,1].
Let, h:[0,e,]® [0,b] be any continuous, strictly incressing bijection such that
h(0)=0 and h(e,) =b, where b any fixed (positive) real number.
Now, we defineafunction g:[0,] ® R by

_ih(a) al [o,e]

g(a)_%Zb- h(C(a) al[e.]]

Obvioudy, g(0) = h(0) = 0 andgiscontinuousaswell asstrictly incressing, Sinceh
is continuous and grictly increasing.
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Now pseudoinverse of g isgiven by,

10 ifal (-¥,0)
[ e
(0 ):;h (a) if al [0,b]
v :::C(h‘l(Zb-a)) if al [b.2b]
11 ifal (2b,¥)

Next, we have to show that g satisfies
c(a)=g g@- g(0)]
Now consider for any al [0,],if al [0,e.].
g {ag@- g(a)] =g *g@)- h(a)]
= g"?[2b- h(a)] (- g(D =2)
=c(héb- (2b- h(a))
\ g Yg@- g(a)] =c(h[2b- 2b+h(a)])
c(ht(n(a)))

=C(a)

Thus C(a) =g Y g@)- g(a)]
Now consider the another condition if al (e,,1] consider
9" [ g@)- g(a)]= g téb- (2(b)- h(c(a))g

=g 'é&b- 2b+h(c(a))g

=g 'é(c(a))g

=h*én(c(a))g

=C(a)
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Thus, C(a) =g [g@) - g(a)]

Thus, in both the condition g satisfiesthe

c(a)=g Y g@- g(a)]

Hence, C:[0,1] ® [0,1] beafunctionthen Cisinvolutivefuzzy complement iff there

exigsacontinuous function g :[0,1] ® R which isincressing generator and

c(a)=g Y g@- g(a)]

20. Example
Let, g:[0,1]® R defined by, g(a) =a
Then, g is continuous function such that, g(0) =0
Also, a<bb g(a)<g(b)

Thus g isan increasing generator function.

Also, the psuedo-inverse of g isgiven by,

g"?:rR® [0,]
10 it al (-¥,0)

g (a) :.:f_g-l(a) if al [0,g(1)] (g =1)
11 ifal (1¥)
10 if al (-¥,0)

g(-ﬂ(a):'}.a if al [0,1] (wg(a)=a)
1 ifal (1,¥)

Define

c:[0,4® [0,1] by

(0




Ccla)=gY{g@- g(a)]
=g '(1- a)

Cc(a)=1-a
which is a standard fuzzy complement.

21. Example
Let g, :[0,1]® R beafunction defined by

9 (a)=lllog(1+l a),| >0

Show that, g, is an increasng generator and obtain the fuzzy complement C,

generated by g; .

Ans.: Let, g, :[0,1]® R bedefined by,
1
g (a)=|—|og(1+| a). | >0
1) Then, g, isacontinuous function such that
1
g (O):l—loge(l):o
P g (0)=0
2) If a<bb la<lb,"l >0

P 1+l a<l+lb
P log(1+] a) <log(1+1 b)

= Illog(1+l a)<|llog(1+| b)

p g (a)<g (b)

L)




Hence, g is drictly increasing.

i.e. g, isanincressng genergtor.

Let, g Y :R® [0,1] bethe psuedo inverse defined by,

10 if al (-¥,9(0))
o2 (a) =} g*(a) ital [9(0),g())]
1 ifal (g(1).¥)

Here, g, (0)=0

ad g (Dzli|og(1+| )
And,
Let, gl'l(a) =b

b a=g, (b)
1
p a:I—Iog(1+I b)

P | a=log,(1+1 b)

b e2=1+lb
la_
b bh=12 1,| >0
gda-1
ie gtla)=——
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Hence, The pseudo inverseis given by,

10 if al (-¥,0)
i ia
gf'D(a):_:'_él-l if al [0,g(D]
|
f1 ifal (g(1),¥)

Now, define afunction, C:[0,1] ® [0,1] by,

C(a):gl('l)(gl (1)- g (a))

b c(a)=g" ])gl log(1+1)- —Iog(1+| a)u

(])el

b C(a)=g gmaﬂ

1

—u
1+ |
p C(a)=g" 1)e| ggelﬂ agg

é lu
e =0
ggelﬂ g N

e é 1Hag 0_ 1

b C(a)=

&lH 6
ewegl‘ﬂ aa - 1

b C(a)=

1+1 )
= C(a)=—1+||a

1+l -1-l a

p C(a)= T
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-la

o
p C(a)——I Wl a)
_1@1-a)
P C(a)_l 1+ a)
b Cla)=22
1+l a

which isa Sugeno’s dass of fuzzy complement.

22. Example:

Show that, a function g,,:[0,]]® R defined by g, (a)=a" (w>0) isan
increasing generator and obtain the fuzzy complement generated by g, .
Ans. : We have,

gw(@)=a" (w>0)

1) Cleatly, g,, iscontinuousand g,,(0) =0
2) Andif a<b

p a"<b"

p g,(a)<g,(b)

b g, isdrictly incressing.

3) The psuedo inverse of g isdefined by,

gt R® [0,1]
i0 if al (-¥,9(0))
(D (q) =} 1 P
gy " (a)=1g;'(a) if al [g(0),g(1)]
1 ifal (g(),¥)

Here, g,,(0)=0, g,, (1) =1.

)




4)

Let,
gu (@) =b
b a=g, (b)

b a=b"

1
P b=a%

1
b g;l(a)=a" e (%)

Hence, the psuedo inverse is given by,

10 if al (-¥,0)
[ 1

g\(,gl)(a):.:.aVV it al [0,]]
1 ifal (1L¥)

Define, C:[0,1] ® [0,1] by,
cla) =g’ ? g, (- g, (@)
= gf,gj)[l- a"]

\ c(a) =(1- av)%. w>0 by (*)

Thisisthe'Y ager’sclass of fuzzy complementsand thefunction, g, (a)=a"“, w>0

is the generator of this class.

(€=D)




23. Example

Show that the function 9 (&) = , g >0 isanincreasing generator and

g+(1-g)a
the class of fuzzy complements generated by gy is

g2(1- a)

Cg (a) = a+92(1_ a)

Solution : Let, g, :[0,1] ® R isdefined by,

gy () =—2—— g>o0 (1)
g+(1- g)a’

Then, dearly g, is continuous function such that g, (0) =0.

Now, differentiating equation (1) w.r.t. a, we get,

(g+(1- g)a) (D - ago+(1- g)1g
go+(1- 9)ag

g, (a) =

_g+(-g)a-(1-g)a
g+(1- o)ag

_ 9
&9 +(1- g)ag

L g>0

= 9 2>O
g0 +(1- g)ag

Snceg >0

Thus, g, (a) >0

P g, isdrictly incressing function.
OR
For any a,bl [0,1],

%)




Case-1: If a=0,pbr0orb=00orgitgor a=0,b=0
In the above any condition,

g, (@) £gy(b) ifath.

Case-2: If a,bl [0,1] then,

a<bb 2>2  Ligadpio
a b

g._g
pZ2>2
a b g>0

L)
«

S HiL-9)> %+ (1- 9)

b 9+(1-g)a_ g+(1- g)b
a b

b a < b

g+(1-g)a g+(1- g)b

b g, (a)<g, (b)

Hence, g, (a) < g, (b)when a<b.

Thus, g, isdgrictly increasing function.

Therefore, g4 isan increasing generator.

Now, gg(a):#, g>0
g+(1-g)a

Let, g, (a) =bb a=g;*(b)

a __-p

p — <% -
g+(1- g)a

P a=gb+(1- g)ab

(€ID)




b a-(1- g)ab=gb

b ad- (1- g)bp=gb

__ 9%
baz—F——

1-(1-g)b* 9>
But, a = g,*(b)

o)
p)=—32__
Therefore, gg 1- (l' g) b 9 >0

. 1(g)=__ 9%

l.e. gg ( ) 1_ (1_g)>a,g>0

Now, we defineafunction C, :[0,1] ® [0,1] by
C,y (8) = g;* (9, - g, ()

:g.lé 1 ) a l:j
9 &+(1-9)1 g+(1-g)al

%)




24,

continuousfunction f :[0,1] ® R st. f (1) =0, f isstrictly decreasing and

Proof: Let C:[0,1] ® [0,1] beafuzzy complement. Then, thereexists anincressing generator

g%(1- a)
_ (g+@- 9)a)
g+a- ga- (1- g)(g- ga)
(9+@- g)a)

_ g°(1- a)
g+a- ga- g+ga+g’-g‘a

_ 9°(1- &)
a- ga+g?

__g°(1- a)
a+g?(1-a)’ g>0
g%(1- a)

C,(a)=

g>0

which is required class of fuzzy complement generated by the function gy .

Theorem

Let C:[0,1] ® [0,1] beafunction, then C is a fuzzy complement iff there exist a

c(a)= 12 (1 (0)- f(a)).

gwith g(0) =0 and C(a) = g“? (g(1)- g(a)).

(9




1

2)

3)

Define, afunction, f :[0,1] ® R by
f(a)=g(1)- g(a)

Then,

f(1)=g@)- g

p f(1)=0

And for,

a<b

P g(a)<g(b)

b -g(a)>-g(b)

P g(®- g(a)>g@- g(b)
p f(a)> f(b)

Hence, f isdrictly decreasng.
i.e. f isadecreasng generator.

To find psuedo inverse.
Let, f*(a)=b

b a=f(b)

P a=g(1)- g(b)

P g(b)=g(D- a
P b=g*(g®-a)

b fla)=g(g@- a)
But,

f(a)=g(®- g(a)
b f(0)=g()- g(0)
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p f(0)=g(1)

Hence,
f-1(a)=g(f(0)- a) . (3)
Now, The fuzzy complement C isgiven by,

C(a)=g*(g@- g(a)) =g *(f(0)- g(a))

p C(a)=f"*(g(a)) by (3)

b C(a)=f(g@- f(a)) by (1)

b c(a)=f1(f(0)- f(a)) (- g(@=1(0))
Conversdy,

Suppose that there exists a gtricty decreasing generator f such that

f(1)=0 and C(a)= f"1(f(0)- f(a))

Then, we prove that the function C isafuzzy complement which sttisfiesC;, C,, C4
and Cy.

Now,
C (1) : Condder,

c(0)=f1(f(0)- £(0)
= £ 1(0)
But, f (1)=0p f 1(0)=1 by (2)

b Cc(0)=1
And

c=f1(f(0)- (D)
=17(f(0) (- f(@=0)

c()=0

(10D




C®?:

Let,  £a,

b f(a)? f(a) (- fisdecressing)

b - f(a)£-f(a)

b f(0)- f(a)£ f(0)- f(a,)

p f1(f(0)- f(a))® f(f(0)- f(a)) (- f isdecreasing,
b f1isdecressing)

P C(a)® C(a,)

Thus, C is monotonic decreasing function.

Hence C isfuzzy complement.

C(@3):

Since, f and £ are continuous functions C is aso continuous.
C(4) : Condder,

c(cla)=cgf*(f(0)- f(a))g
= £-14f (0)- £ (f2(1(0)- ()}
= £-1[£(0)- f(0)+ f (a)]
= 1 (a)]

—a
p c(c(a))=a
Hence C is continuous involutive fuzzy complement.
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3.2 Fuzzy Intersection / t-norms
1. Definition

A fuzzy intersection or at-normi isabinary operation. i :[0,1]” [0,1] ® [0,1] which
sidfies the following axioms.

iD):i(a1=a "al [0,1]  (Boundary condition)
(2:b£db i(a,b)£i(a,d) (Monotone property)
(i3:i(a,b)=i(b,a) (Commulative property)
(4 i(a,i(b,d)) =i(i(a,b),d) (Associative property)

In addition, if the following properties holds
(i5) : i is continuous
i6): i(a,a)<a (Subidempotent)

(i7): ay<a,, b <b, then, i(a,b)<i(a,b,) (Strict monotone property)

Thenthet-normi iscaled agtrict Archimedean t-norm. If only (i5) and (i6) holdsthen
itiscdled an Archimedean t-norm.

2. Theorem
The standard fuzzy intersection is the only t-norm which isidempotent.
Proof : We know that, the standard fuzzy intersection is defined by,

(ANB)(x) =min( A(x),B(x))
Let, i © min
Then,
(iD):i(a1)=min(a,l)=a "al [01]
(2: b£d P min(ab)£min(a,d)
bi(ab)£i(a,d)

i.e. i ismonotone.
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1)

(i3): i(a,b) =min(a,b) =min(b,a) =i(b,a)

iei(ab)=i(b,a) "ab

Thus i iscommutative.

(i4): i(a,i(b,d)) =min{a,min{bd}}
=aU(bUd)
=(aUb)Ud
= min{min{a,b} , d}
=i{i{a,b} ,d}

b i(a,i(b,d))=i(i(a,b),d)

i.ei is asocidive

Hence i © min isat-norm.

