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Preface

Large number of students appears for M. Sc. examinations externally every year.
In view of this, Shivaji University has introduced the distance education mode for
external students from the year 2008-09 and entrust the task to us to prepare the Self
Instructional Material (SIM) for aspirants. An objective of the SIM is to provide students
the material on the subject from which they can prepare for examination on their own
without the help of a tutor. Today we are extremely happy to present the book on
"Operations Research" for M. Sc. Part | students as a SIM prepared by well devoted
experts. We hope that the exposition of the material in the book will meet the needs
of all the students.

In the context of tremendous pace at which engineering and technology is
advancing, the scientist and engineer who has to interpret science to practical end has
the obligation to keep himself alert to understand the implications and complexities of
science and engineering before he can utilize them to the benefits of his fellowmen.
The subject matter covered in this book brings better awareness in planning, scheduling,
cost and job control to the efficient and economical conduct of industrial projects for
which the optimum use of men, money, machines and materials and their management
at all levels is necessary.

The main aim of this book is to make clear the fundamentals of operations
research and its techniques used in different fields of interests. This book covers
topics like Convex Sets, Theory of Linear Programming problems, Duality Theorem,
Information Theory.

An attempt has been made to make the presentation of the various units
comprehensive, rigorous and yet simple. Numerous examples have been solved for
the use of students. Although the book is aimed to M. Sc. Distance Education
Students, even SET/NET aspirant students and students of management and
engineering would find it useful.

| owe a deep sense of gratitude to the Vice Chancellor Prof. (Dr.) D. T. Shirke who
has given impetus to go ahead with ambitious project like the present one. | thank Mr.
Dayanand Gawade, Assistant Professor, Centre for Distance & Online Education for
his continuous help to complete this book. | also thank Dr. D. K. More, Director, Center
for Distance and Online Education, Shivaji University, Kolhapur for his help and keen
interests in the completion of SIM.

Prof. S. H. Thakar
Department of Mathematics,
Shivaji University, Kolhapur-416004.
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Each Unit begins with the section Objectives -
Objectives are directive and indicative of :
1. What has been presented in the Unit and
2. Whatis expected from you

3. What you are expected to know pertaining to the specific Unit
once you have completed working on the Unit.

The self check exercises with possible answers will help you to
understand the Unit in the right perspective. Go through the possible
answer only after you write your answers. These exercises are not to
be submitted to us for evaluation. They have been provided to you as
Study Tools to help keep you in the right track as you study the Unit.
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UNIT CONVEX SETS AND
01 FUNCTIONS

1.0 INTRODUCTION

The roots of operations research can be found when early attempts were made to use a
scientific approach in technical problems and in the management of organisations at the time of
world war Il. Britian had very limited military resources and therefore there was an urgent need
to allocate resources to the various military operations and to the activities of each operation in
an effective manner. Therefore the british military executives and managers called upon a team
of scientists to apply a scientific method to study the technical problems related to air and land
defence of the country. As the team was dealing with (military) operations the work of this team
of scientists was named as OR in Britian.

Their efforts were instrumental in winning the air battle of Britian, and of the North Attantic
etc.

The success of this team of scientists in Britian encouraged United States, Canada and
France to start with such efforts. The work of this team was given various names in United
States such as Operational analysis, operations evaluation operations research etc.

The apparent success of OR in the military attracted the attention of industrial
management in this new field. In this way OR began to creep into industry and many governmental
organisations.

After the war, many scientists were motivated to pursue research relevant in this new
branch. The first technique in this field called the simplex method for solving linear programming
problem was developed by American mathematician, George Dantzing in 1947. Since then
many techniques such as quadratic programming, dynamical programming, inventory theory,
queing theory etc. are developed. Thus the impact of OR can be experienced in almost all walks
of life.

Definition of OR
We give few definitions of OR.

1) OR is the application of the theories of probability, linear programming, queuing
theory etc. to the problems of war, industry, agriculture and many organisation.

2) OR is the art of winning war without actually fighting.

3) OR is the art of giving bad answers to the problems where otherwise the worse
answers are given. (T. L. Saathy 58)




Use of OR

In general we can say that whenever there is a problem there is OR for help. In addition
to the military operations research is widely used in many organisations. Now we discuss the
scope of OR in various fields.

1) Defence : There is a necessity to formulate optimum strategies that may give
maximum benefit. OR helps the military executives to select the best course of
action to win the battle.

2) Industry : The company executives require the use of OR for the following :
1) Production department to minimize the cost of production.
2) Marketing department to maximize the amount sold and to minimize the
cost of sales.
3) Finance department to minimize the capital required to maintain any level
of business.

The various departments come in conflict with each other as the policy of one
department is against the policy of the other. This difficulty is solved by the
application of OR techniques. Thus OR has great scope in industry. Now a days
almost all big industries in India make use of OR techniques.

3) L. I. C. : OR techniques are applicable to enable L. I. C. officers to decide the
premium rates of various policies in the best interest of the corporation.

4) Agriculture : With the increase of population and resulting shortage of food there
is a need to increase agriculture output for a country. But there are many problems
faced by the agriculture department of a country. e. g. (i) climate conditions (ii)
Problem of optimal distribution of water from the resources etc.

Thus there is a need of the policy under the given restrictions for which OR
techniques are useful to determine the best policies.

5) Planning : Careful planning plays an important role in the economic development
of many organisations for which OR techniques are fruitful for such planning.

CONVEX SETS AND THEIR PROPERTIES

1.1 Definition | (Convex Set) Let R" ={Y=(x1,x2,....,xn)

X eR i=12...,n}

A subset ScR", is said to be convex, if for any two points x,,x, in S the line segment
joining the points x, and X, is also contained in S.

In other words, a subset S—R" is convex, if and only if

Xp, X, €S=A X +(1-21)X, €S ; 0<A <1

Some convex and non - convex sets in R? are given below.
2 )
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Convex Sets

T @

Non - convex Sets

Example 1.1

Show that the set S={(x,,x,):3x} +2x5 <6} is convex.

Solution :

Let X,y € S where X=(x;,X,) and y=(y,,y,).

Since X, y €S, 3x§ +2x5 <6 and 3y? +2y3 <6.

The line segment joining x and Yy is the set

For some %,0<A <1, let U=(uy,u,) be a point of this set, so that

Uy =Ax,+(1-2)y;, and u, =1x, +(1-1)y,

Now,
3uf +2u5 =3[XX1+(1—k)y1]2+2[kx2 +(1—7m)y2:|2
=22 (3x12+2x§)+ (1—%)2 [3y12+2y§]+2x(1—k)(3x1 Y1+2X5Y5)

<62.2+6(1-1)° +124(1-1)=6

(+v3) and

N =

1
Since (x1—y1)220, X1Y1SE(X12+Y12) similarly Xy, =

3X4Y4 + 2X,Y, <6 and we have

3u?+2u3<6 and hence U=(u,u,)eS.

Hence S is a convex set.




Example 1.2

In R" consider,

S, ={X|[X<1} where [x|=(x¢ X3 +..4x2)"

Take X,,X, €S

Then [x,|<1,[X,|<1 and for 0<2. <1,

Xy + (1= 1) Xo | < A% +|(1-2) %,
=A[Xy|+ (1= 1) x| <1

=>AX+(1-1)X, €S, =S, is a convex set.

Example 1.3

Show that C= {(x1,x2) |2 X;+3X, = 7}g R? is convex set.

Solution :
Let X=(Xy,X,) and y=(y,,y,)e C and let o<i<1.
Let W=LX+(1=2)y=(w;,W,)

=W=L (X, %) +(1=-2) (Y4, Y2)
= (W, W, )= (A X +(1=R) Y3, A X +(1=1) Y,)
=W =AX +(1=2) Y, Wy =A%, +(1-2) Y,
We have 2w, +3w, =2(Ax,+(1-1)y,)+3(A X, +(1-1)Y,)
=2W,+3W, =A(2X,+3%,)+(1-2)(2y,+3Y,)
Since x,yeC, 2x,+3x,=7,2y,+3y,=7
Hence 2w, +3w,=A7+(1-1).7=7

=>W=(W,,W,)=AX+(1-1)ye C,Vi, 0<r<1.

Hence C is a convex set.




Example 1.4
Show that S:{(x1,x2,x3 )|2x1 — Xy +Xg £4}gR3 is a convex set.
Solution :
Let X=(X;,X,,X3) and y=(y,,y,,Y5) be any two points in S. Then by hypothesis,
2X, =Xy, +X354, 2y, -y, +y,<4 (i)
Let W=(W,;,W,,W3)=AX+(1-1)y where 0<i<1
= W= (X, X0, X3 ) +(1=2) (Y1, Y2, Y3)
=W=(A X, A X, A% ) +((1=2) Y1, (1-1) Y5, (1= 1) y5)
SW=(AX+(1=1) Y, A Xy +(1=1) Y2, A X5 +(1-1) y3)

SW=AX +(1=2) Y, Wy =4 X, +(1-R) Yo, Wy =A X5 +(1-1) Y4

We have,
2W, =Wy + W3 =2(A X, +(1=1) ¥4 )= (A Xy +(1-1) Y, )+ (A X5 +(1-1) y35)
=A (2% =X +X5)+(1-2)(2y, =Y, +Y3)
<h4+(1-1)4=4 L by (1)

=w=1X+(1-1)ye S forall x,y,e S and for all ) such that 0<x<1

= S is a convex set.

Example 1.5

Show that in R®, S = {(X1,X2,X3)‘ [X|* =2 + 3 +x2 S1} is a convex set.
Solution :
Let X=(X;,X,,X;) and y=(y,,Y,,Y3)€S.
Then [x|°=x? +x2+xi<tand y2+y2+yi=|y®<1 (i)
Let 0<A<1and Z=AX+(1-1)y where z=(z,,2,,2;)
Then  Z=(Xq, X, X3 )+ (1= 1) (Y4, Y2, Y3)

=Z= (X X 1 X )+ (1= 1) Y3, (1= 1) yo, (1= 1) y3)




=Z=(A X +(1=A) Y1, A X +(1= 1) Yo, A X5 +(1=1) y5)

= IE =[rx (1= 0) ]+ (% +(1-2) y,)” + (kg +(1-2) y5)”

:>||E||2=k2[x12+x§+x§]+(’l—k)2[y12+y§+y§]+2k(1—x)(x1 Y1+ Xo Yo+ X5 Y3) (i)
Fori=1, 2, 3, since (xi _yi)2 >0, XVi S%(Xiz +yi2) and therefore

Tre., 2. 2. 2,22
X1Y1+X2Y2+X3Y33§[ 1 HX3+X3+Y] +Y2+Y3]

1
<—(1+1)=1
> )

Thus, Xqy;+ XY, +X3Y3 <1

Hence from (i), (ii) and (iii) we have
2 <32+ (1-2)" + 2 (1-2)11=[r+ (1-2)] =1

=AX+(1-1)y=ze S forall X,y e S and for all j, suchthat 0<x<1.

= S is a convex set.
Theorem 1.1

The intersection of any finite number of convex sets is a convex set.

Proof
Let S,,S,,...,S, be a finite number of convex sets, and let S=S, S, n...nS,.
Let x,ye S and 0<A<1
Then X,y e S, foreachi=1, 2, ..., n where each S, is a convex set. Then
AX+(1-1)yeS, foreachi=1,2,...,n
= AX+(1-1)ye $,nS,N...§,=8
= S is a convex set.

Theorem 1.2

Let Sand T be convex sets in gn. Then a.S+B T is also convex for any o, in R.

Proof

Let X,yeaS+pT




Then X=au;+pBv, and y=au, +pVv,, where u;,u,e S and v,,v,e T
For any ) with 0<A<1, we have
AX+(1-2)Y=A(a Uy +BVy)+(1-1) (aly +BV,)
=SAX+(1-A) Y=o (AT +(1-1) Uy ) +B(AV; +(1-1) Vy )
u,,U, €S, S is convex.
A +(1-2)u, €S
Similarly, Av,+(1-2)Vv, eT
AX+(1-1)ye aS+BT,
Hence aS+B T is convex.
Definition 1.2
A convex combination of a finite number of points X,,X,,...,X, is a point
X=Aq Xy +Ap Xy ooty X,
where L, A,,...,A, 20 and A+, +..+ A, =1
Remark

From this definition it follows that a subset KR " is convex, if convex combination of
any two points of K belongs to K.

Theorem 1.3

For a set K to be convex it is necessary and sufficient that every convex combination of
points in K belongs to K.

Proof
Let every convex combination of points in K belong to K.
Then every convex combination of two points in K belongs to K.
Therefore K is convex. Hence the condition is sufficient.
Converly let K be convex.

To prove that the condition is necessary we shall follow the method of induction. We
shall first prove that if the condition is true for r points it is also true for r + 1 points.

Let ZMZ e K where K is convex and X; eK,ZKi:1,7»i20,i=1,2,...,r
i=1

i=1




r+1 r+1

Consider Z“l XI’ |EK z“’l_1 “|>O, i=12,..,r+1

Here two cases arise.

I) Hriq =0
”) Heiq #0
Case (l)

r+1

;
Hr+1:032}li§i:zui§i eK
i=1

i=1

Since by hypothesis p,>0 and Zui =1
i=1

Case (ll)
r+1 ZM' i _
Ky ¢0:>ZHi X1= (1 Mr+1) T Hriq Xp i1
i=1 ( Hr+1)
:(1 ~Hriq )V+|’lr+1 Xr 11
r f—
z“i %i r r
where :Z Box = Y ax, and
i=

(1 Met) 51 e i=1

r

P
and Zr: =i L oY -1
=1 1 Hrid 1 Hr i1

i
Thus 2, >0, Y %=1 and therefore y eK .
=

r+1

Zui=1

i=1

r+1
Hence > X = [z uljyﬂlm ro1=(1= 1y ) Y + 1yt X, €K becasue the right hand side

i=1 i=1

is the convex linear combination of two points y and X, in K which by hypothesis is convex.




This proves the theorem for r + 1 points. Itis true for r = 2 by definition. Hence theorem
is proved.

Definition 1.3

The convex hull of a set S is the intersection of all convex sets containing S. We shall
denote by [S] the convex hull of S.

Remark

Every set has a convex hull , because R" is a convex set and so there is always at least
one convex set R" of which every set is a subset. Also a convex set is its own convex hull.
Theorem 1.4

The convex hull of S is the set of all finite convex combinations of points in S.
Proof

Let K be the set of all finite convex combination of the points in S.