Also,

i(a,a)=min(a,a)=a "al [0,]
Hence | © minis an idempotent t-norm.

Now, if i'isany other t-norm, which isidempotent
ie i'(aa)=a "al [01]
Then,

Forany a,bl [0,1] with O£ a£ b£1.
a=i'(a,a)£i'(a,b)f i'(a1)=a

b i'(a,b) =a=min(a,b)

i.e i'=min

(@ZY)




Smillaty,

2) If OEbE£afl,
Then,

b=i'(bb)£i'(b,a)€ i'(b,1)=b
b i'(b,a)=i'(a,b) =b=min(a,b)

P i'®min
Thus, ministhe only t-norm which isidempotent.

3. Example
The following functions are examples of t-norms -
1) Standard intersection

i(a,b) =min(a,b) =aUb
2) Algebraic Product

i(a,b)=ax
3) Bounded difference

i(a,b) =max{0,a+b- 1}
4) Drastic Intersection

ja if b=1
i(a,b)=tb ifa=1
1o otherwise

Thist-norm is denoted by, i

min:

4. Theorem
For any t-normi, i.. (a,b) £i(a,b) £ min(a,b)
Proof : Leti be any other t-norm, which satiffiesiy, iy, iz and i,

Then, " bl [0,]] P b£1
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bpi(a,b)fi(al)=a

b i(a,b)£a

Smilady, " al [0, P a£1
pi(a,b)fi(L,b)=Db

b i(a,b)£b

Thus i(a,b)£a and i(a,b)£b
b i(a,b) £min(ab)

Next,

Forany al [0,1] b O£ a

" ai [04]

" bl [0,1]

b i(b,0) £i(b,a) =i(a,b)

But
i(b,0) £min(b,0)=0pP i(b,0)=0
Thus,

Ofi(a,b)
But then,
i(a,b)=i(a1) =a
=i(Lb=b
30
But we have,
ja ifb=1
. T .
imin (8,0) = ifa=1
1o otherwise

a,bl [0,1]
ifb=1

fa=1

otherwise

(Dradtic intersection)
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Hence,
i (ab)£i(a,b) "abl[ol] .. 2

From (1) and (2)
We g,

iin (2,0) £i(a,b) £min(a,b)

Decreasing Gener ator

A decreasing generator isacontinuous and strictly decreasing function f :[0,1] ® R

st. f (1) =0 andits psuedo inverseis given by,

Proof :

1)
2)
3)

i1 ifal (-¥,0)
f@=1f'a)  ifal [f@),f(0)]
{0 ifal ((0),¥)

Clearly, f“V:R® [0,1]

Example

Let, f:[0,]® R bedefined by, f (a) =1- aP, p>0.
Show that, f is decreasing generator and find its psuedoinverse.
Let, f :[0,]] ® R bedefined by,

f(a)=1- a, p>0

Clearly, f iscontinuous(-.- f isapolynomia function)

f(1)=0

Further, a<b

b aP<bP /\\

b -aP>-bP o 1 0 1 R




4)

b 1- aP >1- bP
b f(a)> f(b)

Thus, f isdrictly decreasing generator and Now,

The psuedoinverse of f isgiven by,

(0 r® [0,]

1
()= f(a)
10
Now,
fl@)=b
b a=f(b)
P a=1-bP
b bP=1-a
b b=(1-a)/
Thus,
f-1(a) =(1- a)/p
Hence,
i1
12 =l (1 )b
{0

if al (-¥,0)
if al [f (1), f (0)] =[0,1]
ifal (L¥)

ifal (-¥,0)

ifal [0,1]
if al (L¥)

108)




7. Example
Show that, the function f :[0,]]® R isgivenby f(a)=-Ina, al [0,1] ad
f (0) =¥ isadecreasing generator and aso find its psuedoinverse.
Proof : Clealy,
1) f iscontinuous function and
2) f(D=-In(D=0
Further,
3) a<b
P Ina<inb
P -Ina>-Inb
p f(a)>f(b)
Thus f isdrictly decreasing.
Hence f is decreasing generator.
4) Next,
The psuedoinverse of f isgiven by,

i1 ifal (-¥,0)
(@)= () ital [, (0)]
{0 ifal ((0),¥)
Now,
f1a)=b

p a=f(b)=-In.(b)
P Ing(b)=-a

b b=e?

10




Thus,
fl@)=e?
Wehave, f (0) =¥

Then,

The psuedo inverseis given by,
f_l(a):?l_ ifaIA (-¥,0)
je? ifal [0,¥)

Note
If f:[0,1]® R isadecreasing generator with its psuedoinverse f -2, then,

t(t2@)=t(e), al [a¥]

=-In(e?)

=alne ~e?1 [0/

=a
Thus, £ (2 (a))=a
Also, £V (f (a)) = f"2 (- Ina)

= g (-Inea)

_elnea
b t“2(f(a))=a b f(f(a)=f"(f(a))

0. I ncreasing Gener ator

A continuous grictly increasing function,

9:[0,]® R st. g(0) =0 iscaled anincreasing generator and it spsuedo inverse
isgiven by
| (€E))




10 if al (-¥,9(0))

g('D(a):}g'l(a) if al [g(0),9(1)]
1 ifal (g(0),¥)
whereg (0) =0
10. Example

Show that, afunction, g:[0,1] ® R definedby g(a) =-In(1- a) and g (1) =¥
is an increasing generator and find its psuedoinverse.
Proof : Here,

g(a)=-¢n(1- a)

Clearly, g is continuous and g (0) =0 and
Ifa<b

P -a>-b

p1-a>1-b

P /n(1- a) >Mn(1- b)

P -/n(1- a) <-¢n(1- b)

p g(a)<g(b)

Thus, g isgrictly increesing.
Hence, g is an increasing generator.
Next, its psuedo inverseis given by,

g"?:rR® [0,]
and
10 if al (-¥,9(0))
g(-n)(a):}_g‘l(a) if al [g(0),g(D)]
1 ifal (g@),¥)
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Here,

g(0)=0and g(1) =¥ —given
andif g2 (a) =b
b a=g(b)

P a=-In,(1- b)
P -a=In,(1- b)
p e?=(1-b)
b b=1 e?

b g“?(a)=1- e

Hence,
i0 ifal (-¥,0)
o P(a)=] ne
il- e if al [0,¥)
11. Example

Show that, thefunction g:[0,1] ® R definedby g(a)=aP,p>0isanincreasing
generator and find its psuedo inverse,

Proof : Letafunction g:[0,1] ® R be defined by,

g(a)=aP,p>0
1) Clearly, g is continuous and
2) g(0)=0
3) If a<b

b aP<bP

b g(a)<g(b)

12)




p ‘g isdrictly increesng
p ‘g isincreadng generdor.

4) Now, its psuedo-inverseis given by,

g"?:R® [0,1] ad

10 if al (-¥,9(0))
9(")(a):}g'l(a) ital [g(0),9(1)
5 ifal (g(1),¥)

Here,
g(0)=0and g(1)=1
ad

if g“?(a)=b
b a=g(b)
b a=hP

P b=a’"

b gt¥(a)=a’?

Hence,
10 ifal (-¥,0)
g V(a)=1a’? if al [0,1]
| -
1l ifal (L¥)
12. Theorem

Let, f be adecreasing generator. A function g defined by g(a) = f (0)- f(a),
" al [0,1] isanincressing generator with and g (1) = f (0) it'spsuedoinverseis given by,

| A |




g“?(a) =12 (1(0)- a)

Proof : Giventhat,f isadecreasng generator. Therefore, f isstrictly decreasing continuous
functionst. f (1) =0.

Now, g:[0,1]® R isgivenhy,

g(a)=1(0)- f(a)

p g(0)=f(0)- f(0)=0

Also, giscontinuous (- f is continuous)

Andfor a,bl [0,1],

a<b

b f(a)> f(b) (- fisstrictly decressing)
p - f(a)<-f(b)

p f(0)- f(a)<f(0)- f(b)

p g(a)<g(b)

i.e. g isdrictly increesang.

Thus, g is trictly increasing, continuous function with g (0) =0.
Hence, g is an increasing generaor.

Further, the psuedo inverse of g isgiven by,

g"?:R® [0,1] ad

i0 if al (-¥,0)
g2 (a)=1g(a) it ai [g(0),g(1)]
11 ifal (L¥)
Now, if
g *(a)=b

Q14




b a=g(b)
P a=f(0)- f(b)
b f(b)=f(0)- a e (%)

b b=f1(f(0)- a)

Therefore,
g H(a= 1(f(0)-a)
Thus,
i0 if al (-¥,0)
9" (a)= :f Y(f(0)-a) ifal [0,g(D]
I ifal (g(1),¥)
Also,

g(a)=1f(0)- f(a)
b g@=f(0)- fQ)

p g(1)=1f(0) (- £(1)=0)
Then,

i0 if al (-¥,0)
g (a)= Pt Y(f(0)-a) ifal [o,f(0)]

i ifal (f(0),¥%)

We have, given that f isadecreasing generator. Then, psuedo inverse of f isgiven by,

i1 if al (-¥,0)
(@ =1f"(a) if al [(2),1(0)]
{0 if al (f(0),¥)

(115)




1

2)

3)

Now replace, aby f (0) —a

1

1
f(-l)(f(o)_a):_:f_f'l(f(o)- a)

|

I

10
Now,
f(0)- al (-¥,0)

b-¥<f(0)-a<0

b -¥<-a<-f(0)- f(0)

b-¥<a<f(0)
p f(0)<a<¥
b al (f(0),¥)
Next,
f(0)-al [f(D),f(0)]
b f(0)-al [0, (0)]
p O£ f(0)- a£ f (0)
b-f(0)E£-a£0
p f(0)2a30
b 0£aff(0)
b af [0, f (0)]
Also,
£(0)- al (f(0),¥)

b f(0)<f (0)-a<¥

f(0)- al (-¥,0)
£(0)- al [f (D, f(0)]
f(0)- al (f(0),¥)
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13.

b 0<-a<¥ - 1(0)

P 0>a>-¥
P -¥<a<O0
b al (-¥,0)
Hence,
10 ifal (f(0),¥)
r%fm»@=}r%um-@ ifal [f(1),f(0)]
i1 if al (-¥,0)
where, f (1) =0

Therefore, we must have,

g“2(a) =12 ( 1(0)- a)

Theorem

Let, g be increasing generator. A function, f:[0,1]® R defined by,

f (a)=g(1)- g(a) isadecreasing generator and its psuedo inverse is given by

§1 (a)= f('l)(g(l)- a)

Proof : Given that, g isanincreasing generator. Thus, g gtrictly increasing continuous function
and g(0) =0.

Now, f:[0,1]® R is

f(a)=g(@- g(a) "al [0,]]
Then

f(0)=g(1)- o(0)=g(2)

p f(0)=g(1)

Q17




and f (1) =0
Also, f is continuous (- g iscontinuous)
Andforany a,bl [0,1],
a<b
b g(a)<g(b)
p -g(a)>-g(b)
P g(0-g(a)>g®- glb)
b f(a)> f(b)

\ f isdrictly decreasng.
Hence, f isdecreasng generator and the psuedo inverse of f isgiven by.

i0 ifal (-¥,f(1)
0 (@)= () if ai [0, f(0)]
1 ifal (f(0),¥)

Now,if f *(a)=b
p a=f(b)
P a=g(1)- g(b) —given
p g(b)=g®- a
b b=g*(g@- a)

b fla)=g(g@- a)

Hence,
i1 if al (-¥,0)
£ (a)=_:’_ g (g@-a) ifal [o f(0)]
{0 ifal (f(0),¥)
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1)

2)

Also, psuedo inverse of g isgiven by,

10 it ai (-¥,0)
9" (a) =1 g (a) it af [0,g(D)]
i ifal (g(1),¥)

Hence, replacing aby g (1) - a we get,

i0 if g(1)- al (-¥,0)
9('1)(9(1)-a)=}_g'1(g(])-a) if g(1)- af [0,g(1)]
i1 ifg()- al (g(1),¥)

and f (1) =0, f(0)=g()

Now,
If g(1- al (-¥,0)

U -¥<g(®-a<0

(e}

-¥<-a<-g(1)

()

¥>a>g()
0 g(D<a<¥
U al (g(1),¥)
Next, if g(1)- af [0,g(1)]
U 0£g(D- a£ g(1)

U-g(®£-a£0

()

g(3azo0

(e}

Ofafg(l)

0 ai (0,9(D)
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and aso,
3 If g-al (g@,¥)

U g<g@®-a<¥

U 0<-a<¥
U 0>a>-¥
U-¥<a<0
U al (-¥,0)
Thus,
10 ifal (g(1,¥)
|
g"?(g-a)=ig*(g-a) ifal [0,g(1)]
1 ifal (-¥,0)
But, g(1) = f (0)
10 if al (-¥,0)
b g ?(g)-a)=1 g (g-a) ifal[0,f(0)]
11 ifal (f(0),¥)
Thus, we must have,

f9(a)=g"?(g)- a)

Hence, the proof.

14. Condruction of t-norms

Leti:[0,4]" [0,]] ® [0,1] beafunction. Then i isan Archimedean t-normsiff there
exigs a decreasing generator f such that

i(a,b)=f2(f(a)+ f(b)) a,bl [0,1]
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15. Example
Let f,:[01]® R by f,(a)=1-aP, al [0,1] andp>0.
Show that, f, isadecreasing generator and obtain at-norm generated by f,.
Proof : f,(a)=1-aP, p>0
Clearly, f, isacontinuousfunctionand f,(1) =0 andfor a<b.
b aP<bP
p -aP<-bP
b 1- aP >1- bP
b f,(a)>f,(b)
Thus, f, isastrictly decressing continuous function st. (1) =0.
Thus, f, isadecreasing generator.

Next, psuedo inverseof f, isgiven by,

10 if al (-¥,0)
0 (@) =] 1,1a) if al g0, 1, (0)g
i1 if al (f,(0),¥)

Now, f,(0)=1and f,(1)=0.
and f,*(a)=b

b a=f,(b)

b a=1-bP

b bP=1-a

2y




b b=(1-a)/
b f,Xa)=(1- a)/P

Hence, the psuedo inverse is given by,

i1 if al (-¥,0)
fp"l’(a)=}, (1- 2/ if al [0,1] (D)
{0 ifal (L¥)
Defing,
i:[0,1" [0, ® [0,] by,
i(a,b) = £,V (1, (a)+ 1, (b)) a,bl [0,1]
= 1,50 [1- aP+1- bP]
= fp('])[Z- aPf - bp]
i1 if 2- aP- bP<0
|
! 1
-1g-(2-a%- b")iF if 2- a°- bPT [0,] by (1)
fo if 2- aP - bP >1
Since,
2_aP-pP3 " a,bT [0,1]
We get
i(a,b) =[aP +bP- 1] 2-aP- bPT [0,1]
=0 2-aP-bP>1
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Now, if
2-aP- bP1 [0,1]

b 0£2-aP-bPE£1b 1£aP+bP b 0£aP+bP-1

b O£aP+bP-1

b 0£ (aP+b?-1)/7
P 0£i(a,b)
And, if
2-aP-bP>1
P 0>aP+bP-1
P aP+bP-1<0
b i(a,b)=0
Thus,
):;i(ap+bp-1)/yp aP+bP- 13 0

t a’+bP-1<0

i(a,b

b i(a,b):max{O,(ap+bp-l)}/p}’ a,bl [0,]]
Ifp=1,

We g,

i(a,b) =max{0,(a+b- 1)}

This is a bounded difference t-norm.

16. Example

Let, f,(a)=(1- a)”,w > 0. Show that, f,, isadecreasing generator. Find its

psuedo inverse and obtain at-norm generated by f,, .

| (23>




Proof : Let, f,,:[0,1]® R defined by

f,(2)=(1-a)",w>0

Clearly, f,, iscontinuousand f,,(1) =0, and for a<pb,

P -a>-b

p1-a>1-b

b (1- a)">(1- b)"

p f,(a)>f,(b)

Thus, f,, isdrictly decreasing. Therefore, f,, isadecreasng generator.
Further, the psuedo inverse is given by,

i1 ifal (-¥,0)
(0 (@) =1 1, (a) ifal @, f, (0§
10 ifal (f,(0),¥)

Now, l€t,
b=f,'(a)p a=f,(b)=(1- b)"
P a%\':1- b

P b=1- a%v
Thus,

f, t(a)=1- a’w.Alsof, (0) =1

Therefore,
il if al (-¥,0)
! A
f,00(a)=11- a’w if al [0,1]
{0 ifal (L¥)
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17.

1)
2)

3)

Next, defineat-norm i by

i:[0,4]" [0,]® [0,1]
i(a,b) = £, Y (f,(a) + f, (b))

= 1,00 (@1- 2" +(@- b)")

}1 if (1- a)" +(1- b)"T (- ¥,0)
:.i.l- &1- a)" +(1- b)WEzjyW if (1- a)"+(1- b)"1 [0,1]
fo it (1- a)" +(1- b)"T (L¥)
Since,
1- a)"+@-b)"3 0 "a,bl [0,1]
We g,

i,[a,b] =1- &1- a)" +(1- b)WEl%V’ (1-a)"+(1-b)" £l
=0 (1-a)"+(-b)"s 1
b i(a,b)=1- min{l,gl- a)" +(1- b)WEl%V}

Thist-normiscaled aYage's class of t-norms denoted by i, .

ie

i, (a,b) =1- min{l &1- a)" +(1- b)W@l}‘/N}’ "a,bl [01]

Note

For w® 0, i, ® bounded difference t-norm.
For w=1, iy, ® iy,

For w® ¥, i, ® min

25)




18. Theorem
Let, i, bethe Yager's class of t-norms defined by

i, (a,b) =1- min{l &1- a)" +(1- b)WQ%V}
Then,
imin (8,0) £i,, (a,b) £min(a,b)

Proof :

1)  Ifb=1, then

i, (a,b)=1- min{l &1- a)" +(1- b)W@%V}
=1- min{1,(1- a)}
=1- (1- a)
= a
2)  Smillaly,if a=1then,
i, (ab)=b
3) And,if g1 1and pt 1,

Then, condder,

limi, (ab) = Iim{l— mingLEL- a)"+(1- b)Wﬂ%Vg
We ¥ we ¥

é , LU
=1- ming, Ii®n;|é g1- a)" +(1- b)WH%VH
W

=1- min{l(1+])¥}
=1-1
=0
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Thus,
i,(a,b)=a ,ifb=1
=b ,ifa=1
30 ,ifatl, bll1asw® 0.

But,

iin (8,0) =a ifb=1
=b fa=1
=0 otherwise

Hence, from (A) and (B)
i (ab) £i,(a,b) "w>0

Next,
We will prove that,

i,, (@,b) £min(a,b)
Firg, we will show that,

lim min{l &1- a)" +(1- b)WB%V}
wo ¥

=max{1- a,1- b}
Case(1):
atbtl

Let Q=§1-a)" +(1- b)WH%V
Snce, gt b, weassumethat, a<b
Condder,

limlogQ= lim log&1- a)" +(1- b)WEl%V
WR® ¥ W® ¥

(D)

2r




= lim 1|ogé(1- a)" +(1- b)"H

w® ¥ \W

im log&(1- a)" +(1- b)"H
wW® ¥ W

(1- a)"log(1- a)+ (1- b)"log(1- b)

= lim - :
we¥ 1E1- a)" +(1- b)"

= lim (1- a)"log(1- a)+ (1- b)" log(1- b)
wWR® ¥ gl- a)W+(1_ b)wg

Now, a<bpb 1- a>1- b

DivideN & D by, (1- g)"

log(1- a) + L41-b) b) og(1- b)
= lim 8( - a)H
wWe® ¥ é_ bO
81 ag
_log(1- a)+0
1+0
=log(1- a)
Thus,
lim logQ = log(1- a)
W® ¥
p vl\i@rQQ:L a wherea<b

Also,a<b,
p1-a>1-b
P max{l- a,1- b} =1- a

P limQ=max{1- a,1- b}
We ¥
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Therefore,
lim min{l &1- a)"+(1- b)wﬂ%v}
= min{1,max{1- a1- b}}
=max{1- a,1- b}

Case- (2

a=b(: 1)
Condder,

limQ = lim €1- a)" +(1- b)WE’IyW
W® ¥

W® ¥

= lim &(1- a)WB%”

wWe® ¥

= lim 2%v(1- a)
w® ¥

=2°(1- a)

=(1- a)=(1- b)
Thus,

imQ=1-a=1-b
We ¥

= max{1- a,1- b}

Hence,
lim min{l &1- a)" +(1- b)WB%”}
Wo ¥

= min{1,max{1- a1- b}}

= max{1- a,1- b}

(ralbt1)

(‘~a=bh)

a=bt1l
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Case (3):
Etheea=1lorb=1
Condder,

lim min{l &1- a)" +(1- b)WEl%V}
wW® ¥

j1-b if a=1

“11-a if b=1

= max{1- a,1- b} (ethera=1orb=1)
Case(4):

a=b=1

Then,1-a=0=1-b
\ max{1- a,1- b}=0
And,

lim min{l &1- a)" +(1- b)wﬂ%v}
wW® ¥

=min (1, 0)
=0
Hence,

lim min{], &1- a)"+(1- b)wg%v}
Wo ¥

= max{1- a,1- b}

Thus, for " a,bT [0,1],

lim min{l &1- a)" +(1- b)WB%“}
WO ¥

= ma)({l- a,l- b}

(~a=b=1)

o (%)
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19.

Therefore,

lim i,, (a,b) =lim 81 min{l, g1- a)" + (- b)WH%V}E
=1- max{1- a,1- b} by (*)
=min{ a, b}

ie

J}@rg i, (& b)=min(a,b)

Hence,

i,, (@,b) £min(a,b) e (2

From (1) and (2) we get,

i (ab)£i, (a,b) £min(a,b)

Note
Thereare saveral methods of defining t-norms. Thefollowing isone of the methods of

congructing t-norms.

Leti beagivent-normand let g:[0,1] ® [0,1] be adrictly increasing continuous

functionwith g(0) =0, g(1)=1.

21.

Then, afunction,
i9[a,b] =g" §(g(a),g(b))g " a,bl [0,1]

j9 isaso cdled at-norm generated by g.

Example
Obtain at-norm generated by afunction

g:[01]® [0.1] by,

(13D




a+l
2
=0 ,a=0

And i(a,b) = axp,

g(a) =

Proof : g:[0,1] ® [0,1] isdefined by,

a+l
g(a):T »at o0

=0 ,a=0
1)  Then g(0)=0, g(1)=1
2)  Alsofor a,bl [0,1]
a<b
P atl<b+1l

b a+1<b+1
2 2

b g(a)<g(b)
Thus, g isdrictly increesng and clearly it iscontinuous and g isanincreasing generator.
3) The psuedo inverse of g isgiven by,

ng(a):iz4(a) ::Z:E;q
Let,
g *(a)=b

b a=g(b)

_b+1
P a-—E—b b=2a-1

p g'(a=2a-1
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Thus,

10

g ?
(a) = T2-1

But, g('])(a) 3 0. Hence,

|

9" (a) 4
12a-1
3

4) Define, afunction j9 by,

if a=0
if al (0,

Ofat=

2,
D) D,
NP
Sy

i9(a,b)=g"? g(a(a),g(b))g
(- Daeaea+1 b+160
=g 8__
2 2 29
(paa+l b+10 .
5 XTE (-.-|(a,b)=ab)
(-na@tb+ab+1g
4 @

i atb+ab+1. é lu
o if 22T,
=¥ ! 4 28
-I-23@L+b+ab+1('_j_1 i arb+ab+l a+b+ab+1A el .u
i’ 1 . 2 &

Now,

a+b+ab+1 el u
'

b 1 a+b+ab+1£1

2 4

A3z




<a+b+ab+1
2

P 1 £2

a+b+ab+1
< 0

PO -1£1

a+b+ab-1
QR —

PO £1

_a+b+ab- 1.
f———1

i (0,1]

=0 otherwise

21. Example
Obtain at-norm generated by,
(a) =2 L
g > atl
=1 a=1

and i(a,b)=ax
Proof : Let, g:[0,1] ® [0,1] bedefined by,

1a
g(a)={2

f1 ifa=1

ifall

Then,
1) g(0)=0and g(1)=1

2) For a,bl [0,1]

| (138




ifa<b

P g(a)<g(b)
p gisdrictly increesng and dearly it is continuous.
P gisanincreasng generaor.