Then by theorem 1.3, K is a convex set containing S.

Hence ScK. Let K, be any convex set which contains S. Then K, contains all convex

combinations of points in K,. Hence it contains all convex combinations of points in S.

Hence K cK,.

Thus K is a subset of all convex sets containing S which shows that K is the intersection
of all convex sets containing S. Hence K = [S].

i.e. Kis the convex hull of S.

Theorem 1.5

The set of all convex combinations of a finite number of points x,,x,,...,X,, is a convex
set.

Proof

Let sz{ﬂi:ixix,xizo,ixiﬂ}
i=1

i=1

m
To show that S is a convex set take x' and X" in S, so that Y'=z7u'i X where 2. >0
i=1

m m m
and ) A'=1and X"=Y A", X where %",>0 and D=1,
i=1

i=1 i=1

Consider the vector X=AX'+(1-1)Xx",0<A <1




- X=h i >‘<i+(1—x)ix"iz
i=1

= X= z AL +H(1=)A"]X

m
We can write X=X,
i=1
where p;=A A" +(1-A)A",
Since 0<A <11, >0,A",>0 it follows that p,>0Vvi=12,...,m.Also
m

=D+ (-7

i=1 i=1

=xiwi+(1—x)ix“i:x.1+(1—x)1=1
i=1

i=1
Hence % is a convex combination of x,,X,,...,X,, =>X€S.

Thus for each pair of points X' and x'' in S the line segment joining them is contained in
S. Hence S is a convex set.

Theorem 1.6

Every point of [S] can be expressed as a convex combination of at most (n + 1) points of

By definition of convex hull and theorem 1.1, [S] is a convex set.

Let X €S,i=12,....m
i i 14,20 Xe[S]

Now X e [S] can be expressed as a convex combination of points in S follows from the

above theorem (1.3). What we have to prove now is that for any given x we can always find
m<n+1.

Let us suppose if possible that there is an x e[S] for which m > n + 1. Since the space
R" is n - dimensional, not more than n vectors in R" can be linearly independent. Consider the

vectors, X;—Xm, Xo = Xm,--os Xm_1 — X -




Since m - 1 > n these (m - 1) vectors cannot be linearly independent.

Hence it is possible to find «;,i=1,2,...,m—1 not all zero such that

m-1 m-1 _
or o X — o; [X,=0

m m-1
or > a;%=0 where o,=- 0,
i=1 i=1

m

or Zai=0

i=1
Let p,=%,-Ba,;i=12,...,m. Since 1, >0 we can choose (3 such that p,;>0 with u;=0

for at least one i. This will happen if B="" {_.

} over those values of i for which o, >0 or

L
Bi =max{j} over i for which o, <0.
Also Zuizz)\‘i_ﬁzai:1 {ZKF'I&Z%:O}

m m m
Now Z“iin?w?i—z Boy X
i1 i i

(Since zoci X =0)
i=1

Since at least one p, =0 it follows that x is a convex linear conbination of at most

(m - 1) points. If m - 1> n + 1 we can again apply the above argument and express x as a
convex combination of m - 2 points, and so on tililm -k =n + 1, k > 0. This proves the theorem.




Definition 1.4

A point x of a convex set K is an extreme point or vertex of K if it is not possible to find two
points X,,X, in K such that

X=(1-21)X; + A %,,0 <A <1

A point of K which is not a vertex of K is called an internal point of K.
Theorem 1.7

The set of all internal points of a convex set K is again a convex set.

Proof

Let V be the set of vertices of K. Then K - V is the set of internal points.
Let x,,x, e K-V .Then x,;,x, eK and x,,x, ¢ V
Hence x=(1-1)X, +A X, eK,0<A <1, is by definition not a vertex of K, but xeK.
i.e. xeK-V.
Hence K - V is a convex set.
Definition 1.5

The set of all convex combinations of a finite number of points x,,i=1, 2, ..., mis the
convex polynedron spanned by these points.

Theorem 1.8
The convex polyhedron is a convex set.

Proof
Let y, and y, be any two points in the polyhedron spanned by x,,i=1,2,...,m

Then by definition

Y, =ixiz,ixi =12,20
i=1 i=1

m m
Y> ZZHiii’ZMi:'LMiZO
i=1 i=1

Now let, y=(1-a)y,+ay,,0<a<1

M3

m
= V=(1—oc). }‘iii"'a;“iii
i=

1]
-




where Bi=(1-o)A +o;

m m m
Since ZBi = (1—(1) z Ai+a z w; =1, y isalsointhe polyhedron. Hence polyhedron s a
i=1

i=1 i=1
convex set.
Theorem 1.9
The set of vertices of a convex polyhedron is a subset of its spanning points.

Proof

Let W be the set of points spanning the convex polyhedron, and V be the set of its
vertices. If possible let y eV but y ¢ W . Since Yy is in the poly hedron by definition it is a convex

linear combination of points of W all of which are other than y (by assumption). Hence by

definition y is not a vertex which is a contradiction. Therefore yeW or VcW.
Remark

It is obvious that there can be spanning points which are not vertices. For example

consider the points A, B, C, D in R? such that D is in the triangle formed by the vertices A, B, C.
The four points span the triangle ABC but D is not a vertex.

HYPERPLANES AND HALF SPACES
Definition 1.5

Let xeR",C(0) a constant row n - vector and a R . Then we define,

i) Ahyperplane as {X[cx=o}

i) A closed half - space as {XcX<a} or {X[CX2a]
ii) An open half space as {X|cX<a} or {X[cX>o]
Definition 1.6

Aset Xc R" is said to be an e-nbd of a point X, eR" if,

{X|[x—%,| < e} =X where |Y|=|(x1,x2,...,xn)|=(x12 + X5 +...+xﬁ)1/2




Definition 1.7

The 8.nbd of x in R is defined as the set of all points y in R" such that [y—X|<8
(Where §>0,6eR)
Definition 1.8

If Rn the point x is a boundry point of the set S if every § - neighbourhood of x contains
some points which are in S and some points which are not in S.

For example in
S, ={x|[x|<1}, S,={X[X<1}, xeR? the points on the circumference of the circle

X2 +x2 =1 are the boundry points of S, and S,. S, contains all its boundry points while S,
contains none of them.

Definition 1.9

A set is said to be closed if it contains all its boundry points and is said to be open if its
complement is closed.

Definition 1.10

A set S is said to be bounded from below if there exists y in R" with each component
finite such that for every xeS, y<X. [NOieZVSYCWj ij,j=1,2,...,n],
Definition 1.11

A set S is bounded if there exists a finite real number M>0 such that for all X in S,
X <M.
Corollary 1.10

A hyperplane is a closed set.
Proof

Let {X|CX=a, } be a hyperplane.

Let x, be the boundry point of the hyperplane. Suppose it is not a point of the hyper
plane.

Then either cx,>a, or cXx,<a,.
Suppose cXx,<a, andlet cx,=a,<a,
Now CX=C[X+X—X]

=CTX=CX, +C(X-X)=CX<[eX|=[cX, +C(X-X,)|




=CX<[CX|+[c(X-X))|
=CX<a,+[C(X-X) [[l6%|=Jots| =1,]
= TX<oy +[c|[x-X|
Consider the e nbd of X,, {X|[X—X,|< €} where ¢ is an orbitary positive number.

_Oo — 04

Let € = 2|E|

(ot _0‘1): Ol + 04y
2 2

Hence if % isinthe e-nbd of X, we get cx<a,+ <0

This shows that X is in the half space ¢cx<a,. Hence there exits a nbd. of X, which

contains no points of the hyperplane ¢ x=a, . Hence X, is not a boundry point of the hyperplane.

This is a contradiction. Thus there is no boundry point of the hyper plane which is not in the
hyperplane. Hence the hyperplane is a closed set.

Definition 1.12

In R", every hyper plane {x/cx=a} determines two open half spaces and two closed
half spaces. The open half spaces are :

X;={X|cX>a} and X, ={X|cX<a}

The closed half - spaces are

Xs={X[cX>a} and X, ={X|cX<a|.
Corollery 1.11

A hyperplane is a convex set.

Proof

Let X={XcX=a} be a hyperplane and let X,,X, be any two points of this hyperplane.
Then cx,=a and cx,=a.Nowif 0<A<1, we have
5[%?1 +(1—k)iz]zﬁ(k7(1)+6(1—k)7(2
(%) + (1-2)E%,
=ro+(1-1)a=a

Therefore the point A X, +(1-4) %, for 0<2 <1 isin the hyperplane. Hence the hyperplane
is a convex set.




Corollary 1.12

The closed half spaces H;={X|cXx>a} and H, ={XcX<a} are convex sets.

Proof
Let Xx,,X, be any two points of H,. Then cXx,>a and cx,>a . If 0<A<1.
C[AX +(1-1) X, ]=2(CX)+(1-1)CTX,
>ho+1(1-L)a=a

= A X +(1-1)X, eH,. Hence H, is a convex set. Similarly H, is a convex set.

Corollary 1.13

The open half spaces H;={Xcx>a} and H,={X/cX<a} are convex sets.
Proof
Let x,,x, be any two points of H,.
Then cx,>a,CX,>a
If 0<A<1,wehave
S[A X, +(1-A) %] =4 (CX,) +(1-1)EX,
>Ao+(1-A)o=a
=>AX+(1-1)X, e H,, ¥V X;, X, €H,
=H, is a convex set.

Similarly H, is a convex set.
SUPPORTING AND SEPARATING HYPERPLANES
Definition 1.13 (Supporting hyperplane)

Let ScR" be any closed convex setand w e S be a boundary point. Then a hyperplane
cx=2z is called a supporting hyperplane of S at w, if

i) c-w=z and

ii) ScH, or ScH_

where H, ={X:cX>z} and H_= {X:cx<z}
Remarks
1) The supporting hyperplane need not be unique.

2) S may intersect the supporting hyperplane in more than one boundary points.
16D
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Theorem 1.14
Let S be a closed convex set. Then S has extreme points in every supporting hyperplane.

Proof

Let w be a boundary point of a closed convex set S.
Let Tx=z be a supporting hyperplane at we S. Let B=Sn {x|cX=z}.

Then B is a closed convex set and B=¢ for weB.

We claim that every extreme point of B is also an extreme point of S.

Let us assume to the contrary that an extreme point b of B, is not an extreme point of
S. Then there exist x,,x, € S, such that

b=1%+(1-2)X%,, 0<Ar<1
Therefore cb=ircx,+(1-A)€%,. (i)

Since ¢ Xx=z is a supporting hyperplane at w and x,,X, € S

cx,<zand cx,<z
or cx,zzand cx,2z L. (i)
From (i) and (ii)

653%2+(1—k)z=z or 652k2+(1—k)z=z

Therefore b is not a point of B.
This is a contradiction.

Therefore every extreme point of B is also an extreme point of S.

Definition 1.14 (Separating hyperplane)

Let S and T be two non-empty subsets of R". The hyperplane H is said to separate S and
T if H is contained in one of the closed half spaces generated by H and T is contained in the
other closed half space. The hyperplane H is called separating hyperplane.

Remark :

A hyperplane H strictly separates S and T if S is contained in one of the open half spaces
generated by H and T is contained in the other open half space.




Theorem 1.15 (Separating Hyperplane)

Let ScR" be a closed convex set. Then for any point y notis S, there is a hyperplane

containing y such that S is contained in one of the open half spaces determined by the
hyperplane.

Proof

We aregiventhat y¢ S.

Since S is a closed set, there exist wc= S, such that,

W-yl=min[x-y| e [W-y|<[x-y.WweSxeS . (i)
Observe that |w-y|>0 (Sisclosedand y¢$S)

Let u be any point of S. Since S is a convex set

[rU+(1-2)W]eS foro<a<t L (if)
From (i) and (ii)

Pu+(1-2)w-y| > [w-y]

> |-y r@-w)| 2 [w-y’
= 2w +W-y[ +22(W-y)([U-w)=[w-y’
= 2[u-w+2%(W-y)(U-w)>0
=  Ali-wf+2(w-y) (@G-w)>0.
18




Letting A—0, and c=(W-Y); we get

or c-u-c-y2c-w-c-y
or  GS(a-y)25(W-y)=[g
Hence cu>cy.

Putting cy=z,weget cu>z.

Thus Y lies on the hyperplane cx=z andforall ue S, cu>z.

This completes the proof.
CONVEX FUNCTIONS

Definition 1.14 (Convex Functions)
Let S be a non - empty convex subset of R". A function f(X) on S is said to be convex if
for any two vectors x, and x, in S.
F[A %+ (1= 1) X | <A F(X,) + (1= 1) F (%) 0<A<1
Definition 1.15 (Strictly convex function)

Let S be a non empty convex subset of gn. A function f (x) on S is said to be strictly

convex if for any two different vectors x, and x, is S.
F[A % +(1=2) X [< L (%) + (1= 1) F (%) 0<A<1

A A

y y

o X

><V

o

Fig A : Strictly Convex Function Fig B : Strictly Concave Function

It follows from the above two definitions that every strictly convex function is also convex.
The graph of a strictly convex function has been illustrated in Fig. A.




Definition 1.16 [Concave (strictly concave) function]
A function f(x) on a non - empty subset S of R"is said to be concave (strictly concave)
if —f(X) is convex (strictly convex).

Clearly, every strictly concave function is also concave. The graph of a strictly concave
function has been illustrated in Fig. B.

Xy

O
o

x

(0]

Fig C : Both Convex and Concave Functions FigD

It is possible for a function to be both convex and concave. For example, f(X)=X is
such a function (Fig. C). The function in Fig. D is strictly convex for x> X, but not strictly convex
for x<X,.

The following results are the immediate consequences of the above definitions :

i) A linear function z=cXx,xeR" is a convex (concave) function but not strictly

convex ( concave).

ii) The sum of convex (concave) functions is convex (concave) and if at least one
of the functions is strictly convex (concave) then so is their sum.

Note : In what follows we shall deal with convex functions only. However, all the results
remain valid if we deal with concave functions.

LOCAL AND GLOBAL EXTREMA

In the problems of constrained optimization, we are interested in determining a vector X
that minimises the function f (x) [or maximises - f(x)] subject to the ‘constraints’
g;(x)<0(i=12,....,m). The set of the vectors x satisfying these constraints is usually called the

‘feasible region’.




Definition 1.17 (Global minima)

A global minimum of the function f (X ) is said to be attained at X, if f(X,)<f(x) forall x
in the feasible region.
Example : Function f(x)=x?, subject to the constraint x,>0, has a minimum at x,=0.