3) The psuedo inverse of g isgiven by,

) g l(a if al [0,
g(l)(a):ig (a) '. [ 1]
11 ifa=1
Let, g1(a)=b
b a=g(b)
b g(b)=a
P E:a
2
b b=2a
b g'(a)=2a
Thus
) i2a if al [0,
9" (a) =i . 04
il ifa=1
Hence,
i . ~ e . 1u
£ 2 fal 9=
2 Tl Py
g " (a) =i e
1 ifal &= 1Y
1 8219
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Next,
4) Defineafunction j9 by,

i9(a,b)=9"?(i(g(a),g(b)))

- g g bod
§&2' 200
_ (paabo
SV
BRYY, 4 8§25
=1
o ab. é1 .U
1 —1 z=,1;
f 4 8218
Thus,
i ab Lab. &, 16
i9(a,b) =i be 61 ¢
i it 27 & 14
f 4 E2"H
ab. & 16
Now, = §0’25
pogdl
4 2
b O£a—b<1
2
Then,
j ab . ab;
— if —1 10,1
i9(a,b)={ 2 2 [0.)
f1 otherwise
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Thus,

ig(a,b):min[%,]]

23. Example
st . . .
fo(a)=-1In (s>0, st 1) isadecreasing generator and find the dlass of t-
norms.
a -
Proof : Let f.(a)=-In> !
s-1

Clearly, f, iscontinuous.
Now, for a,bl [0,1],let a<b
b s*<g (s>0and s1 1)

b ?-1<g-1

b

b &" - 10 , &P - 10
n =</n -
s-19 85-121

a&?.- 10 & - 10

+>-/n +
s-19g gs-lz

f.(a)> f,(b)
Hence, f, isdrictly decreasing function.

and fs(l):-zns;lz-fn(l):o
s-1
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Thus f, iscontinuous, strictly decreasing function with (1) =0.
Hence, f. isdecreasing generator.

Now to find the class of t-norms we have to find the pseudo inverse of f.

Let,
i1 ifal (-¥,0)
fs(-l)(a)z} fs('l)(a) if al 0, fs(Wg
10 if al (f,(D,¥)

Now consider, f."? (a) =b
p a= f (b)

-1
s-1

b a=-/n

p s®=1+(s- De?

b log, s =log,[1+(s- 1)e?]

b b=log[1+(s-1)e?]

ie 7 (a)=log [1+(s- 1)e?]

Then pseudo inverseof f is

i1 if al (-¥,0)
fs('l)(a):}_Iogs[1+(s-1)e'a] if al @, f;(Dy
10 ifal (f,(2),¥)

A3




Thus,
fY(a)=log [1+(s- D e ?]
Now we define i :[0,1]” [0,1] ® [0,1] by

is(ab)= 0 (f(a)+ f, (b))

I £, A2 ald- )2
i S Ené >
=logsf1+(s- e ¢ SR

I (s2- )o{s- 1)l
= % \
ogs%1+ﬁs/ﬂ Y ig

(s2-)s”-1)ui

(s-1)

]
's(a,b)=log, 11+

-a

24.  Showthat, gs(a) =-/n s

-1
(s>0, st 1)isanincreasing generator. Find the

t-conorms generated by g .
Proof : Clearly g, iscontinuous.
Now, for a,bl [0,1] condder,

a<b
P -a>-b
P 1-a>1-b
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p gha>ghP
b st2-1>¢P-1

sha.1 gP.1
b >
s-1 s-1

-a -b
b Ensl 1>€nsl 1
s-1 s-1
sta-1 sth-1
<

-/n
s-1 s-1

b -/n

b g.(a)<g(b)

P g, isdrictly increasing function.
Thus, g, iscontinuous, srictly increasing function with g (0) =0.
Henceg, isanincreasing generaor.

Wefind the pseudo inverse of g .

Let,
i1 ifal (-¥,0)
g Y (a):]igs'l(a) ifal g0,0, (Vg
10 ifal (gs@,¥)
Now, let
gs '(a)=b
P a=g.(b)
-b
b a:-lnsl -1
s-1
b
b -a=|nS1L -1
s-1
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stP-q
s-1

b sP-1=(s-De?

b stP=1+(s-De?

pbe?=

b 1-b=log,[1+(s- 1) e ?]

P b=1- Iogs{1+(s- e 3}

ie g 1(a)=1- log.{1+(s- De 2}
Then, pseudo inverseof g is
g2 (a)=1- log {1+ (s- Ve ?}
We define at-conorm, ug :[0,1]” [0,1] ® [0,1] by

us(a,b)= g (g(a) +g(b))

NS (-2 2)(s">- 1)t
8 (s- 12 a

I (sh2-1)(s2- 1)

=1-| x \

e e T
(s-2-1)(sP-1)u

us(a,b)=1- Iogs|1+

(s-1)

= 1in( w) . _ _
25. g ,W(a)—l—ln 1+l a"), showthat g, ,, isincreasing generator and obtain Fuzzy

complement generated by g, .

Proof : g ,W(a):%m(lﬂ a")

| Q14D




Clearly g, ,, iscontinuousand g, ,,(0) =0.
Now for a,b1 [0,1] consider,

a<b

a" <b"

pla“<lb"

b In(1+1a") <in(1+1 b%)

b |1|n(1+| a") <|1|n(1+| b")

P g W (a) < g ,W(b)

P g, isanincressing function aso continuouswith g; ,, (0) =0.

Hence, 9, ,, isanincreasing generator.

Now we find pseudo inverse of g, .

i1 ifal (-¥,0)
g, ,W('l)(a)=}9| w (@) ifal 0,9, ,, (D
+0 ifal (g, (D,¥)

Let, g, Y(a)=b
p a=g ,(b)

=} a:%ln(1+| )
b 1 a=In(1+1 bY)

b e?2=1+p"

blb'=¢2-1
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b bW:%(e'a-l)

1
_él Ia_ l:J\_N
Db—a(e l)H

P g ,W‘-l>(a)={|1(é . :)]%”

Hence, pseudo inverseis given by,

10 ifal (-¥,0)
! 1
| 4 —
-1 :l?& la _ L,’IW 1
g v Y (a) t (e 1)H §O’| m(a+1)Y v
: . "
Tl if al %T(én(lﬂ )),¥B

Now if Cisfuzzy complement generated by g then,

C @ =g"Y(g®- g(a)

g('D[liIn(lﬂ ) - llln(1+| aW)}
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ael (1- a¥) 6w
J/ 1+1 &% f'o’
1
&®l- a" ow
81+IaWB

G ula)=

Then the Fuzzy complement G, ,, generated by g, ,, is

1
®l1- a" ow

(a) = =
o &1+1a" g

which isthe Sugen’s dlass of Fuzzy complement for w =1 and Y agar’ sdass of fuzzy
complement for | = 0 as specia sub-classes.

3.3 Fuzzy Union /t-Conorm
1 Definition

A fuzzy t-conorm u isabinary operation on [0, 1], which satisfiesthefollowing axioms
and u:[0,1]" [0, ® [0,1]

(up) : (Boundary condition)

u(@0)=a "al [0,]
(u,) : (Monotone property)

bfd
P u(a,b)£u(a,d) "a

(Ug) : (Commutative property)
u(a,b) =u(b,a)
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Proof :

(uy) : (Associative property)
u(a,u(b,d))=u(u(a,b),d)

Thefunction u iscdled at-conorm or fuzzy union.

In addition, the function u may stisfy the following

(Us) : uis continuous.

(U :u(a,a)>a [ Superidempotent]

(U): & <&, b<b,

P u(a,b)<u(a,b,) [ Strict monotone]

A t-conormwhich iscontinuousand superidempotent iscalled “ Archimedian t-conorm”.

Further, if it is grictly monotone, then, it is caled a“ strict Archimedian t-conorm’”.

Theorem
The stlandard fuzzy union isthe only idempotent t-conorm.
The standard fuzzy union is given by, max operator.

(AUB)(x) = max ( A(x), B(x))

i.e. u° max
Then,

(u): max (a,0) =a +ai [01]
(uy): b£d P max(a,b) £max(a,d)
(U9 max(a,b) = mex (b,2)
(0 max(amax(b.c))
=a U(bUd)
=(aUb)Ud

= max{max (a,b) ,d}
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Thus, ‘max’ satisfiesuy, U,, Ug, Uy.

and hence, it isat-conorm.

Also, max(a,a) = a "al [0,]]
Thus, max is an idempotent t-conorm.

Next if u isany other t-conorm, which isidempotent.
ie u'(aa)=a
Then, for a,bT [0,1]
dther af£b or bfa
1) If Of a£b£ 1 then,
b=u'(0,b) £u'(a,b) £u'(b,b) =b
b u'(a,b) =b=max(a,b) (~afb)
Smilady,

2) If OEb£afl,
Then,

a=u'(a,0)£u'(ab) £u'(a,a) =a
b u'(a,b) =a=max{a,b}

Thus,

" a,bl [0,1]

u'(a,b) = max(a,b)

e u'°max°ub ueu'

Thus, “max © u” which is the gandard fuzzy union is the only t-conorm, which is
idempotent.
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3. Examples:

Following are some examples of t-conorms.

1) Standard fuzzy union
u(a,b)=max(a,b)=aUb

2) Algebraic sum
u(a,b)=a+b- ab

3) Bounded sum
u(a,b)=min(La+hb)

4) Dradtic union

ja if b=0
u(a,b)=1b ifa=0
11 otherwise

Drastic union is denoted by U,

4) Theorem
Fordl a,bl [0,1].

max (a,b) £u(a,b) £u.,, (a,b)

Proof :

1) We have, u, which is given t-conorm.
Then, " a,bl [0,1].
P 0Of£a,0£b

b a=u(a,0)£u(a,b)

and b=u(b,0) =u(0,b) £u(a,b)

Q47




2)

Thus

afu(ab)adb£u(a,b)

P max(a,b) £u(a,b) " a,bl [0,1]
Next,

Whenb =0,

u(a,b)=u(a,0)=a

andwhena=0.

u(a,b)=u(0,b)=b

Also
u(a,b)£1 "a,b
Thus
u(a,b)=a ifb=0
=b ifa=0
£1 Otherwise
But
Uny (3,D)=a ifb=0
=b ifa=0
=1 Otherwise
Hence,

u(a,b) £u,, (ab)
Thus, from (1) and (2),
max (a,b) £u(a,b) £ u,,, (a,b)

(D

148




5. Note

Let, u be abinary operation on the unit interva [0, 1]. Then u isan Archimedian t-
conorm iff there exists an increasing generator g such that,

u(a,b)=g"“? (g(a) +g(b))

6. Example

Show that, afunction g, :[0,]] ® R defined by gp(a) =1- (1- a)®, p>0isan
increasing generator. Find its psuedo inverse and obtain a class of t-conorms generated
by g
Proof : We have,

g,(a)=1- (1- a)"

9,(0)=0

Also, g is continuous function
and, a<b

P -a>-b

P 1-a>1-b

b (1- )" >(1- b)°

p - (1- a)” <- (1- b)°

b 1- (1- )" <1- (1-b)°

b g,(a)<g,(b)

i.e. g, isan drictly increasing function and g, isan increasing generator.
Thus, g, isanincreasing generator.

Thepseudo inverseof g, isgiven by,
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10 al (-¥,9(0)
+1 al (gp(1),¥)
Here, g,(0) =0, g, (1) =1
Let,
g, '(a)=bp a=g, (b)
b a=1- (1- b)"
b a- 1=-(1- b)"
b (1- a)= (1- b)®
b (1-a)'?=(1-b)
b b=1-(1-a)""
P g, (@)=1-(1-a)""
Thus
10 al (-¥,0)
gp(-ﬂ(a)zn}'l_ (1-a)M'P al [0,1] e (%)
1 al (L¥)

Define, at-conorm ‘U’ by,
u(a,b)= gp(' v (95@ +9,(0))

=g, "V é- (1- a)’ +1- (1- b)"H
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=g, V&- (1-a)’- - b)"H
Thus,

u(ab)=1- 8- 2+ (- AP +(1- B)PH & i 2- (1-a)"- (1- b)P T [0.1]

=1 otherwise

1/ p

b u(a,b)=1- &1- a)’ +(1- b)"- 1§ if 2. (1- a)°- (1- b)”

=1 otherwise
Then,

u(a,b)=1- max{O,gl- a)’ +(1- b)P - 1l§ll/p}
Thist-conorm is called Schweizer and Sklar t-conorm for p = 1, we get,
u(a,b)=1- max{0,(1- a- b)}

=min(1,1) + min{0,a+b- 1}

= min{1,a+b}

which is bounded sum t-conorm.

7. Example (Yager’sclass of t-conorms)

If g, (a)=a", w> 0, show that g,, is an increasing generator and t-conorm
generated by g,, isgiven by,

1/w

uW(a,b):min(l,(aW+bW) ),W>0
Proof: g, (a)=a",w>0
1) Clearly, g,, iscontinuousand g,,(0)=0.

2) Next, for a,bl [0,1].

anda<b

(15D
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4)

p a¥<pb"

p g,(a)<g,(b)

P g, isdrictly increesng.

P g,, isanincressng generator function.

Then, the pseudo inverse of g,, isgiven by,

10 al (-¥,0)
gw('l)(a)=}'_gw'1(a) al @,9,Dg

1 al (g,,(1),¥)
Here, g,, (1) =1.

Next, let g, (a) =b
p a=g,(b)
b a=b"
b b=a"¥

b gw(-J) (a) = a/V

Hence,
}_0 al (-¥,0)
gW(- Y(a) =| at/w al [0’1]
11 al (L¥)

Define, t-conorm u by,
u(a,b)= g, (g, () +g,, b))
— gW(-l) (aW +bW)

_ (aW+ bW)l/W
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Hence,

u(a b):T (v +p")"" if ¥ +b"1 [0,1]

! otherwise

Then,

u(a,b)= min{l (av +bW)l/W} W>0

Thus, the t-conorm
u(a,b)=min (], (av +b"")1/W) ,W>0
isaYager'sclass of t-conorms.

Note: If a £b then u, (a,b) 3 u, (a,b) i.e {u,} isdecreasingas w® ¥ .

8. Theorem

Let, u,, denotesthe Yager's class of t-conorms defined by,

u, (a,b) = min(l,(a"" +bW)1/W) W>0

Then,

max (a,b) £ u,, (a,b) £ u,, (a,b)

Where, max is the stlandard fuzzy union and u,,,,, isthe dragtic union t-conorm.

Proof :
1) First we prove that,

\IAL@rrguW(a,b):umax(a,b)

a=0orb =0
Then,
ib ifa=0
a,b)=i )
U (2,0) la ifb=0
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Now fora=20

limu,(ab)=lim min(l(aW+bW)1/W)

w® 0 w® ¥
= lim min(1 b)
w® ¥
=b
Smillaly forb=0

lim a,b)=a
w|®ouw( )
Next,

limu,(a,b)£1
W® 0

and u,,, (ab)=1

Thus,

Hence, we g€,

limu,(a,b)£u., (ab)
0

i.e u,(a,b) £u,,(ab)

ifat0and b0

ifa=0
ifb=0
otherwise

ifa=0
ifb=0
otherwise

To provethat, max(a,b) £u,(a,b)

A




1)

2)

3)

We will show tht,
lim u,, (a,b) = max(a,b)
we ¥

a=0o0rb=0

Ifa=0

Then, max(a,b) =b

And limu,(ab)=lim min{l,(aW+bW)1/W}
WwR ¥ wR® ¥

=b
Smillaly, if b = 0 then, we g,

max (a,b) = azvlvgr; u, (a,b)

at0adprQanda=b
Then,

max(a,b) =a (or b)
And limu,(ab)=lim min{l,(aW+bW)l/W}
we ¥ We ¥

= lim mi n{l,(ZaW)llw}
w® ¥

= lim min{1,2/%a}

we® ¥
=min{1 a}
=a

ie max(ab)=Ilimu,(ab)
wW® ¥

al0,btoandatlb.
Weassumethat, a< b

Then, max (a,b) =b

(%)
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And limu,(ab)=lim min{l,(aW+bW)1/W}
WwR ¥ WwR® ¥

- min{l,l im (% + bW)”W}
WR® ¥

Let, Q = (aW +bW)1/W

P logQ :Iog(a""+b"")1/W

P log Qzllog(aW +b")
w

¥ U
- B (at1,b11)

22" 1oga+b" logbH
. aw+bw8a g gbH

W® ¥ 1

— lim a"loga+b"logb
we¥ a” +b"

a.W
—-loga+logb
= ||@|;];|é b -
W a_+1
bW

W
gg loga+logh
= lim £22

w® ¥ @bw
—+ +1
8bﬂ
_ logb
1
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b limlogQ=logh (-.-Iog(vlli(érgéQ):logb)
P lim Q=b
WR® ¥

1w

ie lim(a"+b")  =b
WR® ¥

P limu,(ab)=lim min{l(a‘”+bw)ﬂw}

We ¥ we ¥
= min{1,b}
=b

Thusif,a<Db,

Then, \Ll@ﬁ; u, (ab) =b=max{a b} “by (*)

Ifa=lorb=1and g1 p.
Then,

a¥+b"=1+b" Or a%¥+1
31
b (a"+p¥) 51
And, hence,
min{L(aW +bW)l/W} =1
i.e u,(ab)=1
And aso,
max (a,b) =1
i.e u,(a,b)=max(a,b) "w>0
Hence we get

\l;@rg u, (a,b) =max(a,b)

[€=1))




Proof :

Further, u,, (a,b) isadecreasing function and hence,

u, (a,b) 3 max(a,b)

i.e. max(a,b) £u,(a,b) "W>0 e (2)
Hence, we have from (1) and (2)

max (a,b) £ u,, (a,b) £ u, (a,b) "w>0

Dual Triple
Definition
A t-norm i and t-conorm u are said to be dua w.r.t. fuzzy complement c if

c(i (a,b)) =u(c(a),c(b))

c(u(a,b)) =i(c(a),c(b))
Thetriplet <i, u, c>iscdled a‘dud triple’.
Note
Thetriplet <i, u, ¢ >iscdled adud tripleif they satisfies DeMorgan’s laws.
Example
Show that <ab, a+ b—ab, ¢ >isadud triplewherec isagandard fuzzy complement.
Let,
i(a,b)=ab
u(a,b)=a+b- ab e (D)
c(a)=1- a
be the three operators.
Condder,
c(u(a,b)) =cla+b- ab)
=1-a- b+ab
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=1(1- a)- b(1- a)
=(1- a)x(1- b)
=c(a)»x(b)

=i(c(a),c(b)) e (2)
Smilaty,

c(i (a,b)) =c(a>b)

=1-ab . (3)
And

u(c(a),c(b)) =u(1- a,1- b)
=(1- a)+ (1- b)- (1- a)(1- b)
=2- a- b- (1- b- a+ab)
=2- a- b-1+b+a- ab

=1- ab .. (4)
Thus by (3) and (4)
c(i @@,b)) =u(c(a),c(b)) .. (5)
Thus, by (2) and (5)

<i,u,c>isadud triple

4, Example

Show that < max (0,a+b- 1),min(1,a+b),c > isadud triple, wherecisstandard
fuzzy complement.
Proof : Let,

i(a,b) =max(0,a+b- 1)

u(a,b)=min(La+b) e (D)
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c(a)=1- a
Let, a,bl [0,1] beabitrary.
Case(l): a+b>1,
Then,
c(i (a,b)) =c(max(0,a+b- 1))
=c(a+b- 1)
=1-a- b+1
b c(i(ab))=2-a-b
And
u(c(a),c(b)) =u(1- a,1- b)
=min(11- a+1- b)
=min(1,2- (a+b))
=2-(a+b)
=2-a-b
Hence, from (2) and (3)
c(i (a,b)) =u(c(a),c(b))

Case(2): a+b£l
Then,

u(c(a),c(b)) =u(1- a,1- b)

(2

o (4
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=min(1,1- a+1- b)

=min(1,2- a- b)

=1 (+2-a-b%1)
Hence, from (4) and (5)
c(i @@,b)) =u(c(a),c(b))
Next, we prove that

c(u(a,b)) =i(c(a),c(b))

Case(1):
atb>1
c(u(a,b)) =c(min(1,a+b))
=c(1)
=1-1=0
And

i(c(a),c(b)) =i (1-a,1- b)
=max(0,1- a+1-b-1)
=max (0,1- (a+b))
=0

Hence, from (7) and (8)
c(u(a,b)) =i(c(a),c(b))
Case(2): a+b£l
c(u(a,b)) =c(min(1,a+b))
=c(a+b)

=1-a-b
And

. (5)

.. (6)

(7

.. (8)

(9
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Proof :

D

i(c(a),c(b)) =i (1-a,1- b)
=max{0,1- a+1-b-1}

= max{0,1- (a+b)}

=1- (a+b)

=1-a-b ... (10)
Thus, from (9) and (10)
c(u(@b))=i(c@,c® .. (11)
Hence, from (6) and (11)
We can say that,

(max (0,a+b- 1), min(La+b),c) isadud triple.
Theorem

The following triples are dud w.r.t. sandard fuzzy complement ‘c’.

(1) {min,max,c)

(2) <imin’ Urnax1c>

Let, a,bi [0,1]
Case(1): a3 b

Let, i(a,b)=min(a,b)

u(a,b) = max(a,b) e (D)
And - c(a)=1-a
Congder,

c(i (a,b)) =c(min(a,b))
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=1-b
And, u(c(a),c(b))=u(1- a,1- b)
=max(1- a,1- b)
=1-b
b c(i(a,b))=u(c(a),cb))
And c(u(a,b)) =c(max(ab))
=c(a)
=1-a

And i(c(a),c(b)) =i (1-a,1- b)

=min(1- a,1- b)
=1-a
b c(u(a,b))=i(c(a),c(b))
Case(2): a<b
Then,

c(i (@,b)) =c(min(a,b))

And

u(c(a),c(b)) =u(1- a,1- b)
=max(1- a,1- b)
=1-a

b c(i(a,b))=u(c(a),c(b))

Smillaly,
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And,

i(c(a),c(b)) =i (1-a,1- b)
=min(1- a,1- b)
=1-b

c(u(a,b))=i(c(al,c(b))

Let, a,bl [0,1] bearhitrary, we have

Uny (8,D)=a ifb=0
=b ifa=0 . (2)
=1 otherwise
And
iin (a,b) =a ifb=1
=b ifa=1 ... 3)
=0 otherwise
Case(1):

Weareconsderinga=1

Thus, ¢(upe (a,b))=c(1) =0

And i, (c(@),c(b)) =i, (0,c(b)) =0
Therefore,

¢(Unax (@ 0)) = imin (c(@) ,c(b))
Smillaly

c(irin (b)) =c(b) =1- b

(@2Y)




And

Unex (c(@),c(b)) = U (0,c(b))=c(b) =1- b

\ ¢(imin (a,b)) = Upey (c(@),c(b))
Case (2):
weaecondderinga=0

Then,

¢(Umax (&, 0)) = c(b)

=1-b
And
imin (¢(),¢(b)) =i, (L.c(b))
=c(b)
=1- b
Thus

¢(Unex (@ D)) = iin (c(@) ,c(b))
Smillaly

c(inn, (a,b)) =c(0) =1

And,

Unax (c(@),c(b)) = U (Lc(b)) =1
Thus,

C(inin (2,b)) = Upey (c(@),c(b))
Case(3):

al 0,1land pt 0,1

Then,
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Proof :

¢(umax (a,b)) = c(D =0

And

imin (c(@),c(b)) =0

ie

¢(Unex (2 D)) = iin (c(@) ,c(b))
Smillaly

c(inin (a,b)) =c(0) =1

And

U (c(a),c(b)) =1

Thus,

C(irmin (2,0)) = U (c(a),c(b))

Thus, fordl a,bl [0,1], we have,

Example
show tht { ab, 242 128) o0 e
ow that b+11+ isa triple
Let, i(a,b)=ab
a+b
u =
(@.b) ab+1
And  cla)==2
+a
Consider

e (D)
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_1-ab

=T (2

albo

-
u(c(a),c(b)) = UG

a 1-b
+_
1+b

- aoaé bo

1
1+
1+ 81+ az81+bﬂ

(1- a)(1+b)+ (1+a)(1- b)

(1+a)(1+b)
" W+a)(@+b)+ - a)(A- b)
(1+a)(1+b)
_2- 2ab
~ 2+2ab
_1-ab
=T (3
Thus, from (2) and (3)
c(i @@,b)) =u(c(a),c(b)) e (4)
Smillady
sgeat+b o
C( (a,b )) Cg—m
-8 a+bo a+bo
T8 b+lg & ab+is
_ab+1l-a-b_(1- a)-b(1-a)
“ab+l+a+b (1+a)+b(1+a)
_(1- a)(1- b)
“{=a) (s b) -0
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Now,

i(c(a),c(p))=iE_2 L-bé
81+ "1+bo
_(1-a) (1-b)
" (1+a) @+b)

_(1-a)@-b)
“ra)(LeD) -0

Thus, from (5) and (6)
c(u(a,b))=i(c(a),c(b) e (1)
Thus, from (4) and (7)

<ab a+b 1-a

’ab+1’m> isadud triple.

7. Theorem

Leti be at-norm and ¢ be an involutive fuzzy complement. The binary operation u
defined on [0, 1] by,

u(a,b)=c{i(c(a),c(b))) isat-conorm such that
{i,u,c) isadud triple.
Proof : Given that
u:[0,4" [0,4] ® [0,1]
u(a,b)=cfi(c(a),c(b)))
We'll show thét, u satifies the axioms uy, U,, U and U,.
(up) : Condder,
u(0,a)=c{i(c(0),c(a)))

=c(i(1c(a)))
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=c(c(a))
=a
ie u(0,a)=a
(u):Let, a,b,d,ef0,1] st. b£d
Then, b £d
P c(b)3 c(d)
b i(c(a),c(b))2 i(c(a),c(b))
b c(i(c(a),c(b))£c(i(c(a),c(b))
P u(a,b)£u(a,d)

i.e. uismonotone.
(ug) : We have,

u(a,b)=c(i(c(a),c(b)))
=c(i(c(b),c(a))
=u(b,a)

P uiscommutative.