Definition 1.18 (Local minima)

A local minimum f(X,) of function f(X) is said to be attained at X, if there exists a
positive ¢ such thai f(X,)<f(X) for all X in the feasible region which also satisfy the condition
|§0 —)_(|S €.

Example :

The function f(x)=x? —x3 subject to the constraint x,>0, has a local minimum at x,=0.

Note that f(x) has no global minimum at all.

Note : The word extremum is used to indicate either maximum or minimum.

Theorem 1.16

Letf (X ) be a convex function on a convex set S. If f(X) has a local minimum on S, then

this local minimum is also a global minimum on S.
Proof :
Let f(X) have a local minimum f(X,) at X, which is not a global minimum on S. Then,

there exists at least one x, in S(X;#X,) such that f(x;)<f(X,). Since f(X) is a convex function
on S, we have

F[A X +(1=2) %o | <AF (X)) + (1= 1) f

Xo)
Also A (X,)+(1=2)F (e ) <A F (X )+ (1= 1) F (%) =F (%)
Thus  f[A%,+(1-1) %, |<f(X,)

Now, for any £>0, we observe that

€
X % 1= xo|= A [%, - X if A< ———
‘[XX1+(1—x)x0]—x0‘_k|x1—x0|<g, (I < R, —io|]
Thus A X, +(1-1)X, will give a smaller value for f(x) in the ¢ - neighbourhood of X,

whenever * < mln{

1 |Y1 _§0|} . This contradicts the fact that f(x) takes on a local minimum at

X, - Hence X, is a global minimal point.




Corollary 1.17

If a function f(x) has a local minimum on a convex set S on which it is strictly convex,
then this local minimum is also a global minimum on that set. This global minimum is attained at
a single point.

Theorem 1.18
Let f(X) be a convex function on a convex set S. Then the set of points in S at which

f(X) takes on its global minimum, is a convex set.

Proof :

The result is obvious if the global - minimum is attained at just a single point. Let us
assume that the global minimum is attained at two different points X, and x, of S. Then

£(%,)=F(X,).
Now, since f(X) is convex,
F[ %, +(1= 1) X, | <1 (%) + (1= 1) F (%) =F (X, ) 0<A<1
= A% +(1-2)%]<F (%) =f(X,)
= A% +(1-1)%]<f (%)

Thus every point X=X, +(1-2)X, corresponds to a global minima. The set of all such

X is, obviously, a convex set.

Corollary 1.19

If the global minimum is attainable at two different points of S, then it is attainable at an
infinite number of points of S.

Theorem 1.20
Let f(X) be differentiable on its domain. If f(X) is defined on an open convex set S, then
f(X) is convex if
— — — —\T —
(%)= f(%)2(%, = %) VF(Xy)
forall x,,x, € S.

Proof :

We shall prove that if

f(Xy)—F(%X,)2(X, —%,)" VF(X,) then f(X) is convex.




Since X;, X, € S, X, =A X, +(1-2)X%, for 0<A <1 implies that x, € S.

Using the above condition for x, and X, , we have

FX)-F(%)2(X-%) VF(%) . (i)

Similarly, for x, and X, ,

f(%)-f(%)2(%-%) Vi(%) (ii)

Multiplying (i) by 2, and (i) by (1-A)and then adding, we get

A (%) + (1= 1) F (%) 2 F (%) +[2 X +(1-2) X |V F (%) = %] V(%)

=f(Xo)+%g V(%) ~%g V(%) =f(Xo)

Using the definition of Xy, this yields Af(X,)+(1-4)f(X)=f[A %, +(1-1),],

which implies that f(X) is convex.

1)
2)

3)

4)

¢ 666 EXERCISES ¢ 06 o

Define : Convex set, hyperplane, extreme point, convex combination of points.

a)

b)

Prove that a hyperplane is a convex set.
Show that c= {{x1, X, }| 2X,+3X,= 7} cR? is a convex set.

For any point Xy e R" show that the line segment joining X,y i.e.[x:y]
is a convex set.

Show that S:{(x1,x2,x3 )|2x1 — Xy + X S4}gR3 is convex set.
Show that in R3 the closed ball x? +x3 + x3 <1 is a convex set.
Show that a hyperplane in R3 is a convex set.

Show that the closed half spaces H,={X/c x>z} as H,={x/cXx<z} are
convex sets.

The open half spaces {X|cx>z} and {X|cx>z} are convex sets.

The intersection of any finite number of convex sets is a convex set.




5)

6)

7)

8)

b)

Show that S={(x1,x2,x3)|2x1—x2+x3s4,x1+2x2—x3s1} is a convex

set.

Let A be an mxn matrix and  be on n - vector then show that

{7( eR" AT(SB} is a convex set.

Let S and T be convex sets in gRn. Then for any scalars o, prove that

aS+BT is a convex set.

Prove that the set of all convex combinations of a finite number of points
Xys Xp,-.-, X, 1S @ CONVeEX set.

If Vis any finite subste of vectors in g, then prove that the convex hull of
V is the set of all convex combinations of vertors in V.

If A={Xy}<R" these prove that <A>=[xYy].

Prove that : A linear function z=c, x,+c, X, +...+¢c, x, defined over a

convex polyhedron C takes its maximum (or minimum) value at an
extreme point of C.

Let ScR" be a convex set with a nonempty interior. If x,eC/S and

X, €intS then prove that for each 0 <A <1 the point A%, +(1-1)X, liesin
intS.

If ScR" is a convex then prove that int S is also a convex set.

Let S be a convex set with a non empty interior. Then prove that cl S is
also a convex set.

Let ScR" be aclosed convex setand y ¢S . Then prove that there exist
unique X, €S such that [y—X,|=mn{ly-X=XeS} .

Let XcR" be a closed convex set. Then show that for any point y notin

X. There exist a hyerplane containing y s. t. X is contained in one of the
open half spaces determined by the hyperplane.

a o d




UNIT LINEAR PROGRAMMING

02 PROBLEMS

2.0 INTRODUCTION

In 1947, George Dantzig and his associates, while working in the US department of Air
Force, observed that a large number of military planning problems could be formulated as
maximizing / minimizing a linear function (profit / cost) whose variables were restricted to
values satisfying a system of linear constraints (e.g. 2x1 + 3x2 ,T 5). The term programming
refers to the process of determining a particular action plane. Since the objective function
(profit / cost) and constraints are linear, problems are called linear programming problems.

The general Linear Programming Problem (L.P.P.)

The general linear programming problem is to find a vector (x,, X,,..., X ) which minimizes
the linear form (i. e. objective function)

Z=C X, +CX, +...+C X, (2.1)
subject to the linear constraints

Xx;20 (j=1,2,..,n) (2.2)
and
Ay Xy + Xy +...+a4,X, = Dby
ApqXq +8yXy +.u+8y Xy =by (2.3)
Xy +8poXy .o+ 8 X, = by,

Where the ay, b, and G (i=1,2,....,m,j=1,2, ..., m)are given constants and m <n. We
shall assume that the equations (2.3) have been multiplied by (-1) where necessary to make all
b; > 0. The function (2.1) is called objective function and system (2.2) and (2.3) are called
constraints.

n
The general L. P. P. is also denoted by : Minimize z= ZCJXJ
j=1

subjectto x;20,j=1,2, ..., nand

aijxjbi

n
Z;,aijxj:bi (i=1,2, .., m)
j=




Definition 2.1

Afeasible solution to the L. P. P.is a vector X =(X;,X,,..., X, ) which satisfies the conditions
(2.2)and (2.3).
Definition 2.2

A basic solution (BS) to (2.3) (or L. P. problem) is a solution obtained by setting any n -
m variables equal to zero and solving for the remaining m variables, provided that the determinant
of the coefficients of these m variables is non zero. The m variables are called the basic variables.

Definition 2.3

A basic feasible solution (BSF) is a basic solution in which all the basic variables are non
negative.

Definition 2.4

A non degenerate basic feasible solution is a basic feasible solution in which all the
basic variables are positive.

Definition 2.5

A feasible solution which either maximizes or minimizes the objective function is called
an optimal feasible solution.

Theorem 2.1
The collection of all felsible solutions to the L. P. P. is a convex set.
Proof

Let F be the set of all felsible solutions to the system AX=b,x>0

If the set F has only one point then obviously F is a convex set. Assume that F has more
than one point.

Let x,,x, € F. Then we have
AX,=b,X,>0 and AX,=b,X,>0
Let Xy =A%, +(1-2)X, where X,,x, eF,0<i<1.

Then AX, =A[% %, +(1-7)%, ]

=.b+(1-%.)b=b

Also since 0<2<1X,>0,X,>0 it follows that X,>0. This shows that X, eF and
consequently F is a convex set.
Remark

In general the convex set F is either (i) empty (ii) Unbounded or (iii) closed.
(26 )
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The empty set occurs when the constraints of the set can not be satisfied simultaneously.
In this case the system yields no solution.

An unbounded setimplies that the region of fisible solutions is not constrained in atleast
one direction.

Finally closed set implies that the region of fessible solutions is a convex polyhedron
since it is defined by the intersection of a finite number of linear constraints.

Note : We shall rewrite the definition of basic solution.

Basic Solution

Consider a system of simultaneous linear equations in n unknowns AXx=b(m<n),
r(A)=m. If any n - m variables are equated to zero then the solution of the resulting system for

m variables provided the determinant of the coefficient matrix of these variables is =0 is called
a basic solution, where r (A) = rank of A.

OR

If any m xm non singular matrix is chosen from Aand if all the remaining n - m variables
not associated with the columns in this matrix are set equal to 0 the solution to the resulting
system of equations is called a basic solution. The m variables which can be different from zero
are called basic variables.

Theorem 2.2
Anecessary and sufficient condition for a point x>0 in F to be an extreme point is that
% is a basic feasible solution to the system Ax=b,x>0.

OR

Every basic feasible solution of Ax=b is an extreme point of the convex set of feasible
solutions (of AXx=b ) and conversely every extreme point of the convex set of feasible solutions
is a basic feasible solutionto Ax=b .

Proof

Let F denote the set of feasible solutions of Ax=b .

Let X be a basic feasible solution of Ax=b whichis an-component vector (x,,X,,..., X, ).
Thus both non basic (zero) and basic (some of which may be zero) variables are contains in x.
Suppose the components of x are so arranged that the first m components are the basic
variables corresponding to basic vectors and are denoted by x; Then,

X=(Xg,0) where ¢ is an (n - m) component null vector. Also assume that the vectors of

the matrix A are so arranged that the first m column vectors correspond to x; and we denote

this sub matrix of Aby B (called the basic matrix) and we denote the remaining (n - m) column
vectors by R. Thus A= (B, R).

C271 )
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Accordingly the system Ax=b becomes

(B, R) (X3,0)=b or BX; =b .

By the definition of a basic solution B must be non singular.
Hence x,=B™'b

To prove that every basic feasible solution is an extreme point of the convex set of
feasible solutions.

If possible assume that the two distinct feasible solution X, and X, exist such that
X=AX+(1-2)%,, O<r<1 L (1)
But x, and X, can be expressed as,
X, :ﬂziB“),m],iz :[28(2),32] .......... )

where %" and x,* are the first m components of X, and x, respectively and u,,u,
denote the last (n - m) component vectors of X, and X, respectively.

From (1) and (2)
Koo =[% "0 +(-[% 2 5] 3)
i.e. [%, 0] =2 %" + (1- 1) %™ A Ty + (1-2) Gy

0o (4)

Therefore AU, +(1-4)U,

Since 1.>0, (1-1)>0 and U,>0,u,>0, therefore from (4)

u,=u,=0 L (5)
Since X,,X, are in the set of feasible solutions,
A%, =b,AX,=b=B%;'" =b and Bx,"” =b
=% =x? =B "b=x,

This shows that x =x, =X, which contradicts the fact that x, =X, . Conseqnently x cannot

be expressed as a convex combination of any two distinct points in the set of feasible solutions
and hence it must be an extreme point.

Conversely

Let X=(X{,X,,...,X,) be an extreme point of the convex set of feasible solutions.

We prove that x is a basic feasible solution of Ax=b . By definition x will be a basic
(28 )
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feasible solution of AXx=b if the column vectors associate with positive elements of x are
linearly independent.

Assume that k - components of x are positives (remaining are zeros). Arrange the
variables so that the first k components are positive. Then

k
X>0j 1,2,...k
; .......... 6)

If possible assume that the vectors a,,a,,...,a, are not linearly independent. So they

are linearly dependent and hence there exist scalars ; not all zero such that

M@, +hy 8y +.. 40 3 =0

or

M-
=

From (6) and (7) it follows that for any 6>0,

k k _
2,%3%8 2,3, =b
=1 j=1
k
or Z( +87‘
i=
Thus the two points
YT:(X1+6M,X2+6k2,...,xk+6kk,0,0,...,0) .......... (8)
(n - k) components
and X5 =(X4 =804, Xp =8%g,0 X, =824,0,0,..,0) L 9)

(n - k) components

satisfy the constraints Ax=b

Since x;>0 select § such that 0<3 <min{

XiO
[l }

Then the first k components of X, x; will always be positive.

Since the remaining components of X7 and X, are zeros, it follows that xj and X, are
feasible solutions different from % . Adding (8) and (9) we obtain.

29 )




Xj +X5 =2(X4,Xp,.-, %, 0,0,...,0)

1. 1_. _
:>§x1 +§x2 =(X1,Xz,-..,%,0,0,...,0) =X

Thus X can be expressed as a convex combination of two distinct points X} and X, by

1
SR
selecting 5

This contradicts the assumption that X is an extreme point of the convex set of feasible
solutions.

Hence a,,a,,...,a, are linearly independent and hence X is a basic feasible solution.

We have obviously k<m . Because the number of linearly independent column vectors

cannot be greater than m which is the row rank = column rank = rank of a matrix A. If k =m then
the basic feasible solution is a non degenerate basic feasible solution.

Suppose k <m. Then the basic feasible solution is a degenerate basic feasible solution.
Select other (m - k) additional column vectors with their corresponding variables equation 0.

such that a,,a,,...,a,, are linearly independent.
Thus the resulting set of k + (m - k) = m column vectors is linearly independent.
The sub matrix of A formed by these m columns is non singular.

Theorem 2.3

If the convex set of the feasible solutions of Ax=b, is a convex polyhedron then at
least one of the extreme points of the convex set of feasible solutions gives an optimal solution.

If the optimal solution occurs at more than one extreme point the value of the objective
function will be the same for all convex combinations of these extreme points.