(uy : L&, a,b,d,e[0,1]

Consider

u(a,u(b,d))=cfi(c(a),c(u )

c

CIC c(a

{
{
d
(
(el

i(c(a),i(c(b),c(d) ))
i(i(c(a),c(b),c(d))))

clilc(a), C c(b), C(d))))))

c(d)>)

"al [0,1]
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= c(i(c(u(a,b)).c(d)))
=u(u(a,b),d)

Thus, u is associdive.
Thus, u satisfies uy, U,, Uz and Uy

Therefore, u is at-conorm.

Next, we will show that, (i, u,c) isadud triple.

c(u(a,b)) = c{c(i (c(a) ,c(b)))}
b c(u(a,b))=i{(c(a),c(b))) . (1)
And, u(c(a),c(b))

=cfi{c(c(a)),clc(b))}

Therefore,
u(c(a),c(b)) =c(i (a,b)) e (2)
Hence from (1) and (2)
{i,u,c) isadud triple.
8. Example

1- a
Let, i(a,b)=ab and let, G (a)=—| | 30 bethe Sugeno's dlass of fuzzy

complements, obtain the t-conorm u such that (i, u,c) isadud triple.

Proof : Define at-conorm u by,

u(a,b)=c{i(c(a),c(b))}

=g |i Ky
3
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1)

2)

g | (1-a)( b) g
I

112+ b)p

1 (1-a)@-b) u

_ T H{as1aanp
141 1_2-20-b) g
1@+ 2@+ 0)p

_ 1+l a)@+1 b)- (1- a)(1- b)
" (1+1a)(a+1 b +(1- a)(1- b)

_all +1)+b(l +1)+abll 2- 1)
- (1+1 )+1 ab(1+1)

_ a+b+(l -1ab
1+l ab

dividngby | +1.

a+b+( -ab 1-a
1+ ab '1+] a

Thus, <a>b, > | 30 isadud triple.

For, | =0, weget
(a*h,a+b- ab,1- a)
For, | =1,weget

<a>b, a+b ’1- a>
1+ab 1+a

Theorem

Given at-conorm u and an involutive fuzzy complement c. Then, the binary operation
i on [0, 1] defined by,

i(a,b) =c(u(c(a),c(h))), " abl [0]

isat-norm such that (i, u,c) isadud triple.

(@)




Proof : Given that,
i:[0,4]" [0,]® [0,1] by
=c(u(c(a),c(b)))
() i(a1)=c(ufcla),c))
=c(u(c(a),0))
=c(c(a))
- a "al [0,]

(i,): Let ab,dl [0 suchthat, b£d

Then, we have,
i(a,b) =c{u(c(a),c(b)))
Now,
bfd
c(b) 3 c(d)

(
u(c(a ,c(b)) 2 u(c(a),c(d))
b c(u(c(a),c(b))) £ c{u(c(a),c(d)))
b i(a,b)£i(a,d)
P i ismonoatonic.
(i9: i(ab)=c{u(c(a),c(b))
= c(u(c(b),c(a)))

=i(b,a)
b iiscommutative
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For a,b,dT [0,1],

Consder

i(a,i(b,d))

=c ug:(a),0<i (b1d)>H>

- ouge(a) c{c(u(c o), o))
=c

<

<

(ugs(a), ufc(b) cla)}y)
= c{ugu(c(a) c(b)) c(a)y)

<

<

u(c{ctu(cta).cb)g (o))
{

i(a,i(b,d)) =i(i(a,b),d)
p iisasocidive.

Thusi satisfiesiy, iy, izand i,
Hencei isat-norm.

Next, we will provethat (i,u,c) isa dud triple.

Consder,
c(i (a,b)) :c<c(u(c(a),c(b)))>

=u(c(a),c(b)) e (1)
and,

a3




i(c(a),c(b)) = c<u(c(c(a)),c(c(b)))>
=c{u(a,b)) . (2)
Hence, from (1) and (2)
{i,u,c) isadud triple
10. Example:
Showthat, 1) (minmax,g )
2) {min,max,c,,)

aredud triples, where ¢, isSugeno’' sclassof fuzzy complementsand ¢, isaYager’s
class of fuzzy complements.

Proof :

1) We know that, Sugeno’s dass of fuzzy complementsis given by,

1-a

1+l a

Case(1): a£b

¢ (i(a,b)) =g (min(ab))

¢ (a)=

» | >0

And,

u(g (a),q (b)) =max(q (a),q (b))

(
:max[l-a’l-b]

(@)




b ¢ (i(ab))=u(g (a),g (b))

And,

¢ (u(a,b)) =¢ (max(a,b))
=¢q (b)

1-b
1+Ib

¢ (u(a,b)) =i(g (a),q (b))
Case(2): a3b
¢ (i(a,b)) =g (min(ab))

=G (b)

e (D)




2)

:1-b
1+l b

b ¢ (i(ab))=u(g (a),g (b))
And,
¢ (u(a,b)) =¢ (max(a,b))

=¢ (a)

_1-a
1+l a

And,
i(q (a),q (b))
=min(c (a),g (b))

¢ (u@@n)=i(qg @,q®) .. )
Therefore from (1) and (2) (min, max, C, ) isdud triple.

We know that,
Yager' s dass of fuzzy complementsis given by,

c,(a)=(1- aW)%V’W>0

Case(1): a£b

cw (i(a,b)) =c, (min(ab))
=¢,(a)
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_(1- gw), w>0
And,

u(c,(a), ¢, (b)) = max(c, (a), g, (b))

= mad (1 2"/ (1 p))

= (1- aw)%v
Then,
ey (i(a,b)) =u(c, (@), g, (b))
and,

cw (u(a,b))=c,(max(ab))
=¢, (b)

Y

and,

i(c,(a),c,(b)=min{c,(a),c,(b)}

= minf (1 2V (1 6%}

(1 )l
b ¢c,(u(ab))=i(c,@),q,(b)
Case(2): a3 b
Congder,

cw (u(a,b))=c,(max(ab))
=¢,(a)

= (1 o)

(3

(€1




11.

And,

i(cy(@),c,(b))=min{c,(a),q,(b)}
= min{(l- aw)%v,(l- bw)%v}
= (1 )

P c,(u(ab))=i(c,(@),g,(b)
And,
6 ((a.)) =c, (mina.)
=¢, (b)
- (1- oYl
And,

u(cy (@) .6, (b)) = max{c, (a), g, (b))
= mad (1 &V (1 "))
= (1- bV

b ¢,(i(a,b))=u(c,(@),q,(b) e (4)

Thus from (3) and (4) {min,max, c,,) isadud triple.

Definition :
For crisp sets,
AU A= X - law of excluded middle

ANA =f - law of contradiction.
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12. Theorem:

Let (i,u,c) beadud triplewherecisaninvolutivefuzzy complement and thet-norm

i and thet-conorm u are generated by an increasing generator g. Then the fuzzy operationsi,
u, ¢ satisfies the law of excluded middle and the law of contradiction.

Proof : cisaninvolutive fuzzy complement.
Hecne there exist an increasing generator g such that,

c(a)=g"?(g(D)- g(a))
Alsoi and u are generated by g.

i(a,b)=g"? (g(a)+g(b)- g(@))

u(a,b)=g“?(g(a)+g(b))

Condder, forany al [0,1],

u(a.c(@)=ufa.g"? (g +g(a)))
=g“Y¢g(a)+g(g"?(g(®- g(a)))d
=g“?[g(a)+g(@- g(a)]
=¢""(g@)

u(a,c(a)) =1
This shows that law of excluded middleis satisfied,

Next consider for al [0,1],
i(a,c(a) =i (a, g™’ (g- g (a)))
o ot (s o10- o(a))- 0

=g"?[g(a)+g(@ -g(a) - g(1]
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= g2 (0) (+g(0)=0)

13. Theorem:
Let (i,u,c) beadud triple that satisfies the law of excluded middles and the law of
contradiction. Then (i, u,c) does not stisfy distributive law.

Proof : (i,u,c) isadud tripleandif i and u satisfies distributive law then we have,
i(a,u(b,d))=uf(i(a,b),i(a,d)) " ab,dl [01]
Let e bean equilibrium of c.
iecle)=e
Since ¢(0) =1 ad ¢(1) =0-
petOadell

Leta=b=d=e

Then u(ee) =u(e, c(e)) (By law of excluded middle)
=1

Andi(e,e)=i(e c(e) (By law of contradiction)
=0

Then, i(e,u(e,e))=i(el)=e
ui (e,e) i (e,e)) =u(0,0)=0

Hence i(e,u(e,€))* u(i(ee),iee)) .

This shows that, i and u does not stisfy digtributive law.
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3.5 Aggregation Operation

Aggregation operation on n fuzzy sets(n > 2) isdefined by h:[0,1]" ® [0,1] which

satisfies following axioms,

1)

2)

3)

4)

5)

h(0,0,0...0) =0

h(1,1,1...1) =1 (Boundary condition for h)

For (&, &,...a,) and (b, b,,....0,) suchthat &, T [0,1] suchthat & £ "

P h(a,a,...a)£h(h,b,,...1,)

i.e. hismonotonic increasing in dl it's arguments.

h is continuous.

If h stisfies the above three axiomsthen it is called an aggregation operator.
In addition the aggregation operator h may satidy.

hissymmericin dl it'sarguments

ie h(a,a,...a,) =h(ay1,32,-3n)

h isidempotent.

i.e h(a,a,a..a)=afordl al [0,]

If the aggregation operator h satisfies idempotent property then we get,

min(ay,ay,....a,) £h(a,ay,...a,) £ max (a, a,....a, )

Example:

Defineafunction h, :[0,1]" ® [0,1] by

a a a &é
h, (al,az,....an)=?i +a2;....+3n +

wherea,'sarenctdl zeoand g T R anda t 0.
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Proof :

1)

2)

Show that,

i Arithmatic meanif a =0

; Geometric mean ifa ® 0
h, = I Harmonic meanif a =- 1

: max (ay,8,,....3,) ifa ® ¥

fmin(a,a,,...a,) ifa ® - ¥

Given

_a%fl +----+a§ o}é
ha (a11a2,....an) _gfé
If a =1 then,
ha (al’an) = a1+a2 +....+an

n

which isthe Arithmetic meen.

To determine Geometric Mean.

Taking log to the base e, on both sides of equation (1) we get,

In ha :%“‘1?%2

b Inh, :In(af ++aﬁ) Inn
a

Takinglimasa ® 0 we have,

, , In(ala +....+aq';‘)-lnn _é0u
26" 7 2 ‘8ot

Usng L. Hospitd rule, we have,

(@

-2
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P liminh, =Ilim
a®0 a®o0 a t..ta,

1+1+....+1
==In(a,ay,....a,)
:In(ai,az,....an)%

P limh, = (ai,az,....an)%

a®0
which is geometric mean.

(i) Put a =- 1 inequation (1) we have,

h,(ay,...,a,) —WB

which is Harmonic mean.

(iv)  Ta&inglimasa ® ¥ onboth Sde of equation (2) we have,

/nla®+a +..+a%)- /nn
limlInh = lim (a1 % a“)
a®¥ a®y¥ a

By L Hospitd rule we have,

— lim alnag +...+a5In a,
a

a®¥ gl +a) +..+a




)

let & =max (ay,a,,....a,)

Divide Numerator and Denominator by a® , we have,

.a .a
?2 Ing +...+14n a +..... +§aan_2 Ina,
limInh, = lim £32 _ il
W e, gy O
&3 g &3 o

_0+0+...+Ing +0+...+0
0+0+...+0+1+0+...+0

=lna

P limh =a :max(ai,az, ..... an)

a® ¥

Takinglimasa ® - ¥ on both sdes of equetion (2).
We get

limInh, = lim In (& +& +...+88)-Inn

a®-¥ a®-¥ a

by L Hospitd rule,

- lim &lna+...+a5lna,
a®-¥ gl +a) +..+a]
lta =-tthent® ¥.

-t -t -t
Iimlnh_t:Iim(al) '”31+(az)t Ina2+....4tr(aﬂ) In a,

t® ¥ 1@ ¥ (31) +____+(an)'
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aei?Ina1+aeiolna2+ ..... +aeiglnan
:“mgam &2 g &a, o
¥ &l 6 el o
sttt
&2y 5 &a, &
let & =min(ay,a,,....a,)
aelcj‘
DivideN and D by 8 , We have,
8
8 Inai+ A1dn g +..... +§E‘i+lna\1
liminh, =lim Gy o
t t e
aao +1+....+aai2
86‘121 &2, g

_0+0+...0 +/ng; +0+....+0
0+0+...+0+1+0+...+0

liminh, =In
1® ¥ a

Then limh, =3

b lim h =a =min(a,a,..&,)

a®-¥

Then from (i), (ii), (iii), (iv) and (v) we get required result.

Definition :
Ordered Weighted Averaging Operation (OWA operations)

If W=(w;,W,,..w,) beaweighting vector suchthat w T [0,1] such that

g
aw=1
i=1
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Then OWA operator associated with wy is defined by,
My (By,8p..e.3y) = Wiy +Wb, +....+ Wb,

where, by, b,,...h, is apermutation of (&, a,...a,) in which the eements are

arranged in decreasing order .

Example:

For any 4-vector (0.7, 0.9, 0.5, 0.1) and w = (0.3, 0.1, 0.2, 0.4).

Then,

h, =(0.7,09,05,0.1)=0.9" (0.3)+0.7(0.1) +0.5(0.2) + 0.1 (0.4)
=0.27+0.07+0.10 + 0.04
=0.48

Note:

If h,, isordered weighted averaging operator then for w. = (0, 0, 0, ... 0, 1)

we have,
hwi (&, ap,....8,) =, =min(a, a,,...a, )
Andfor w =(1,0,0,...0)

h,” =(ay,8,....a,) =b, =max (ay, a,,....a,)
and for any other weight vector

min(ay, ay,....8,) £hy, (3, 8,....a,) £ max(ay, a,....a,)
Theorem

Let h:[0,1]"® R* beafunction that satisfies boundary conditions and which is

monotonic increeding.

Let h stisfies the property given by
h(a+b,a+b,,...q,+b,) =h(a,a,,...a,) + h(b.bs,...13,)
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Proof :

where a;,b,a +b 1 [01] |

Thenthereexis w >0, " j such that

Let h(g)=h(0,0...,0.....0)
Then " a,b with a+ b1 [0,1]
h (a+b) =h (0,0,...a+b,0,....0)
=h (0,0,...a,0,....0) +h (0,0,..b,0....0)
h (a+b) =hi (a) +hi (b)
Thus h; are functions which satisfies compositiona property.
h (a+b) =h (a)+h (b)
where a, b, a+bl [0,]]
Therefore by theorem, there exist areal number w; for each a1 [0,1] such that
h(a)=w a
Hence,
h(a,a,,...a)=h(a0,0.,...0) +h(0,a,,0....0) +...+h(0,0,...a,)
=h(a) +hy (ay)+...+hy (a,)

=Wy +Wody +.... WA,

[€E1D)




7. Note : If thefunction h in the above theorem a so satisfies idempotent property then
h, become aweighted average

Fora=g=a,=...=4q,

Then, h(a,a,,...a,) =h(a,a,a..a)=a

But h(a.8....a,) =Q Wa,

i=1

Qo

wa

1

n
b a=ag w

i=1
g

P g w=1
i=1

i.e. hisordered weighted operation.

HRERN
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UNIT - IV

Fuzzy Arithmetic

4.1 Fuzzy Numbers
1. Definition
Afuzzt st A and R iscdled afuzzy number if
1) A isanormd fuzzy s.
2) a, isadosad intervd fora 1 [0,1] .
3) Support of Ai.e. 0+ A isabounded st.
2. Example
A
1
supp A={x1 R|A(x)> 0}
= T .
: : : = (0, 10)
A A isafuzzy number 5.
< F 1 >
°) aA 5 10 R
3. Example
A
supp A = (0, 8)

A isatriangular fuzzy number.

A

=R
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4, Example

=A\4

< 0 > < 0 '
Vs O °
5. Chractarization of fuzzy numbers

Theorem: Let A] £ (R). Then A isafuzzy number iff there exitsaclosed interval
[a,b]* f suchthat

Alx)=1 if x1 [a,b]
= /(x) if xI (-¥,a)
:r(z) if XT (b,¥)

where 7 :(-¥,a) ® [0,1] whichismonotonic, increasing, continuous from the right
and suchthat ¢(x) =0 for xT (-¥,w).And risafunction r:(b,¥)® [0,1] that is

monotonic, decreasing continuous from the left suchthat ¢ (x) =0 for xT (w,,¥).

Proof : Let A beafuzzy number. Thenby definition a , isadosedinterva foreacha 1 [0,1].

Thusfor g =1, A isadosadinterva.
Let 1A =[a, b]

ie A(x)=1 fordl xI [a,b].

and A(x)<1if xi [a,b].
Defineafunction 7:(- ¥,a)® [0,1] by
¢(x)=A(x)

Then 0 £ /(x) <1- Since 0 £ A(x) <1 "x1 (-¥,a)

(@L1))




If xEy<athen, y=1 (x)+(@-1)a, 0£I <1.
\ A(y) =A(I x+(1-1)a)
s min(A(x), Ala))
3 min(A(x),1) = A(x)
A(y)® A(x) or A(X) £ A(y)
Thus, x£y b A(X) £A(y)
P ((x)E((y)

\ ¢ ismonotonic increasing function. Next on the contrary suppose that ¢ is not
continuous from the right. Therefore for some x, 1 (- ¥, a) thereexist aseq” { ,} suchthat

XEX, "nad X,® X, asn® ¥

ie limx =X

" X® ¥

But rlgr;é(xn) =a >/(X,). Forsomea .

P lim A(x,)=a > A(%) (- ¢(n) = A(x))

n® ¥
b A(x)*a. "
b x,1a,, "n
Sncea , isdosedinterva and {x,} | a, and x, ® X,
Hence x,1 a, [-a, isclosed]
P Alx)2a
Which is a contradiction because

Alx) <a
Hence, ¢ iscontinuous from right.

Smilarly, we can show thet r is monotonic decreasing from the |ft.
(19D)




We have to prove that r is monotonic decreasing.

Defineafunction r :(b,¥ ) ® [0,1] by r (x) = A(X)

Then0£r(x)<1 "x1 (b,¥)
If b< x£y£w, for some w,1 R then x can be written as,

x=| y+(1- 1 )b forsome | T [0,]]
AX) = A(l y+(1- 1)b)
3 min(A(y),A(b))
=min(A(y),1)
=A(y)
ie Ax)3 A(y)
e r(x)2r(y)

Thus xEyb r(x)3r(y).
Hencer is monotonic decreasing.

Next on the contrary we assume that r is not continuous from |eft.

Therefore for some x, T (b,¥) thereexistaseq.” {x,} such that
Xg <X, ad X, ® Xy asn® ¥

but r'é)rgr(xn) =a >r(Xy) forsomea .

But r (x) = A(x)

lim A(x,) =a > A(%)

b A()*a >A(%). "n

P x,Ta,, "n
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But a , isadosedinterva and {x,}T a».
Alo x, ® X,

Hence, X,1 a

b Alx)?a

But A(X,) <a . Hence we get a contradiction.
Thereforer is continuous from the | ft.

Thusr is monotonic decreasing and continious from the | eft.
Further A isafuzzy number. Hence

O*A isabounded set. Hence $w;,w, T R . suchthat

" Al) = (W)
P A(x)=0 if XEw, or X3 w,
P r(x)=0if xEw and r(x)=0 if X2 wp
Thusif A isafuzzy number thenwehave ¢ : (- ¥,a) ® [0,1] such that
((x)=Ax). xT (¥,2)
=0 X1 (-¥,w)
¢ isincreasing and continuous from right.
Andr:(b,¥)® [0]
r(x)=A(x) N (ATY
=0 X1 (W, ¥)
wherer is decreasng and continuous from | eft.
Conversdy, supposethat, A isafuzzy set defined by
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:r(x), XT (b,¥)

where ¢ is monotonic increesing and continuous from right and r is monotonic
decreasing continuous from left and ¢ and r are non-zero over afinite interval.

Since A(x)=1 for xT [a,b] Aisanoma fuzzy st.
Also % A=(w,w, ) whichisabounded set.

Next we provethat a p isaclosedinterva " a1 [0,1]
A

A
\4

Let x, =inf{x|¢(x)®a,x<a}
and y, =sup{x|r(x)3 a,x>Db}
Let, x,1 2 A thenif x,<a

b Alx)®a

P l(x)%a, x<a

b x 1 {x¢(x)2a,x<a}

A




b X3 inf{x¢(x)3 a,x<a}
P XX
Smilaty, if x,7 A and x, >b then,
X £ Ya
Also, x,1 2Aand af£ xy £b then
X £Xo£ Y,
Thus X1 AP X1 [%, V]
P 2AT [%,¥] o (D)
On the other hand,
x, =inf{x|¢(x)® a,x<a}
Then there exist asequence {x,} in{x|¢(x)3 a,x <a} such that

X, ® % and X, 3 %, " n

Sincey is continuous from right, we have,

(%) ® £(x,)

But /(%)% a

Q%)




On the other hand
v, =sup{x|r(x)2 a,x>Db}
then there exist aseq." { y,} in{x|r (x) 3 a, x> b} such that

Ya® ¥, and ¥, 3 Y, " n
Sincer is continuous from the left.

We have, r(y,)® r(ya)

p limr(ys)=r(y)

But y.1 {Xr(x)3a,x>n0}
Hence r(y.)%a,"n

p rIgrbrr:ér(yn)3a

P r(y,)=a

P Ay, )=a

by l2A

Thus x T *Aady, T 2A

Hence, [% . v.]T 2A e (2)
From (1) and (2) we get
‘A=[n.y]  rallod]

Thus A is a normd fuzzy set with %*A is bounded and 2 A is a closed interva
"ai[0,].
Therefore, A isafuzzy number.

%)




1)
2)
3)

4)

5)

6)

Arithmetic Operationson Intervals

If * denoted any of the four operations on closed intervals|[ +, —, ¢, /] then

[ab]*[d.e]={f*g/aEfE£bdEQEE

Hence,

[ab]+[d,e]={f+glaE f £bdEQEe
=[a+d,b+é€]

[a,b]- [d,e] =[a- e,b- d]

[a,b]{d, € = gmax{ad, ae,bd,be} ,max{ ad, ae,bd, b}

8 g 2,000 a2 b 2
]8m dede ded el

u
provided 0T [d,¢].

Examle:
[2,5]+]-4,9] =[-2,14]
[2,5]- [-4,9] =[- 7,9]

[-3,-1]-[6,11] =[- 14,- 7]

[2,5]%- 4,9] =@min{- 8,- 20,18,45} ,max{ - 8, - 20,18,45}§

=[- 20,45]
[-3’-1] :é |n[-_3 -_3 j -_1] max[_ .
[5.,8] 5'8 5'8) 5'8
_¢3 -1
€5’ 8H
| 1,1]xg-2, %g:[ 2,2|
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8)

9)

[410] _

1% =[2,10]

[3,4]42,2] =[6,9]

,[2’ Smm[_ 2 = ] max{;l 2, 712]5 =[-2,7]

e
g 2EI

Arithmetic Operations on Fuzzy Numbers
Let A and B be the continuous fuzzy numbers and let * be abinary operation on

R[*=+-,%/]

Thenwedefine A*B:R® | by

(A* B)(z) = sup gA(X)NB(y)§

z=x*y
If A * B isafuzzy number then for each a 1 [0,1] we have,

®(A*B)=2A*2B

Method of Evaluating A * B
If A and B are triangular fuzzy numbers then following procedure may be helpful in

evauaing thefuzzy set A * B.

1)

2)

Find ®A=[a,a,], *B=[b,b,] foraT [0,]]
Consider, S={a*b, a,*b,,a,*b, A ,*b,}
Then 2 A*2B =[minSmax S| =[S, S,]

b 2A*B=[S,S], "al [01]
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3)  Fndandif

Then A * B iszero outsde|c, d]

4 Fnd(A*B)byusing A*B=|Ja (A*B).

10. Example

For the following fuzzy numbers A and B find A + B and A —B where,

i0 XE-1,x33

'r
A(x) :: (X'Z*l) S1Ex£L

-

3% +1EXE3

(I

io XE-1,x35

:I:(x-l)
B(x)-:, > 1£X£3

!