Proof

Let x;,X,,..., X, be the extreme points of the convex set F of the feasible solutions of the
L. P. problem, maxz=¢-X subjectto AX=b,x>0.

Suppose X, is the extreme pointamong X,,X,,..., %, at which the value of the objective

function is maximum say z*.




Let X, € F which is not an extreme point and let z, be the corresponding value of the
objective function.

Then Zy=C-X,

Since X, is not an extreme point it can be expressed as convex combination of the

extreme points Xx,,X,,..., X, of F (where F is assumed to be bounded).

Then X, =7, X+ Ay Xy +oc+ 4 X,

k
where %, %,,..., A, =0 and 27”51
i=1

So from (1) Zy=C (Mg Xq+hy X+ Ay X, )
=Zy<C My Xy +C - hop Xy +...4+C - My Xy
=2 <C- (hy+.eect oy ) Xy =C - X

i.e. zy<zZ"

This implies that the value of the objective function at any point in the set of fessible
solutions is less than or equal to the maximal value z* at extreme points.

Let X;,X,,....,X. (r<k) be the extreme points of the set F at which the objective function
assumes the same optimum value. This means.

2" =C-X,=C-X,=...=C X,
r
Furtherlet X="74 X + %y X +...+%, X;,4; >0 and ij =1 be convex combination of there
=1
extreme points.
=0 (C- X)) +2p(C-Xp )+ 42 (C- X )=hy 2" +... 40, 2"
=(hy+hy+.. 42, )2
~7" Thus cx=2'
This proves the result.

Note
Consider the general L. P. P.

Max. z=CX subjects to Ax=b,x>0 where
C31)




Where rank of Ai.e.r (A)=m<n.

For convenience column vectors will also be represented by row vectors without using
the transpose symbol (T). So there should be no confusion in understanding the scalar

multiplication of two vectors € and X.

We shall denote the j*" column of Aby @;,j=12,...,n

so that A=[a,a,,...3,]

Form an m xm non singular submatrix B of A called the basic matrix, whose columns
are linearly independents vectors. Let these column vectors be renamed as

BysBys--s B, - Therefore

B=[BBo-B] (2)

These columns of B form a basic of R™.

Now any column 8; of Acan be expressed as a linear combination of the columns of B.
Let ;=Y B1+YoBat ot Y Brn
3, =(B1,B2ss Brn) (Va3 Yais Vi) )
i.e. 3,=BY; where ¥;=(Vi;. Y2} Ym)
i. e. @,=BY; where Y, :(y1j1y2j1--'1ymj)
i.e. y;=B '3, where y; (i=1,...,m) are scalars.

The vector Y; will change if the columns of A forming B change. Any basic matrix B will

yield a basic solution to AX=Db . The solution may be denoted by m component vector as

Xg =(XB1,XBZ,....,XBm) where g is determined from %, =B~ b. 4)

32 )
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Note that Xg; corresponds to the column f3; of the matrix B. The variables Xg4,Xg; ---

are called basic variables and the remaining (n - m) variables are non basic variables.

Correspondings to x; we have z=c, X, +C, X, +...+C,, X,
Let C5 =(Cq1,Cp, -+ Cam)
where Cg; is the coefficient of the basic variable Xg; in the objective function.
So Z=Cg; XB1+CBZX52+...+CBmXBm+6
2=(Ca1r--Cam )(Xe1r-— Xom)
Z=Cg Xg

Finally we form a new variable z; defined as

m
Z;=Y4jCg1tY2Ca2t--t ¥YmjCam :ZCBi Yij
i1

Zj Z(CB1,...,CBm)(yij1y2j""’ymj)

Z

CgY;
There exists z; for each 3;.
Example 2.1
lllustrate the above definitions and notations for the following L. P. problem.
Maximize Z=X;+2X%X, +3%X3+0Xx, +0x;4
subjectto 4 x,+2x, +X; +X, =4
X, +2X, +3 X5 —X5 =8
Solution :

Constraints equations in matrix form may be written as

3,8,83a3 X b

4211 0 4
X3 |=
{1230—1} M

33 )
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or AX=b

A basis matrix B=(B,,3,) is formed using columns @, and a, where

___1 ___4
Bi=a;= 3 Pr=ay= 1

The rank of the matrix A is 2 and column vectors a,,a, are linearly independent and

thus form a basis for R2. Thus basis matrix is
1 4
B = , =
a; a

Then the basic feasible solution is X; =B ~'b

?B:[ﬂadj.BJB

Bl
_ [ 1 -47[4] 1[28
® 11|3 1]8] 1|4
28]
_ 11 Xg 1
ol
4 X2

1

. o 28 4
Hence the basic solution is Xg4 :W:X?” ngﬁ

variables are (always) zero i. e. x, =X, =X;=0.

=X; and the remaining non basic

Also  cg,=coeff.of xg,=coeff.of x;=c; =3
Cg, = coeff.of x5, =coeff.of x,=c,=1
Hence the value of the objective function is

_ _ 28/11
z=chB=(3,1)( ]—88

4111 )11

Also any vector a,=(j=1,2,3,4,5) can be expressed as a linear combination of vectors
B, (i=12).
34




Let 8=y By +Y2;Br =483 + Yy 8

o 1 -472 11
728 %5 e
111-3  1][2] [4/11] | yp

and 1Yy =7=.

Hence Yio=77 11

11

Now the variable z, corresponding to the column vector a, can be obtained as
— 6/11
= =(3,1
2= Y ()bMJ
S
1M1 1] 11
Similarly z4,Z;,2, and z5 can also be obtained.
Theorem 2.4

Consider a set of m simultaneous linear equations in n unknowns with n>m,AX=>b and

r(A)=m. Then if there is a feasible solution x>0, there is a basic feasible solution.
Proof

To prove this assume that there exists a feasible solution to Ax=b with p<n positive
variables.

Number the variables, so that the first p variables are positive. Then the feasible solution
can be written as

Xx&=b 1)
j=1

and hence
x;>0,(j=12,....,p),x;=0,(j=p+1p+2,...,n)

Case (i)
Suppose the set 3;(j=1,2,...,p) is linearly independent. Then p<m.

If p = m the given solution is automatically a nondegenerate basic feasible solution.
Supposep < m. We know that this set of p linearly independent column vectors can be
extended to form a base {a,,a,,...,a,} of the column space of A.

In this case {X1,Xz,---,Xp,XpH,---,Xm} where X;=0,j=p+1p+2,....,m is a degenerate
basic fessible solution.

(35 )




Case (ii)

Suppose the vectors 3;(j=12,...,p) are linearly dependent. We shall show that under

these circumstances it is possible to reduce the number of positive variables step by step until
the columns associated with the positive variables are linearly independent.

When the a;(j=12,...,p) are linearly dependent, there exist &; not all zero such that

dom=0 3)

j=1

and we proceed to reduce some X, in

P —
Y xa=bx>0(j=12...0) (4)

j=1

to zero.

P _
Suppose some vector a, of the p vectors inZocj a;=0 is expressed in terms of the
j=1

remaining (p - 1) vectors.

— o
Thus a, =—Zj Lz (5)

¢I’a
r

substituing (5) in (4) we obtain

Here we have not more than (p - 1) variables. However we are not sure that all these
variables are non negative (In general if we choose a, orbitrarily some variables may be negative)

We wish to obtain

R

>0 (j=1,2,..,p), j=r 7)

X; =X, —
(XI'

For any j for which a;=0 (7) will be satisfied automatically. When o;=0 we have,

X r

Q|><

20 if o, >0

] r




We select a, such that

ﬁ_min Xj
= -2
o, OCJ-

(Note that Y o @ =0= at least one o;#0 and hence o;>0for some j)

aj>o} ........ (10)

p o ). -
Thus a fessible solution Z X=X~ |3 =b
B r
is obtained with not more than (p - 1) non zero variables.
These variables are also non negative. (since o;>0)

If the columns associated with the positive variabls are linearly independent by case (i)
we have a basic feasible solution. If the columns associates with the positive variables are
linearly dependent we can repeat the same procedure and reduce one of the positive variables
to 0. Utimately we shall arrive at a solution such that the columns corresponding to the positive
variables are linearly independent. (Note that a single non zero vector is always linearly
independent)

OR
Theorem 2.5

If a linear programming problem
max. z=CX s.t. AX=b,x>0

has at least one feasible solution then it has at least one basic feasible solution.
Proof
Let

Xo =(X4,X5,---,%,0,0,...,0)
be a feasible solution to the L. P. P. with positive components x,,x,,..., X,

Let a,a,,...,a, be the first k columns of A (associated with the positive variables
X4, Xp,... X, FESpPECctively)

Then by hypothesis

Xy +X,a,+...+x.a=b (1)
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Case (i)

Suppose a,,a,,...,3, are linearly indepedent. In this case X, =(X;,X3,%,0,...,0) is a
basic fessible solution.

Case (ii)
Suppose a,,a,,..., a, are linearly dependent.

So there exist scalers i,,...., A, notall 0 such that

A,a,+...+%, a =0 with atleast one %;#0 and hence assume this ;>0. ... (2)
max 7“] . . . .
Let v="ki—p 4 >0 (i.e. m +x is taken over those j fro which %;>X)
)&
J

Obviously v >0 for x;>0 (j=1, 2, ..., k) and at least one 2;>0.

1
Multiply (2) by v and then subtract from (1) to get

k _ 1 k -
ijaj—;ZMafb
=1 =1
k 7»1- _
=) |x.——|a,=b
“( j VJ iYL (3)
:x—(x1 ﬁ 2—7L—2,. ,xk—ﬂ,0,0,...,Oj
v v v
is a new solution of AX=b .
xj o
We have v=—orx;>—(1<j<k)
X v

J

The new solution ; satisfies non negativity restriction.

i A
Since X —71=0 for atleastone j, x is a feasible solution with at the most k - 1 positive

variables. All other variables are 0.

If the columns associated with the positive variables are still linearly. dependent, repeat
the above procedure. Cuntinuing in this way we get the column vectors ossociated with positive
variables which are linearly independent. Thus by case (i) we get a basic feasible solution.

38 )
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Example 2.2
If x,=2,x,=3,x,=1is afeasible solution of a L. P. P. problem
max. Z=X,+2%X,+4 X,
subjectto 2x,+x, +4x;=11
3X+X, +5%x,=14
Xy, Xg, X3 20

find a Basic Feasible Solution
Solution :

We have AX=b

X4
214 — 11
A: ,_: ,b:
where {3 1 5} X=X {14}

X3
The given feasible solution is x,=2,x,=3,x; =1.

Hence 23a,+3a,+13,=b

e SHEEHSE NS

Step (2)

The vectors a,, a,,a, associated wsith the positive variables x,,x,,x; are linearly
dependent so one of the vectors is a linear combination of the remaining two.

Let a;=L,a,+%,a, Thus

AR

Maximum no. of lin. independnet columns is less than 3 since row rank of coefficient

matrix A is 2.
41 12h+h,
Now | 517132, 42,

=20 +h,=4,3Ah;+h, =5

(39 )




Sh=1h,=2
—a,=a,+2a,

i.e. 3,+23,-3,=0

Where A=k, =2,0y=—1
Step (3)

Now determine which of the variables x,,x,,x; should be 0. For this find

.
v:max[—J}xJ >0
X]

—max| 21 22 i
= X, X, (since A =1>0, L, =2>0))

{1 2} 2
max<—,—r=—
23] 3

VS OV S A :
S\ T T is a reduced solution where
X _hzz_izl
Ty 2/3 2
X _&: —LZO
2y 2/3

Step (4)

~ (1 5
Now the solution XZ{?OE) is to be tested for basicness. The determinant of the

matrix of the of column vectors corresponding to x,,x; is

40




2 4
=0
5 ]

Obviously a,,a, are linearly independent.

~( A 5
Hence X= 5,0,5 isaB.F.S.

Theorem 2.6

LetaL.P.P. have aB.F. S. If forany column 3; in Abut notin B:{b1,b2,...,5m} (basic

vectors for columns in A) we have 8, =Z yiJ-Bi with at leastone y;; >0 (i=1, 2, ..., m) then we
i=1

can find a new B. F. S. by replacing one of the columns in B by ;.

Proof

Considera L. P. P. problem max z=¢X subjectto Ax=b,x>0 where Ais mxn matrix
m < n and r (A) =m, where r (A) = rank of A.

Let X, be a BFS of the LPP, where B={b,,b,,...,b, } forms a basis for the columns of A.

For any column 3; inA (3, B), we have

aj:;yijgi

Suppose some Y, >0

Then

Hence Bx; =b gives B:ZXBiBi

i=1




Ay
The new solution xg is also a basic solution with the basic variables.

;Bi:[xsi—xm%),i:lz...,m, i=r

rl

o Xgr

and Xgr="—
rj

Case (1)
Let XBI’ = 0

In this case the new set of basic variables is obviously non negative, since we have
assumed the existance of a BFS, X;.

Case (2)
Xgr 20

We have y,;>0

For the remaining y;; (i=r),y;=0,y;; >0 or y;<0.
If y;;=0 for some i, Xsi =Xg;>0,x8r >0

If y,; <0 still Xei>0 and Xer>0.
Suppose Y;;>0

. Vi
We require Xsi=Xg —Xg, —->0,i#r
rj

Xgi X
B|2 Br

Yii Yy

So we must have , where y;; >0.

C42)
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XBr . XBi
We select r in such a way that sz'n v

rl 1]

yij>0}

Given a basic feasible solution x; =4 and x, =8 tothe L. P. P.

Then we have aB. F. S.
Example 2.3

max. z=X,+2Xx, subject to
X, +2X,+X; =4

X, +4X,+%, =8,

obtainanewB. F. S.

Solution :
We have AX=b
1210 _ —
Where A=1 20 1i',X:(X1X21X31X4)7b:(4’8)

— 10
We have Bxg =b where B:{O 1}

Xg :(XB1 XBZ):(41 8).Xg1=X3 =4,%Xg, =X, =8

— |1 — |0
B1:b1:{0i|1 Bzzbzz{.]i'

The y; s for any column @; in Abut not in B are
_ _ |1 01 |1
y‘1 :Bi‘1 a‘1 = = = y11
o 111 |1 |y,
— — |1 0|2 |2
0 1[4 4] |ym

Note that a,=B'a, =y, b,+y,b, and

a, 25152 =Y B1 Y2 62 :

C 43 )
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Since y,;=1Yy,,=1>0 we caninsert @, in B. We now select §_=b, for replacement by

a, which corresponds to the value of r determined by the minimum ratio rule :

Vi1 i1

-X X
. B1 B2
=min| — _i|

RAT , Yo1

Hence we remove B, and enter a, in place of B, 261 .

The new basic matrix becomes

é:(517[32) {oré:(é\11BA2)1[§1:§1BA2:B2)
:ézr 0}
1 1

AT

We can now find the basic feasible solution Xs either by using the result xs =B b or by

the transformation formulae.
n Yij . .
XBi =Xg; — Xg; —,1="T,...,m,i=r
rj

o Xgr N

and XBr=—"fori=r=1, X, =Xa1
i

Now B, =b, is removed means x, will not be a basic feasible solution. In its plane x,

corresponding to a, willbe a B. F. S. and X;=Xg;.

Using the formula




n Y21 Y21
XB2 =Xgp —Xg1—— =X4 —X3—:8—4><?:4

Y11 Y11
Hence the newB. F. S. is
X, =Xg1=4,%X,=0,%X;=0,X, =X, =4
Theorem 2.7
If a linear programming problem,
Max. z=CX,, s.t. AX=b,X=0,

has at least one optimal feasible solution, then at least one basic feasible solution must
be optimal.

Proof

m-+n-k

—
Let ioz X1,X2,,Xk0,0,,0

be an optimal feasible solution to the given linear programming problem which yields
the optimum value

If a,,a,,...,a, are linearly independent then X0 is an optimed BFS. Otherwise a,,a,,..., a,

are linearly dependent and there exist ;, not all 0,

k
such that 2. %13 =0 where at least one M>0o (2)
=1

Iy
Let V:max[—J) .......... (3)
1<j<k Xj
Obviously V > 0, because X;>0 and at leastone >0(1<j<k)).

1
Now multiplying (2) by v and subtracting from (1) we get

k

2%

j=1

=b

[V)

]

<|-=

k
ZXJ aj—
j=1
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A i
Thus x is a feasible solution and since X —71=0 for at least one j, | contains at the

most k - 1 non zero variables other variables being zero.

If the column vectors associated with the positive variables are still linearly dependent
we repeat the above process and finally get the solution which is a BFS. So without loss of

generality the solution x will be assumed as a basic feasible solution.
We have to prove that >A< is also optimum solution.

The value of the objective function corresponding to this solution ; will become

K
(since z =ZCJ X )

But, for optimality 2 must be equal to ,*. Hence )A( will be optimal solution if and only if

we prove,

k
> ¢;2;=0 inequation (5).
j=1
We shall prove this by contradiction.
If possible, let us assume that

k
chxjio
j=1




Then, there will be two possibilities :

[
1) ZCJ-?\,J->O
j=1

[
2) ZCJ 7“j<0
j=1

Now, in either of these two cases we can find a real number, say r, such that

k
chjxj>0
=1

(in first case, r will be positive and in second case r will negative)

e, xo(k)p0 (6)
j=1

k
Now adding ZCJ Xj to both sides on ( 6 ), we have
j=1

or Z (x )z (7)

m-+n—-k

—
Xy +r A, Xy +M Ay, .., X+ 2,0,0,...,0

Now, is also a solution for any value of r which

can be observed by multiplying equation ( 2 ) by r and adding to equation ( 1)
Furthermore, there exist an infinite number of choices of r for which the solution

m+n-k

—
X004 X 4T Ay X #70,0,..,0 | satisfies the non - negativity restrictions also.

We now proceed to prove this statement. To satisfy the non - negativity restriction, we
need

xj+r%j20,j:1,2,...,k

or r?»jz—xj
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We have

Xi .
r>——,if,>0

Aj

X
rS—}L—J,IfKJ <0

or i
r unrestricted, if M =0

Thus, we observe that if we select r satisfying the relationship

T (A)ere 7 [
(7‘j>0) 7\'J h _(7“]<0) 7\,] .......... (8)

then x;+r%;20 forj=1, 2, ...., k. We note that if there is no j for which %;>0, then there
is no lower limit for r and if there is no j for which %; <0, then there is no upper limit for r.

Furthermore,

% (2)c0 g T [~2)s0
(1=0)\ % and (r<0)\ %

This proves that when r lies in the non - empty interval given by ( 8 ), then the infinite
number of solutions.

m+n-k

——
Xq+F gy Xo +1 hgyen, X +1 24, 0,0,...,0

satisfy the non - negativity restrictions also.

k

Now, from ( 7 ) we conclude that the left hand side 2.0 (x+ri) yields the value of the
i=1

objective function which is strictly greater than the greatest value of the objective function. This

k
contradiction proves that ch 7%.;=0 and hence )A( is optimal.
j=1
Note : By what we have proved we have the result :
If the linear programming problem :
Max. z = cx, subjectto Ax = b, x>0

has feasible solution, then it has at least one optimal basic feasible solutions.
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Reduction of any feasible solution to a basic feasible solution
Example 2.4

If x,=2,x,=3,x;=1, be afeasible solution of linear programming problem :
Max. z=x,+2X, +4X,,

subject to 2%+ X, +4 %X, =11,
3X +X, +5X, =14,
Xy, X0, X3 20,

then find a basic feasible solution.

Solution :

We express the above system as

a, a, a, b
X4
2 1 4 11
X, |=
3 1 5 14
X3
or X,3,+X, 8, +X; 3, =D

But the given feasible solution is x,=2,x,=3,x,=1. Hence 2a,+33a,+1a,=b

s 2} {55

Since the vectors a,,a,,a, associated with the corresponding varialbes x,,x,,x, are
linearly dependent, therefore one of the vectors can be expressed in terms of the remaining two.

Thus,

a;=h;a+A,a,.50 A,a,+A,a,+r;a,=0,where h,=—1 ... (1)

4_7L 2+7L1
or _5_ 13 21

[4] |20+,
or REE

which gives
20 +h,=4,

3hi+h,=5
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Solving these two equations we get i, =12%,=2. Now substituting these values of i,
and )., in (1), we get the linear combination

k
a,+2a,-a, =0 or 2. 7a=0
j=1
Where L, =1k, =2,Ay=—1

Now we have to determine which one of the three variables (x;,x,,X;) should be zero.

max ).
V:1§j§3_J:max{£,7\'_2,h}
X1 Xy X3

A% A%
1 1
Then, X1———2—§_§,
3
Ko 2 ,
X, =—2=3 -5 = 0 (which was expected also),
A%
3
hg -11 5
Xg——==1-| — |==
Sy 2| 2
3

~( 5 _ 2 _ 4
Now this solution X=(§,0,5) will be a basic feasible if the vectors a {3] and 33 {5]

associated with non - zero variables x, and x, are linearly Independent.

Obviously a, and a, are linearly independent.

Hence the required basic feasible solution is




' 111 0 1 +5 4| 111
To verify, we have 213 1172151714

Example 2.5
Show that the feasible solution x,=1,x, =0,x,=1z=3 to the system
Xq+ Xy +X53=2
Xi—Xy, +X3=2
2x,+3X, +4 x5 =2z(Min) is not basic.

Solution :

First, we express the given system of constraint equations in matrix form :

Xq
1 1 1 2
X, | =
1 -1 1 2
X3
Therefore, according to our usual notations, we have
Xq
1 1 1] _ — |2
A= , X=[X, |, b=
1 -1 1 2
X3

We show that the feasible solution x,=1,x,=0,x; =1 is not basic.

So, we prove that the vectors

SHEES

are linearly dependent.

Since there exist non - zero scalars ), =11, =—1 such that 5., a,+%,a,=0

1 1) (O
1. 1)  |=
the given feasible solution is not basic.

Theorem 2.8

Considera L. P. P. max. z=C-X, such thatto Ax=b,x>0.

Let A:(51,a2,...,aa+m) and B=(B,,B,,...,Bn) be a non singular submatrix of A.

51 0)
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Assume that a non - degenerate basic feasible solution x;, =B™ b to AX=b yields a

value of the objective function z=c; X;. If forany colunm @, in Abut notin B we have ¢;-z;>0,

and if atleast one y;;>0(i=12,....m) where 3 =2 Vi By , then we can find a new basic feasible
i=1

solution by replacing one of the columns in B by a;.
Proof

We shall obtain a new basic feasible solution by replacing one of the vectors (say 3;)in

Abut not in B by some vector in B (say 3, ). Obviously,
a#p (i=1,2,...,m)

Since @; can be expressed as the linear combination of vectors in B, therefore

EJ:;yiJBi

or 5j:}’1jB1"‘Y2sz ot Yo B+t YaiBe L 1)

Now, by using the replacement theorem, a; can replace 3, and still maintains the basic

matrix, provided Y,;#0.

Assuming Y.; =0, where Y;;>0,8, can be written as

5': yi'Bi+yr'Br
: 2 : e )
Solving the equation (2) for B, , we obtain

1 - Vi
Br:_a'_ _JBl

Y ;yrj .......... 3)
Also, we have BX; =b
or (B1:Bor-wrsBrn) (X5 1: X 21--- Xgpeves X ) = D
or XB1B1+XBZB2+"'+XBrBr+"'+XBmBm:B

Xg P +Xg, B, =b

or 2 b Be=b )

i=r
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by

Substituting the value of §3, from (3)in (4), we obtain

=1 rj |:1y|'J
$ y B
= Xgi —Xg, —= |P La.=b
Z‘[ B Ter ”.] e (5a)
izr
X i i+>A( ra =b
or 2 sifitxerg=b (5b)
N Yij . .
Where X8i=Xg;—Xg, —,i=12. . .mji=r (6 a)
rj
AX
xer=—"(fori=r) (6 b)

yrj

Comparison of (5 b ) with (4 ) indicates that the new basic solution of Ax=b is given

Ay Ay Ay
XB =| XBi,XBr [,i=12,...,m;i#r

Ay Ay Ay N
=| XB1,XB2,..-; XBry....; XBm

B Yij Yo Xgr Ymj
=| Xg4—=Xg; —sXgo = Xgr — s+ -res—seees Xgm — Xar
yrj yrj yrj yrj

and other non - basic components are zero.

For the new basic solution to be feasible, we require

)A(BiZO,i=1,2,....,m

Yij . .
Hence Xg —Xg, —=0,i=12,...,mjizrand . (7 a)
r]
XBr
>0 7b
V0 (7b)




We see that (7 b ) holds as Y,;>0 and since we start with a non - degenerate basic
feasible solution, Xg; >0,i=12,....m_If y,;>0 and y;;<0(i=r), then (7 a) is satisfied. If y,; >0

and y;;>0(i=r), then equation ( 7 a ) is satisfied only when

XB XB
L lrzo (dividing (7 a ) by y;;>0)
ylj er

XB XB
or SV .

yrj yIJ

Xpr ﬁ

or Yej Y

X Xgi
or 2L =Min| 2
Yrj FLY

This, if we select r such that

X Xg:
v=_B :Minl:i,yij>0} .......... (8)
Yri : ij

then column B, will be removed from basis matrix B to replace a; so that the new basic
solution will be feasible. This completes the proof.
Note

1) We denote the new non - singular matrtx, obtained from B by replacing 8, with

a; by
Bz{BuBz,---,Bm) , Where

8- ivrB -3
2) If the minimum in ( 8 ) is not unique, the new basic solution will be degenerate.
In this case, the number of positive basic variables will be less than m.

The procedure in above theorem can be explained by the following numerical
example.




Example 2.6

Given the non - degeneate basic feasible solution x, =4 and x, =8 to the following LP
problem

Max. z=x,+2x,, subjectto
X +2X, +X; =4
X;+4 %X, +X, =8

obtain the new basic feasible solution.

Solution :

The given basic feasible solution can be expressed as Bx, =b

=[o )3

Here, we have

Lo e

The Y;'s for every column @; in Abut notin B are

s sy 50
soae(y ) (2)2)-(0)

Since y,,=1y,,=1are >0, we caninsert a, in B. We now select . forreplacement by

3, which corresponds to the value of suffix r determined by the minimum ratio rule :

X Xg:
B _Min| =Ly, >0
Yr1 : i1




Therefore,
Xgr —Min {ﬂ ,E:'
Yr1 Yii Yo

X
- Br:Min[i,g}:i
Yr1 1T 1] 1

Xgr X1
L= —r=1
Yero o Y14

Hence we remove B, .

The new basis matrix becomes

é{éwéz):@wﬁz) (because 3, is replaced by B, )

A /\"1 _
Now we can find the new basic feasible solution ;B either by usingtheresult xs =B b

or using the transformation formulae (7 a ) and ( 7 b) of Theorem 2.8.

Hence the new basic feasible solution is :

Y1 1

XB2 =Xg, —Xgq = :8—4><?:4

1
So that the solution to the original system of equations becomes
X1 =Xg1=4,%X,=0,X3=0,X, =Xz, =4

we note that, if we had inserted a, instead of a, , the new basic feasible solution would

have been degenerate. We have developed the procedure for obtaining a new basic feasible
solution. Now we determine the value of the objective function corresponding to this new basic

feasible solution. We verify, whether 2>z where 2 denotes the new value of the objective
function. For this, we prove the following theorem.




Theorem 2.9

Assume that we have a non - degenerate basis feasible solution g =B'b to AX=b

which gives a value for the objective function z=¢;X; . Assume further that we have obtained a

new basic feasible solution )A(B =B'b to Ax=Db by replacing one of the columns in B by a

column &, (for which y,;>0)inAbutnotin B. If ¢;~2;>0, the new value (denoted by Q)Of the
objective function will be greater than z, where z;=Cg ¥; and y;=B 4.

Proof
The value of the objection function for the original basic feasible solution is

Z=Cg Xg

=(Ce1,Ca2.--:Com) (Xo1: X820+ Xam)

or z:;cmxBi .......... (A)

The new value is given by

Ias JANNRVAN

Z=CB XB

A m A A m A A A A
Z:ZCBi XBi :ZCBi XBi +CBr XBr
i=1

or =1

N N

where csi=cg, (i#r), car =¢;

A m A A
Z= Cg, X8i+C; Xar

Therefore, ;

Subsituting the values of new variables )A(Bi and )A(Br from (7 a)and (7 b)of Theorem

2.8 into the last expression, we get

A Yii X,
Z:Z:CBi[XBi_XBry_lj]-i_cji (B)

‘i Yeip

m
-1
r

y .
Since the term for which i =ris Cg [XBr —Xgr J)zo

rj

(57 )
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we can include it in the summation ( B ) without changing 2 so that

X
—7_ Br ZJ--‘r Br Cj
yrj yrj
XBr
:Z+@f'ﬂ
yrj
_ XBr
=z+(ej-z)v,where V= (C)
rj

Now, from ( C ) we observe that the new value 2 of the objective function is the original
value z plus the quantity (cj ~z;)v. Since v>0,and ¢, -z is greater than 0. The value of the
objective function is improved.