2 X 3EXES

(-

A
1
< 5 ' & 5 = —
0% 1 2 GO R ;1 2 38 45
Nowif xT 2Ap A(x)3 a
X+1 3- X
[} 3a %a
2 or 2
b x32a-1 or x£3- 2a

P xi [2a-1,3- 2a]

1%




Hence 2 A=[2a - 1,3- 2a], "al [0,]]
Nextif x] 2Bp B(x)3 a

x-13 5-x

p a or 3a

P x32a-10r x£5-2a
b x1 [2a+1,5- 2a]

Hence *B=[2a +15- 2a]

P *A+®B=[2a-13- 2a]+[2a +1,5- 2a]
2A+°B=[4a,8- 4a]

®(A+B)=[4a,8- 4a], "al [0]]

*(A+B)=(0,9) ie

Support of (A+B) =(0,8)

Nextif xI [4a,8- 4a]

b 4a £Xx£ 8- 4a

b a£§ and @ £8'TX, ai[01]

For,a =0, 0£ x£8
a=1,4£x£4b x=4

For 0 £ x £ 4, where (A+B)(x) :2
8- x
andfor 4£ x£8, where (A+ B)(X):T

Hence we have,
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_i_O O£ x,x3 8

! X

(A+B)(x)=':,'Z 0£xE4
i
8- x 4EXES
1 4
A
1 (2)
A+B
[(D+(3) =(3)]
@) v 4 8
Now consder,

AA- 2B =[2a - 1,3- 2a]- [2a +1,5- 2a]
b *(A- B)=[4a- 6,2- 4a]

b % (A-B)=(-6,2)

Hence, support sup(A- B) =(- 6,2)

Nextif xI [4a- 6,2- 4a]

da - 6EX or Z£2- 4a

X+6 2- X "
af— af——

2 or 2 al[0]]

Alsofora =1, x =—2. Hence,

X+6

For -6 £XE£-2, (A- B)(x) =

2- X
Andfor -2 £x£2, (A- B)(X):T

Thus we have,
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i0 XE-6,X3 2
X

= -6E£XE-2

-2EXE?2

A

11. Example
Which of the following is a fuzzy number

1) A(x) =sinx 0£XEp

=0 otherwise
2) B(x) = x 0f£ x£1

=0 otherwise
3) C(x)=1 0£x£10

=0 otherwise

4) D(x) =min(1, x) x3 0

=0 X<0
5) E(x) =1 Xx=5
=0 otherwise
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1) A(x) =sinx

A ap o_
Ac=—==
1 (p/2) 820
\ Aisnormd
al----ofroe- L.
sup A=(0,p)

a p isdosedinterva in (0,p)

v

A pl2 p : 0
v \ A isafuzzy number TS
2) B(x)=x 0£ x£1
A
1) (=1 \ Bisnomad
1 2) supB =[0,1]
. 3) ag isclosed for dl .
: { ] > \ Bisafuzzy number.
O
1
\ 4
3 clx¥=1 0£x£10
A
1
1) C (x) isnormd
a 2) supC =[0,10]
o I 3) *Cc=[010], " a
O
J 10

C203)




4) D(x) = min (1, x)

A

v

A 4

-2
Ad B()=XZ%
2
_6-X
2

=0
CdculaeA + Band A

—-B.

1) Disnormd
2) supD =(0,¥)
which is not bounded.
\ D isnot afuzzy number.

DEGB)=1 \ Eisnormd

2) sup E={5}

3) 2E={5}
Which isnot closed interva.
\ Eisnot afuzzy number.

-2<x£0

O<x<?2
otherwise
2EXEAL

4<x£6

otherwise
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Solution: A(x) 3 a

X+2 2- X
p sa —3a
2 o 2
X+23 2a or 2- X3 2a
X32a-2 or XE£-2a +2

xI 2AP -2+2a £x£-2a+2
ie  2A=[2a- 2,2- 2a],"al [01]
fora =0

"A=(2,2)
sup A = (2, 2) which is bounded.
Smilaly,if B(x) 3 a

x-23 6- X

P a —3a
2 2
P x-23%2a 6- x3 2a
P x32a+2 -x32a-60r xE£-2a +6

Hence, 2B =[2a+ 2,6- 2a]
Next, 2A- 2B =[2a - 2,2- 2a]- [2a + 2,6- 2a]
=[2a - 2-(6-2a),2- 2a- (2a - 2)|
“(A-B)=[4a - 8,-4a]
*(A- B)=(-8,0)

Now, xi ?(A- B)
b xI [4a - 8,-4a]

b x34a-8and x£-4a
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4
+8
b (A- B)(x) =222 ad (A- B)(X) =- 2
4 4
Thus  (A- B)(x)=0 if xT [-8,0]
- X+8 i
" _8EXE-4
=-2 it
. _4EXED

13. Definition

Let * denote any of the four basic arithmetic operations and let A and B denote fuzzy
numbers. Then afuzzy number A* Bon R isgiven by

(A* B)(2) = sup min(A(x), B(y))

z=x*y

= U (AUB(y))

Z=X*y

14. Theorem

Let *T {+,- ,x/} andlet A B denote continuousfuzzy numbers. Then A * Bisaso
continuous.

Prrof : Weknow that A * B isafuzzy number. We show that A * B is continuous. On the
contrary assumethat A * B is not continuous at some point say z,1 R . Then

lim (A* B)(z) <(A* B)(3)
® z,

= sup (A(x)UB(y))
Zp=x"y
Therefore there exists Xy and y,, such that
=%"Y ad
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lim (A* B)(2) < (A(x,) UB(yo))
® z,

Since the binary operations +, —, ¢, / are monotonic w.r.t. first and second argument,

we can find two sequences {x,} and {y,} .
Suchthat X, ® X5, ¥, ® Yo and X, * y, <X * Y= % fordl n.
Let z, =X *V,. Then
z,=z an® ¥ (2,<%)
Thus

Zgnzz_ (A* B)(z):lgn;(A* B(z,)

=lim sup (A(x,)UB(yn))

ne¥ 20 "Yn

> lim A(x,) UB(yn)H

n® ¥

Rt R G

= 6A(% ) UB(Yo)H
e fim (A" B)(2)2 gA()UB(yo )

which is acontradiction. Hence A * B is a continuous.

4.2 Lattice of Fuzzy Numbers

We extend the lattice operations min and max on set of real numbers to the
corresponding operations on Fuzzy numbers. Only difference between the set of real numbers
R andthe set of fuzzy red numbers R , isthat the set R istotally ordered but the set R is
not totally ordered.
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Definition :
For any two fuzzy numbers A and B we define MIN and MAX by,
MIN(AB)(2)= sup min(A(x),B(y))

z=min(x,y)
= U gAXx)UB(y)g
z=min(x,y)

And,

MAX(AB)(2)= sup min(A(x),B(y))

z=max(x,y)
= U, 6AUB(Y);

where 21 R . MIN (A, B) and MAX (A, B) are fuzzy numberson R .

Note
The expressionsfor MIN and MAX are obtained by using extension principle.

TheoperaionsMIN and MAX aretotaly different from the standard fuzzy intersection
and union.

Example
For fuzzy numbers A and B defined by
i0 Xx£-2andx?3 4
i
A =1 X2 - 2<x£1
I 3
P,
4 X 1£x<4
I 3
i0 x£landx3 3
B(X)={x-1 1<x£2
13- x 2£x<3
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Then MIN (A, B), MAX (A, B), ANB and AlJB aegiven by,

A
v

A

v

4. Theorem

Let R denotethe set of al fuzzy numbers. Then for any A, B, Cl R the following
properties hold.

@ Commuitativity
MIN (A, B) = MIN (B, A)
MAX (A, B) = MAX (B, A)
(b)  Asodiaivity
MIN (MIN (A, B), C) = MIN (A, MIN (B, C))
MAX (MAX (A, B), C) = MAX (A, MAX (B, C))
(© |dempotency
MIN (A, A) =A, MAX (A, A)=A

209




(d)

(€)

Proof :

@

(b)

Absorption Law

MIN (A, MAX (A,B))=A

MAX (A, MIN (A,B))=A

Didributivity

MIN (A, MAX (B, C)) = MAX (MIN (A, B), MIN (A, C))
MAX (A, MIN (B, C)) = MIN (MAX (A, B), MAX (A, C))

For 21 R,

MIN(AB)(2)= sup min(A(x),B(y))

z=min(x,y)

= U )éA(x)L‘JB(y)g

z=min(x,y

= U é(y)UA(Xg
z=min(x,y)
=MIn(B,A) (2)

Smilady,

MAX(AB)(2)= sup max(A(x),B(y))

z=max(x, y)

= U gA(XUB(y)g

z=max(x,y)

= U @éB(y)UA(Xg

z=max(x,y)
=MAX (B, A) (2
Forany 21 R .

MIN(AMIN(B.C))= U gA(X)UMIN(B,C)(y)d
z=xUy

= U éA(x)U U B(u)uc(vu
z=xUye y=ulv u

= U _ A(x)UB(u)UC(v) e (i)
z=xUulv
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(©

(d)

Since U and U aredidributivein R . Also,

MIN(MIN(A,B),C)(Z):Z:%yé\/IIN(A B)(x) UC(y)g

= U ¢ L : : u
z=l><JUyé x=luJUv Al) UB(V))UC(y)G

_ Z:ulgwyA(u) UB(v) UC(y)

= U A(x)uB(u)uc(v)
z=xUuWv

From (i) and (ii) we get,
MIN (A, MIN (B, C) = MIN (MIN (A, B), C)
Smilaly MAX isasociaive.

For 21 R.

MIN(A A)(2) = U 6AX)UA(Y)g

z=xUy

= U [A(2UA(2)]

z=zUz

= U A(2)

z=2Uz
= A(2)
Smilarly MAX (A, A) =A holds.
Forany zi R .

MIN(AMAX(AB))(2)= U gA(X)UMAX (A B)(y)g

z=xUy

= U éA(x)U U (A(u)UB(v))U
z=xUy€e z=ulv u

= U )éA(x)U(A(u)UB(v))@

B z=xU(ulv
= M say

Since B isafuzzy number B(v,)=1 for some v,.

o (i)
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(€

Thereforefor z=zU(zUv,) we have,
M3 A(ZUA(Z)UB(v,) 2 A(2) UA(2) = A(2)

Also, z=xU(u Uv) =(xUu) U(x Uv)
P z£x£xUv ad z3 x Uu
P xUu£z£xUu
b z=1 (xUu)+(1- | )(xUu) forsome| ,
b A(z)= All (xUu)+ (2- 1 )(xUu)]

3 A(xUu)UA(xUu)
If x£u then xUu=x and xUu=u,Andif
uf x then xUu=u, xUu=x

Therefore we have,

A(xUu)UA(xUu) = A(x) UA(u)
Therefore,

A(2)3 A(X)UA(U)3 A(X)UA)UB(v)

P A(z): U AXUAUB(v)=M
z=xUlu Wv)

Thus A (2 =M=MIN (A, MAX (A, B) (2
ie MIN (A, MAX (A, B) = A
Smilarly we can show thet

MAX (A, MIN (A, B)) = A

Forany 2] R congder,

MIN(AMAX(B,C))(2)= U gA(x) UMAX(B,C)(y)d

= U éA(x)U U (Buyuc(v))

z=xUye y=ulv

= U [Ax)UB(u)UC(V)]
(ulv)

z=xU

| T [0,1]

(- Alisconvex)

U
¢
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And

MAX(MIN(AB),MIN(AC))(z)= U @MIN(AB)(x) UMIN(AC)(Y)f

z=xUy

U é U (AmuBm)Uu U (A(s)uct)u
z=xUy B=muUn y=sUt 8]

U [A(m)UB(n)UA(s)UC(1)]
Z=(rmONY0(s0t)

Let E

{A(x)UB(u)UC(V)|z=xU(uUv)}

F ={A(m)UB(n) UA(s) UC(t)]z=(mUn) U(sUt)}

Let af Ep a=A(x)UB(u)UC(v) for somex, v, w such that
z=xUW Uv)
Takem=s=x, n=u, t=v. Then,
(mUn) U(sUt) =(xUu) U(xUV)
=xU(uUv)
=z
And  A(m) UB(n) UA(s) UC(t) =A(x) UB(u) UA(x) UC(u)
= A(x)UB(u)UC(V)
= a
Hence, af F.ThusEl Fb supE£supF
Next b Fp b=A(m) UB(n)UA(s)UC(t)
where (mUn)U(sUt) =z
Now z=(mUn)U(sUt)
=[(mUn)Us] U[(mUn) Ut]
=[(mUs) U(n Us)] U[(mUt) U(nUOt)]

=(mUs)U(nUs) U(mUt) U(nUt)
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Let x=(mUs) U(nUs) UmUt), u=nandv =t. Then

z=xUUu Uv) ad x£(mUs)-
If z=x thenwe can provetha mUs§£ x. Andif
Z=u Uv wecan provethat mUs= x.

Thus mUs £ x £ mUs. By convex combination we have

x=1 (mUs)+(1- 1 )(mUs), forsome | T [0,1].
But A isconvex fuzzy set. Hence we have,

A(x) = A(l (mUs)+(1-1)(mUs)3 A(mUs)UA(mUSs))

P A(x) 3 A(m) UA(s)
Let  a=A(x)UB(u)UC(v)-
Thenwehave 7 = xUQu Uv) ad
a=A(x)UB(u)UC(v)® A(m) UA(s) UB(u) UC(v)
= A(m UB(nN)UA(s)UC(t)
=b
ieashb
Thusforevary pi F thereexiss ] E suchtha g3 b.i.e SUpE 3 supF
Hence, supE =supF and thisimplies
MIN (A, MAX (B, C)) (2 = MAX (MIN (A, B), MIN (A, C)) (2
Since z| R isahitrary we have,
MIN (A, MAX (B, C)) = MAX (MIN (A, B), MIN (A, C))
Smilarly we can prove that MAX distributes over MIN i.e.
MAX (A, MIN (B, C)) = MIN (MAX (A, B), MAX (A, C))

HENRN
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