Example 2.7

In worked example (2.6 ) show that the new value of the objective function is improved.
Solution :

Since c,=1,¢,=2,c,=0,c, =0, then the original solution x, =4,x,=8,x,=x,=0 gives

z=1x0+2x0+0x4+0x8=0

In the new basis feasible solution x, replaces x,

1
Since Z1=CgY;4 :(010) (1] =0

Ias

and since ¢, -z,=1-0>0, ,

should exceed z ( = 0). From ( C ) we get




Theorem 2.10

If we select the vector @, to replace B, in B the suffix k can be selected by means of

Cy —Z ZMjaX(Cj _Zj)7cj —2;>0 50 that the value of the objective function

zis increased as much as possible for the new basic feasible solution.
Proof

In the previsous Theorem we have obtained the improved value of z given by

i XBr
Z=Z+—(Cj _Zj)
yrj

Thus to give maximum value of 2 we should select that value of j for which the term.

XBr

yrj

(Ci - Zj) is maximum.

X
But the computational difficulty arises while obtaining Max.i(cj —zj), because we

rj

XB
have to compute y r for each @, having ¢;-z;>0 by the rule
r
X Xg;i
5L —Min| -2y, >0
Y ! i

But the change in objective function depends on

Xgr

yrj

and C;—Z; both.

XBr XBr
, we can neglect the value of .
yrj yrj

Thus to avoid large number of computations of

Hence the most convenient and time saving rule for choosing the vector a, to enter the
basis B consists of selecting the largest ¢; —z;. This is equivalent to choosing the vector a, to

replace 3, by means of




Note

The following are the advantages of using the above test.

1. The choice of vector a, to enter the basis B by using above criteria gives the
greatest possible increase in z in each step.

2. More than m iterations will not be needed to reach the optimal basic feasible
solution.

3. It saves a time by giving the required solution in the least number of steps.

Definition 1 : Slack Variable

If the constraint has ‘<’ sign then in order to make it an equality we have to add something
positive to the left side of constraint. The non-negative variable which is added to the left hand
side of the constraint to convert it into equation is called slack variable.

e.g. X; + X, <3 then X; + X, + X3 =3 and x, is slack variable.

Surplus Variable

If a constraint has ‘>’ sign then in order to make it an equality we have to subtract
something non-negative from left hand side of inequality.

Definition

The positive variable which is subtracted from the left hand side of the constraint to
convert it into equation is called surplus variable.

e.g. X; + X, 23 then X, + X, — X3 =3 and variable x, is surplus variable.

Conversion of given LPP into standard form of LPP
Step 1
Convert constraints into equations except non-negativity of variable.
Step 2
Make right side of each constraint non-negative.
(multiply equation by (—1) if necessary)
€.9. X;+X,=-3=X;—-X,=3
Step 3

Make all variables non-negative if variable x is unrestricted in sign write x = x'— x"
where x',x">0.

Step 4

Convert objective function in maximization form.

Min f(x) =Max[-f(x)]




Example

Express the following LPP in standard form.
Min z = X4 —2X, + X3

Subjectto
2X4 +3Xy +4%53 >4
3Xq+5X, +2X53 27

X4, X, 20, X, is unrestricted in sign.

Step 1

Step 2

Step 3
X, is unrestricted. S Xy =Xy — Xg
Min z = x4 —2x, +(x'3 —x"3)
3x4 +5x%, +2(x'3 —x;)—x5 =7
x1,x2,x'3,x;,x4,x5 >0

Step 4

Min z = x; —2x, +(x'3 —x"3)

=Max z* = —x; +2X, —(x'3 —x"3)
Thus standard form is

Max z* = —X; +2X, — X3 + X3




Subjectto
—-2%4 = 3X, —4x'3 +4x; +x4 =4
3%y +5x%, +2x'3 —2x; -X5=7
x1,x2,x'3,x;,x4,x5 >0

Example 2.8
Solve the L. P. problem.

Max. z=3x,+5x,+4X,
subjectto 2x,+3x,<8
2x,+5x%,<10
3X+2X,+4x,<15
and Xy, Xg, X3 20
Solution :

The inequalities are converted into equalities by introduction of slack variables x,, X

and x, as follows.
2%, +3%x,+0.x;+%x,=8
0X,+2X,+5X; +X%5; =10
3X,+2X, +4 X, +Xs =15
Take x,=0,x,=0,x,=0
Hence x, =8 and x, =10,x, =15 which is the initial basic feasible solution.
Now we construct a starting simplex table. Here we compute A; for all zero variables
Xj,j=1,2, 3 by the formula.
A;=C;-GCpY;
A =C,-CY,
A,=3-(0,0,0)(2,0,3)=3
A,=C,-Cp Y,

A,=5-(0,0,0)(3,2.2)=5

62 )
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A3:C3 _CB Y3

A;=4-(0,0,0)(0,5,2)=4

Since all A; are not less than or equal to zero therefore the solution is not optimal. So

we proceed to the next step.
To find incoming vector :

Since A, =3 is max. of A;,A,,A; therefore o, (=Y,) is incoming vector.

Starting simplex table 1

B Cg Xg Y, Y, Y, Y, Ys Y min ratio
Xg
(o) | (2) | (a) | (Ba) [ (B2) | (Bs) y_2
8
Y, 0 8 2 0 1 0 0 3
Y, 0 10 0 2 5 0 1 0 5
15
Y 0 15 3 2 4 0 0 1 7
Z=Cg Xg X; 0 0 0 8 10 15
=0 C; 3 5 4 0 0 0
A, 3 5 4 X X X
T \)

To find outgoing vector

Since a., is incoming vector therefore we consider the ratio

Y2 Y12 Y22 Y32

XBr  min | XBi
— ="' =Y.,>0
We have er | {le i2 }

(63 )

i




_mi {ﬁ Y82 E}:ﬁ
I Y12 , Y22 , Y32 3
Hencer =1

i. e. B, is the outgoing vector.

Since o, is incoming vector and B, is outgoing vector, therefore the key element is

Y12 (=a;,) as shown in table 1 which is equal to 3.

In order to bring B, in place o, we make the following intermediate tables.

xs | Yo | o Y5 | Yo | Yo | Ye

v, |8 |2 [[38]|o |1 [0 |o

Y. 10 0 2 5 0 1 0

Y, |15 | 3 2 4 0 0o | 1

Divide key element by 3 to get unity at this position and then subtract 2 times of the first
row (obtained after dividing by 3) from the second and third row.

xs | Y, | Yo | Ys | Y. |Ys | Ye
v, |2 12 |4 0 1o 0

2 | 3 3 3

v, |2 210 |5 |[-21]1 |o

s | 3 3 3

v, | 212 |o 4 21y 1

s | 3 |3 3

Now we construct second simplex table in which f,(Y,) is replaced by o, =(y,) .




Second simplex table 2

B Cg Xg Y, Y, Y, Y, Ys Ye min ratio
Xg
(Py) B | () | 4
Y. 5 8 2 1 0 1 0 0
2 3 3 3 B
14 4 2 14 .
— -— ——= ——>min
Ys | O 3 3 |° N A
Y, 0 2 > 0 4 2 0 1 29
6 3 3 3 12
8 14 29
Z=CgXg X; 0 3 0 0 3 3
o 3 5 4 0 0 0
1 5
A P .
J 3 X 4 3 X X
T \!
incoming outgoing
vector vector

To test the optimality of the solution compute A; for all zero variables x,,x; and x, .

2 45
A1 =C,—Cg Y1=3—(5,0,0)(§,—§,§)

10 1
Ai=Ci—CgY;=3——=——
R 3 3

Ay=C;—Cgys =4—(5,0,0)(0,5,4) =4-0=0
1 22
Ay = - Y :0_ 51010 N A A
4=C4—Cg Yy ( )(3 3 3)

Since all A; are not less than or equal to zero, therefore this solution is also not optimal.

(65 )




Since A; =4 is maximum of the A;'s, a; =(Y;) is the incoming vector.

XBr _ min ﬁ Y. ]
Also Y., i Yi3, |3>o_
o —st Xss_ '
=min Yo Yau (since Y,; =0)
i X
=min E,Q}ZEZE
11512 15 Y,
=>r=2

Therefore B,(=ys) is the outgoing vector and y,, =a,; =5 is the key element.

In order to bring y, in place of B, (=y;) we make the following intermediate table.

Xg Y, Y, Y, Y, Ys Ye
Y. 8 2 1 0 1 0 0
2 3 3 3
14 4 2
Ys 3 3 0 3 1 0
Y, 215 0 4 2 0 1
6 3 3 3

Divide the key element by 5 to get 1 at this position, then subtract 4 times of the second
row thus obtained from the third row.

s | Y, [ Y, va vy, [ Y| Y
Y 8 2 1 0 T 1o 0
2 | 3 3 3
Y 140, 1 210
s | 15 5 15| 5
89 | 41 2 4
Ye 15 | 15 | © 0 15 5|7

The third simplex table in which B, (=Y;) is replaced by Y, is as follows




Table 3

B Cg Xg Y, Y, Y, Y, Ys Ye min ratio
Xg
(=By) | (=) (=P5)| :
8 2 1
Y, 5 3 3 1 0 3 0 0 4
Y, 4 14 _4 0 1 _2 1 0 —Zne
5 15 | 15 15| 5 2"
Y, 0 89 141 0 0 N . 1 —min—
6 15 15 15 05
X 0 § E 0 0 @
) 3 15 15
C| 3 5 4 0 0 0
11 17 4
S las [ ¥ [T95] T [
T J
Incoming Outgoing
vector vector

To test the optimality of the solution again compute A; for all zero variables x,,x, and

X5
2 4 41
A1=C1—CBy1=3—(5,4,0)(§,—E,E)
_3_(2_9)_2
B 3 15) 15
5 50—16)_45—34
15 15
Vs 1 2 2)
Ay=C,—Ca2%=0-(54,0)—=,-=,-=
4=C4=Co 7 =0 )(3 15" 15

5 8 17 14

(67 )




4
Also A;=C5—C, ysz_g

Since allthe A;'s are not less than or equal to zero, therefore the solution is not optimal.

Since A, is maximum of the A;'s , it follows that, o, (=) is the incoming vector.

XBr _min| 221 Y >0

= = T >
Also Y Y 1
:min{ﬂ XB3] Y. i ti
S ("= Y, is negative)
[ 89189
41] 41
=>r=3.

41
i. e. B3 (=Ys) is the outgoing vector and Ysi=as=7_

15 is the key element.

Again in order to bring Y, in place of B, (=Y,) we make the following intermediate
table.

xs |Y, [ Y Y. Ty [V
v, |2 12 |4 0 1o 0
2 | 3 3 3

v, |22 |1 [ =211 o
| 15 15 15| 5

o |22 o |o |-2]-2]+
s | 15 |[|15 15| 5

41 2
Divide the key element by 15 to get 1 at this position, then subtract 3 times of the third

4
row from the first row and adding 15 times of the third row to the second row we have,




s | Y, [ Yy [Y.]Y
w120 [+ o |2 2]
2 41 41 41 41
v, | 210 o |1 s s
3 41 41| M 41
89 2 12| 15
Yo | 75 | L 41| a1 4
The fourth simplex table in which B; (=Y;) is replaced by y, is as follows.
B Cg Xg Y, Y, Y, Y, Ys Y min ratio
BS B'] B']
wls |2l [0 o [ ]2 [
2 41 41 41 41
v, |4 | 210 |0 |1 SR A s
3 41 41 | 41 41
wls 1200 o o |-2]2]s
1 41 41 41 | 41
_ BEEEANENE
2= 0o ol | 4 |
=765/41 | ¢, |3 5 |4 0 0 0
A Bl L
I O O YR T

To test the optimality of the solution again compate A; for all zero variables x,,x; and

15 5 2 ) 4
41 41 41 41




Since all the A;'s for zero variables are negative so, this solution is optimal.

89 50 62
Hence X‘]:H!Xz :ﬂaxgzﬂ

765
and max.z=——

41

Computational Procedure for Simplex Method
Example Max z = 3x, +2x,
Subjectto X, +X, <4
X1 =Xy, <2, X4,%, 20
Answer

Step 1

Convert the given LPP into a standar form.
Max z = 3x; +2X, + 0x3 + 0x,
X1+ Xy +X3 =4

Subject to Xy =Xy +X4 =2, Xq,X9,X3,X4 20

Step 2

Construct starting simplex table. Variable which form identity matrix in starting simplex
table are basic variables, c; represent cost of basic variables.

Basic Cg — 3 2 0 0
variable cost of
B.V.cg Xg X4 Xy Xq X,
X5 0 4 1 1 1 0
X, 0 2 1 -1 0 1
Step 3
Calculate A;=Cg - X —C;
=(0)(N)+(0)(1)-3 =(0)(M+(0)(-1)-2
= — 3 =_2




Step 4 : Optimality Test

(i) If all A;=0 the solution is optimal. Alterative optimal solutio will exist if any 4,
corresponding to non basic x; is also zero.

(i) If corresponding to any — ve A, all elements of the column X, are — ve or zero (<0)
then the solution under test is unbounded.

(iii) If at least one A; <0 then solution is not optimal and therefore proceed to improve the
solution in the next step.

Step 5

Choose incoming and outgoing variable.
A, =Min§A Y <0
Let k i { J}

The correspoding variable x, is incoming varable.

Outgoing variable is decided by minimum ratio (component wise) rule.

F 2BL=Min {ﬁ/xki > 0}
Xeeo b (X

Then x;, is outgoing variable from the set of basic variables.
A =MinfA,
= Min{ay)
Since
Min {AJ-} =Min{-3,-2,0,0} =-3
j

The variable corresponding to A, = -3 is x,. Therefore X, is incoming variable and x,
becomes basic variable.

Consider component wise ratio of the values of basic variables i.e. x; and coefficient of
incoming variable x, and take its Minimum.

Min J X8k :Min{ig}zz
K| Xq 11

Corresponds to x, and therefore x, is outgoing variable.

Thus x, is incoming and x, is outgoing variable.




C 3 2 0 0 Min  x,
B.V. Cg Xg @ Xy Xy X4 Ratio x4
4
Xq 0 4 1 1 1 0 1 4
2
(%) 0 2 1 -1 o 1 H =[1]
Ly -37 -2 0 0

Step 6

In order to make x, as basic variable perform elementary row operations to convert
column corresponding to variable x, as unit vector. Here operation R, — R, will make column
corresponding to variable x, as unit vector. The position 1 in the unit vector depends upon the
position of incoming variable in basic variables.

3 2 0 0
B.V. Cg Xg X4 Xy Xy Xy
Xq 0 2 0 2 1 -1
X, 3 2 1 -1 0 1
Repeat step 4, 5 and 6.
C 3 2 0 0 Min
B.V. Cg Xg X4 @ Xy Xy ratio
2
x| 0 2 0 2 1 —1 5=
X, 3 2 1 -1 0 1 -
Aj—> 0 -5 0 3
Step4 : A, <0
X
Therefore, variable x, is incoming variable. Component wise ratio PR is {1, =}. Minimum
2

ratio corresponds to x; and x, is outgoing variable. Now make column corresponding to x, as
unit vector.
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3 2 0 0 Min
B.V. Cg Xg X4 X, Xq X, ratio

1 1

X, 2 1 0 1 E _E
1 1

X, 3 3 1 0 E E
3 1

A = —
i 0 0 5 5

Since A; =0 Vj the solution x, = 1 and x, = 3 is an optimal solution and optimal value.

Max z = 3x, +2x, = 3(3) + 2(1) =11

Example 2.9
Solve by simplex method the following L. P. problem.

Minimize Z=X,—3X, +2X,4
Subjectto 3x,-x, +2x, <7
-2x,+4x,<12
-4x,+3X%,+8x%x;<10
X4, X5, X5 20

Solution :

First we convert the problem of minimization to maximization problem by taking objective
function z'=-z.

max. Z'=—Z=—X;+3X, —2X,
Now the equations obtained by introducing slakc variables x,,x;, xs are as follows.
3X =X, +2X5+X, =7
—2X,+4 X, +0X5 +X5=12

—4 X, +3X, +8x%; +x,=10

Taking x,=x, =x,=0 we get x, =7,x; =12,x5 =10 which is the starting B. F. S.
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Starting simplex table

B Cg Xg Y, Y, Y, Y, Ys Ye min ratio

Y. 0 12 -2 4 0 0 1 0 3 —min

=0 ¢ |1 [3 |2 |o 0 0

A -1 3 -2 X X X

A;=c,;=cgy,=-1-(0,0,0)(3,-2,-4)=-1
A,=C,—Cg¥,=3-(0,0,0)(-14,3)=3
Az=C3—-Cgy;=—2-(0,0,0)(2,0,8)=-2

Since all the Ajare not less than or equal to zero therefore the solution is not optimal.

A, is maximum.

Hence the incoming vectoris o, (=y,) and by mini ratio rule outgoing vector is

B (=Ys)-

Therefore key element =y,, =a,, =4

In order to b ring o, (=Y,) in place of B,(=ys) the inter mediate table is as follows.

xs | Y, |l ol vsl Yol Yo | v

Y, |7 |3 | 1| 2 1 o |o

Y, [12 |24 [0 |o 1 0

Ye 10 -4 3 8 0 0 1
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Xg Y, Y, Y, Y, Ys Ys
Y 10 > 0 2 1 1 0
4 2 4
Y. 3 —1 1 0 0 1 0
2 2 4
Y, 1 2 0 8 0 3 1
6 2 4
Second simplex table
B Cg Xg Y, Y, Y, Y, Ys Y min ratio
Xs
Bz B1 Ba Y1
Y, 0 10 > 0 2 1 1 0 4 mi
4 5 4 min
Y. 3 3 A 1 0 0 1 0 6
5 5 4 -6 neg.
Y, 0 1 2 0 8 0 3 1 -—ne
6 2 4 g
X 0 3 0 10 0 1
C; -1 3 -2 0 0 0
1 3
A — R 2
i 5 X 2 X 7| x
T \!

A5:c\,,—cBys:O—(O,S,O)(l L 3)

5 1 5

A1:c1—cBy1:—1—(0,3,0)(—,—— -=

2" 27 2

4’4"

&

Ay =Cy —Cgys =—2-(0,3,0)(2,0,8)=-2

4

Since all the A; are not less than or equal to zero the solution is not optimal.

75 )




1. .
Here A1=§ is maximum.

Therefore y, is the incoming, vector and by the minimal ratio rate we find that 8, (=y,)
as the outgoing vector.

Therefore key element =y =7

N[O

In order to to bring y, in place of B, the inter mediate table is as follows

Xg Y, Y, Y, Y, Y. Ye
5 1
Y, 10 5 0 2 1 1 0
1 1
Y, 3 5 1 0 0 1 0
5 3
Ye 1 5 0 8 0 7 1

xs |, || Y [ Y. | Y |Y

v, [« |+ Jo |2 |21 0
1 5 5 10

Y, |5 0 1 1 Tl 20
2 5 10

Y, |11 |o 0 i3 |2 | 2]
6 2 2
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Third simplex table

B Cg Xg Y, Y, Y, Y, Ys Ys min ratio
Py P2 Ps
Y. -1 4 1 0 4 2 1 0
! 5 5 10
Y. 3 5 0 1 1 1 3 0
2 2 10
Y 0 11 0 0 13 g —% 1
Z'=Cg X5 X; 4 5 0 0 0 1
=11 o -1 3 -2 0 0 0
21 11 41
B R B T i

Ay=cy-Cg Y, :—2—(—1,3,0)(%,1,13):_2

5
2 15 11
Ay=Cy—Cg Y, =0-(-13,0)[ £, =,2 |=——
4 =Ca=0p Ya =0~ )(5 22) 10
1 3 19) 41
Ag=Cs—Cg Ys=—0—(=13,0)| —, =,—— |=——
5=0 %% Ts ( )(10 8 8) 40

Since all A;'s for all non zao variables are negative so this solution is optimal.
Optimal solution is

X, =4,X,=5,X,=0
and max. zZ=11

Hence minz=-11

Example 2.10
Using simplex algorithm to solve the problem.
max. Z=2X,+5X, +7 X,
subject to 3X,+2x,+4x,;<100

X, +4 X, +2x, <100
D




X, +X, +3 X5 <100
Xy, X5, X5 20
Solution :
The equations obtained by introducing slack variables x,,x.,x, are as follows.
3X,+2X,+4x,+x,=100
X, +4 X, +2X; +X; =100
Xy +X, +3 X5 + X5 =100
Take x,=X%,=%,=100
Therefore starting B. F. S. is
X, =100,x; =100, x, =100

Starting simplex table

B Cg Xg Y, Y, Y, Y, Ys Ye min ratio

Y, 0 100 | 3 2 4 1 0 0 25 min

Ys 0 100 | 1 4 2 0 1 0 50

Ye 0 100 | 1 1 3 0 0 1 0

=0 o 2 5 7 0 0 0
A; 2 5 7 X X X
T )
in out

Ay=c;—Cgy;=2-(0,0,0)(3,11)=2
A,=C,—Cgy,=5-(0,0,0)(2,4,1)=5
Ay=C3—Cgy,=7-0=7

Since all A; are not less than or equal to zero for zero variables, so the solution is not
optimal.
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Since A, =7 is maximum therefore o, (=Y3) is the incoming vector.
By the min ratio rule
X :
min{ 2L y.. >0 _100_o5 fori=1
i3 4
Therefore B, (=y,) is the outgoing vector. Therefore the key elementis y,, =a,; =4.In

order to brings B, in place of o, we divide the first row by 4 and then subtract 2 and 3 times of
this row from the second and third rows respectively.

Thus the second simplex table is as follows.

B Cg Xg Y, Y, Y, Y, Ys Ye min ratio

Xg
B1 BZ BB y2
v, |7 25 |2 [21 ]+ Tlo o |so
3 4 |2 4
v, [o |50 | 213 |o U P P =
5 2 2 3
v, [o |25 | 2|20 Sl |+ 50
6 4 | 2 4 ~uUneg.

X; 0 0 25 0 50 25

13| 3 7

A —— | = _—

J a2 | * 4 |* |7
T \!
incoming
vector

For above simplex table
3 1 5 21

A1 =C1 _CB y1 22—(7,0,0)(2,—5,—2)22—7

13

A:
!
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1 1 1 3

A,=C,— =+5-(7,0,0)| =,3,——= |=5-——==—

2=Co—Cgyy =+5—( )(2 2) 55
1 1 3 7
A= :0_ 71010 T
4=Cy CpY4 ( )(4 5 4) 4

Since all A; are not less than or equal to zero so the solution is not optimal.

3
Here A, =3 is max.

Therefore y, isincoming vector and by min ratio rule we find that 8, (=ys ) is the outgoing
vector. Key element is 3. Intermidiate table is :

X Y, Y, Y, Y, Ys Yo
Y. 25 3 1 1 1 0 0
3 4 2 4
Y, 50 1 3 0 A 1 0
5 2 2
Y, 25 s A 0 3 0 1
6 4 2 4
The third simplex table is as follows.
B C. | X Y, Y, Y, Y, Y. | Y, | Min
50 5 1 1
Y, 7 ? g 0 1 5 —g 0
50 1 1 1
Y, 5 ? —g 1 0 —g 5 0
100 4 5 1
S R R I | s ]ls |
X 0 5—0 5—0 0 0 @
j 3 3 3
C| 2 5 7 0 0 0
3 1
A, -3 X X —E _E X




5 1 4
A=C,—CyY,=2-(7,50)2,-~ -2 |=_3
1=C1=Cg Y, =2( )(6 5 3)
A4=C4—CBY4:o_(7,5,o)(%,_l,_1):_%

111 1
AS :C5 _CB Y5:0_(7,5,0)(—g,§,§):—§

Since all A; for zero variables are negative, this solution is optimal.

. L 50 50
Optimal solution is X;=0,X, =?,X3 =3 and Max. z=200.

Complete solution with all computational steps is conveniently represented in the following
example.

Example :
Solve Max z =7x, +5X,
Subject to Xy +2X, 6, 4%, +3%X, <12, X{,X, 20
Solution :
Max z =7x, +5x,
Subject to X1+ 2Xy + X3 =6, 4% +3X5 +0X3 + X4 =12, X4,X5,X3,X4 20
G 7 5 0 0 Min
Xg
B.V. Cg Xg X4 X, Xy X4 ratio 7.
Xy 0 3 1 2 1 0 6
< x, 0 12 4 3 0 1
A, -71 -5 0 0
Xy 0 3 0 g 1 —%
3 1
X 7 3 1 2 0 7
A — 0 +l 0 7
4 4




Since A; =0 Vj the solution is optimal solution.
X, =3, X,=0and Max z=7(3) + 5(0) = 21.
Artificial Variable Technique

If starting simplex table do not contain identity matrix, we introduce new type of variables
called artificial variables. These variables are fictitious and donot have any physical meaning.
This is only a device to introduce identity matrix in starting simplex table and to get basic
feasible solution so that simplex method may be adopted. Artificial variables are eliminated
from the simplex table as and when they become zero.

Two Phase Simplex Method

The process of eliminating artificial variables is performed in phase | and phase Il is
used to get an optimal solution.

Computational Procedure of Two Phase Simplex Method
Phase |

In this phase the simplex method is applied to LPP with artificial variables leading to a
final simplex table containing a bsic feasible solution (BFS) to the original problem.

Step 1

Assign a cost — 1 to each artificial variable and cost 0 to all other variables.
Step 2

Solve by simplex method until either of three possibilities do arise.
(i) If Max z* < 0, given original problem does not have any feasible solution.

(i) If Max z* = 0 and atleast one artificial variable appears in the optimal basis (basic
variable in last simplex table) at zero level then proceed to Phase |l

(iii) If Max z* = 0 and no artificial variable appears in the optimal basis proceed to Phase Il.

Phase Il

Assign the actual cost to the variables in objective function and zero cost to every artificial
variable that appears in the basis. This new objective function is now maximized by simplex
method with last simplex table of phase | as starting simplex table with actual cost values.

Example 1
Solve the following problem
Max z = X, + X,
Subject to 2X1+X, 24

X{+7X 27, X4,X, 20
C82)
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Solution :
Convert the given problem into standard LPP.

Max z = —x; — X,

X1

21 1 0|x| (4

ie. 17 0 —1x3| |7
X4

Since coefficient matrix donot contain identity matrix, we have to solve this problem by
two phase method by introducing artificial variables.

Phase | Max z* = —1a, —1a,
Subject to 2X1+ Xy — X3 +a,; =4

Xy +7Xy — X4 +85 =7, X4,X9,X3,X4,84,85 20

0 0 0 0 -1 -1 Min
B.V. Cg Xg X X, X5 Xy a, a, Rato
a, —1 4 2 1 —1 0 1 0 4
—a, | -1 7 1 0 —1 0 1

A -3 -8 1 1 0 0
13 1 1 21
<« a, -1 3 7 0 -1 7 1 —7 E
0 1 1 1 0 A 0 1 7
%2 7 7 7
B 0 ’ 1 0 8
7 7 7
0 21 ’ 0 e 1 ’ 1
X4 13 13 13 13 13
0 10 0 ’ 1 2 1 2
%2 13 13 13 13 13
0 0 0 0 0 1




Since A;=0 Vj, an optimum basic feasible solution to the auxiliary LPP has been

attained.

21 10

x1zﬁ, XZ:E, X3 =X4=a;=a,=0.
By step 2 (iii) proceed to Phase Il.

Phse Il
Remove column of a, and a, from last simplex table. Starting simplex table will be last
simplex table of phase |. Whereas objective function is a function given in original problem.

Max z = —x; — X,

c, —1 —1 0 0
B.V. Cg Xg X Xy Xq X,
x A 1 0 _ 1
1 13 13 13
o e, 2
%2 B 13 13 13
6 1
R ° 3 3

Since A; =0 Vj, an optimum BFS has been attained.

23 10

X1 :E, X2 :E

Min z =X, + X,

23,10 33
13 13 13
Example 2
Max z = —x; + 2X, + 3X3
Subject to —2X1+ Xy +3X3 =2




Solution :

Though constraints are in the form of equations coefficient matrix do not contain identity
matrix and therefore one has to introduce artificial variables and solve by two phase simplex
method.

Phase |
s.t. —2X{+ Xy +3X3 +a,=2
2X1+3X2 +4X3 +32:1, X1,X2,X3,a1,32 20
G 0 0 0 -1 -1 Min
B.V. Cg Xg X X, Xq a, a, ratio
21
a, -1 2 -2 1 3 1 0 ?

A 0 —4 —71 0 0
5 7 5 3

o -tz | 2 ¢ 1 2
%3 4 2 4 4
4 2 0 0 4

2 4 4

Since all A; = 0, an optimum BFS to the LPP has been attained.

But Max z*:—a1—a2:—g<0

Therefore (by step 2(i) of phase |) original problem does not possess any feasible solution.




Alternatively example 1 can be solved as follows.

Example 2.11
Solve the following L. P. problem
Min. Z=X,+X,
subject to 2x,+X%, 24
X, +7X,27,  X,X,20
Solution :

First we convert the problem of minimization to the maximization problem by taking the
objective function z'=-z i. e.

Max. Z'=-z=-x,-Xx,
Introduction of surplus variables x, and x, in the given inequalities yields.
2X+ Xy, — X3 =4
Xy +7 Xy =X, =7
Here we can not get the starting B. F. S. so we introduce the artificial variables (positive)
Xs and Xg.
The above equations may be written as
2X + Xy — X3+ X5 =4
Xy +1 Xy =Xy +Xg =7
The problem will be solved in two phases.

Phase : 1
This phase consists of the removal of artificial variables.

Taking x,=x,=x;=0,x, =0 we get x; =4 and x;=7.

We construct the first table as follows.

Table 1
xs | Y, | Ll Yo Y. | A®G)| A®B)
A, |4 2 1 4]0 1 0
A, |7 1 7 0 4 | o 1->
x| 0 0 0 0 4 7
T \’




First we shall remove the artificial variable vector (columns) A, and A, from the basis

matrix. In place of artificial variable vector the entering vector should be so chosen that the
revised solution is non negative (B. F.) solution.

We can remove A, and introduce y, in its place in the basic matrix. For this we divide
the second row by 7 and then subtract it from the first row. Thus we get the following table.

It maybe seen that if y,,y,,y, is entered in place of A, then the revised solution is not
non negative. So we can not enter either of them, in place of A, . Since artificial variable x,
becomes zero, we forget about A, for ever and will not consider it in any other table.

Xg Y, Y, Y, Y, A, A’

(B2) (B1)
A 3 13 0 1 1 1 N
1 7 ) 7 7
v |1 2010 -3 o [2
2 7 7 7

Now we proceed to remove A, and introduce vy, in its place in basic matrix. For this we

7 1
multiply first row by 13 and subtract 7 times of this new row from the second row. Thus we get

the following table.

Table 2
xs | Y, |y, [v. |y, [Ax
B:) | (B2)
21 [ 0 AN N A
Yi 13 13|13 |13
101, ’ U I
Y2 | 33 13 91 | 13
X 21110 1, 0 0
] 13 13

Since the artificial variable x, becomes zero we forgetabout A, and will not consider it
again.
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Thus we get the following solution in phase (1)

21 10
Xi ===, X, =-—,%X3=0,%x,=0
113772 3
Which is the B. F. S. with which we proceed to get the optimal solution by simplex
method.
Phase (Il)

The starting simplex table

B Cg Xg Y, Y, Y, Y, Min. ratio
B (B2)
Y 1 21 1 0 LA
1 ) 13 13| 13
v,| 4 | Opo |4 | 1] -1
2 [ 7 13 13 91
' 21 10
Z'=Cg Xg X; 13 13 0 0
——ﬂ c 1 1 0 0
13 J ) )
6 7
A | =
il X X 13| o

7 1 6
Ay =Cy—Cg y3:0—(—1,—1)(_ﬁ,ﬁjz_E

1 14 7
A,=C4—Cq y4:0_(_1’_1)(ﬁ=_a):

Since A; s for all zero variables are negative so the solution is optimal.

Therefore the optimal solution is

x =21 10 4
17327z @n

in 2= a2 -3
IN.Z=-max. zZ —13




Example 2.12

Solve the following L. P. Problem

Max. Z=X;+2X, +3 X5 =X,

Subject to

2X,+X,+5x%5; =20
X, +2X, + X5 +X, =10

Xy, X5, X5, X4 20

Solution :

In order to get an identity matrix we need two more columns of the unit matrix as one
column of unit matrix (coeff. of x, ) is present in the constraints.

Thus we need only two artificial variables in the first two contraints. Introducing the

X;+2X,+3%X3=15

artificial variables x, and x; we have,

X, +2X,+3X%X;+0.%X, +%X5 =15
2X +X,+5X%;+0.x, +%X5 =20

X, +2X, + X5 +X, =10

Phase (1)

Taking x,=x,=x,=0 we get x, =10,x; =15,x,=20..

First table
Xg Y, Y, Y, Y, A, A,
Bs) | (B | (B2)
A, 15 1 2 3 0 1 0
A, | 20 2 1 5 0 0 1 -
Y, |10 [ 1 2 1 1 0 0
X; 0 0 0 10 15 20
T \!

First we remove the artificial variable vector A, and introduce y, inits place.

For this we divide the second row by 5 and subtract it 3 and one times of it from the first

and third rows respectively.
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Thus we get the following table.
Second Table

xs | Y, | |l s v. | A | A

Al s | 2L o o |1 3

1 5| 5 5
vvla | 2|21 o |0 |2

3 5 | 5 5
s [ 22 o |1 |o |1

¢ 5 | 5 5

1

Now the artificial variable x; =0 so we shall not consider it again. Again we remove the

5
artificial variable vector A, and introduce vy, inits place. For this we multiply first row by 7 and

1 9
then subtract its E and E times from the second and third rows.

Thus we get the following table.

xs | Y. Y. | Ys | Y. | A
(Bs) | (B2) | (Ba)

v, |22 o |o |2

2 | 7 7 7
v, |22 o |1 |0 |2
N 7
v [ 218 Jo [0 |1 |-2
S 7

« o 212515 |,

J 7 |7 |7

Here the artifical variable x, =0. We shall not consider it in the other table.

(90




Thus we get the following B. F. S. with which we can proceed, for the optimal solution by
simplex method.

x—0x—1—5x—2—5x _15
179X =2 X = X =
Phase ()
The starting simplex table is as follows.
B Cs Xg Y, Y, Y, Y, min ratio
X8
B B, Bs Y,
Y. 2 LN B 1 0 0 14
2 7 7 - (neg.)
Y. 3 2—5 E 0 1 0 é
° 7| 7 3
Y. I N - 0 1 2 (min)—
f 7| 7 2
X 0 1_5 2_5 1_5
: 7 7 7
Cj 1 2 3 -1
6
A, 7 X X X
T i
136) 6
A=c,—czx Y, =1-(23,-1)| —=,=,= |==
=01 Y =1 )( 7'7 7) 7

Since all A; are not less than or equal to zero so the solution is not optimal.

Here y, is the incoming vector and by minimum ratio rule we find that y,, is the outgoing
vector.

6
Therefore key element Y34 =7

7 1
In order to bring y, in place of y, multiply third row by 6 and then add its 7 times in

3
first row and subtract 7 times from the second row.




The second simplex table is as follows.

B Cg Xg Y, Y, Y, Y, min ratio
Ps | B B>
Y. 2 2 0 1 0 1
2 2 6
Y. 3 2 0 0 1 .
3 2 2
Y 1 ° 1 0 0 U
! 2 6
5 5 5
Z=CgXg X; 5 5 5 0
=15 C; 1 2 3 -1
A, X X X -1
1 17
Ay=C,—Cgy,=1-(231)| =,— =, = [=-1
4 4 By4 ( )(6 2 6)

Since A, for zero variable is negative so the solution is optimal.

Optimal solution is

X—éx—éx—é nd m =15
1—2=2—2, 3—28 ax.z= .
Example 2.13
Using simplex algorithm solve the L. P. problem

Min. z=4x, +8X, +3 X,

Subject to X, +X, 22
2X,+Xy3 25
Xy, X, X320
Solution :

First we convert the problem of minimization to maximization problem by taking z'=-z.

max. z'=-z=-4x,-8Xx,-3X%,

(2




Introducing the surplus variables x,,x, the equations obtained are
Xy +X, +0.X; =X, =2
2X,+0X, +X;3 —%X5 =5

The columns of x,and x, form a unit matrix. Therefore there is no need to introduce
the artificial variables.

Taking x,=0,x, =0,x; =0 we have
X, =2,X, =5 as starting B. F. S.

Starting simplex table

B Cg Xg Y, Y, Y, Y, Ys min ratio
Xg
()| B B)| (oa)| (as) Y,
Y, -8 2 1 1 0 -1 0 2min —
5
Y, -3 5 2 0 1 0 -1 5

| 4 |8 | 3|0 |o
Aj 10 X X -8 -3
T J

A;=c,—cgy,=—4-(-8,-3)(1,2)=10
A,=C,—Cgy, =0—(-8,-3)(-10)=-8
A5 =C5—Cgys =0—(-8,-3)(0,—-1)=-3
Since all A; s are not less than or equal to zero so the solution is not optimal.
Max.A;=10=A,
.. Entering vectoris o, (=y,) and by minimum ratio rule we find that outgoing vector is

Bi(=y2)-

Therefore key element is y,,=1.
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In order to bring o, in place of 3, we subtract 2 times of the first row from the second
row.

Second simplex table is

B Cg Xg Y, Y, Y, Y, Ys min ratio
X
(5) (B.) ’.
Y, -4 2 1 1 0 -1 0 -2 neg.
1T
Y, -3 1 0 -2 1 2 -1 5 min >

C; -4 -8 -3 0 0
A, X -10| x 2 -3
\ T

A, =C, —CgY, :_8_(_47_3)(1’_2):_10
Ay=C4—Cgy, =0—(-4,-3)(-12)=2

Ag=Cs—Cgys=0—-(-4,-3)(0,-1)=-3

Since all A; s are not less than or equal to zero this solution is not optimal.

Since Max A;=A,, the incoming vector is y, and by the minimum ratio rule we find that
the outgoing vector is y; (=B,).
Key element = 2

In order to bring y, in place of y, we divide the second row by 2 and then add it to the
first row.
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Third simplex table is

B Cg Xg Y1 Y2 Y3 Y4 Y5 min ratio
(B1) (B2)
Y 4 > 1 0 1 0 1
1 i 2 2 2
y 0 1 0 : 1 : 1
4 2 i 2 2
é 10 0 1 0
% 2 2
G -4 -8 -3 0 0
A X -8 -1 X -2

A, =C, —Cgy, =-8-(-4,0)(0,-1)=-8

A3 =C3 —CgY;3 2_3—(—470)(1 1)=—1

22
1 1
As =C5 —CgY5 =0-(-4,0) 27 2)7

Since all A;'s are negative, this solution is optimal.

So the optimal solution is

X1 Zg,X2 =0,X3 =0

and minz=-(max.z') =10




DUALITY THEOREM
INTRODUCTION
We have considered the L. P. Problems in which by minimum ratio rule we get only one

vector to be deleted from the basis. But there are the L. P. Problems where we get more than
one vector which may be deleted from the basis.

e
Thus if min{ﬂ,yik >0} (a, isincoming vector)
ik

occurs at i=iy,i,,.. i

i. . minimum occurs for more than one value of i then the problemis to select the vector
to be deleted from the basis (If we choose one vector say B, (i is one of i,,i,,...,i; ) and delete it
from the basis then the next solution may be a degenerate B. F. S. Such problem is called

problem of degeneracy.

It is observed that when the simplex method is applied to a degenerate B. F. S. to geta
new B. F. S., the value of the objective function may remain unchanged i. e. the value of the

objective function is not improved.

The procedure for such problems of degeneracy is as follows.

min (XBi)
Let i —y Yik>0¢ occur at i=igin,...,1g

ik
where o, =y, is the incoming vector.

Let |1 :{i1’i2""’is}

1) Renumber the columns of the table starting with the columns in the basis. Let
Y1, Y,,--- etc. be the new numbers of columns. Let y; be the new number of
entering vector y, i.e. y, =Y,.

2) Calculate MIN y_ Viel; If minimum is unique then delete the corresponding

ik

vector from the basis.




3)

4)

Example 1

If minimum is not unique then proceed to the next step.

Calculate mini{&}w el, where 1, is the set of all those values of iel,, for
Yik

which there isa tiein I,. Clearly I, cl, .

In this case if minimum is unique then correspondng vector is deleted from the
basis. If in this case also, minimum is not unique proceed to the next step.

Compute mini{&}v iel; where 1, is the set of those values of i€ 1, forwhich
Yik

there is a tie in (3) clearly 1, cl, cl,.

Proceeding in this way we can get a unique minimum value of i i. e. the unique
vector to be deleted from the basis.

Solve the L. P. Problem

Max. Z=—X; =150 X, + —X3 — X4
: 1 1
Subject to Zx1—60x2—gx3+9x430
1 1
X5 <1
and X,,X,,X5,X, 20
Solution :

Introducing the slack variables in the constraints we get the following equalities

LIV
2

2

1

1 1

X5+ X, =1

Taking x,=0,x,=0,x;=0,x, =0 we have

X5 =0,%Xg =0,%x; =1




Which is the starting B. F. S.
Starting simplex table

B Cg Xg Y4 Vs Yo Iz \Z Y Y3 Min ratio
X
V2 Yo Y3 \ Vs (B1)| Ye(B2)| Y7 (Bs) y_1
0 0 1 60 —i 9 1 0 0 0
Ys 4 | 25
0 0 l 90 —i 3 0 1 0 0
Yo 2 | 50
Yy, 0 1 0 0 1 0 0 0 1 -
Z=Cg Xg X; 0 0 0 0 0 0 1
3 1
=0 C; Z -150 % -6 0 0 0
3 1
A Z -150 % -6 0 0 X
T l

3 11 3
A1 =C;—Cg Y, :Z—(0,0,0)(Z,E,O):Z

A,=C,—Cg Y, =—150-(0,0,0)(-60,-90,0)=-150

1 1 1 1
AS =C3—CpY; :E_(O’O’O)(_E’_E"]): E

A4 =C4 _CB y4 2_6_(0,0,0)(9,3,0)2_6
Since all A; are not less than as equal to zero therefore the solution is not optimal
3
and maxaA, :Z:A1

Therefore incoming, vectoris y, and

min ) XBi . ,
i y—,yi,->0 is not unique.




This minimum is 0 and occurs fori=1andi= 2.
This problem is a problem of degeneracy.
Therefore to select the vector to be deleted from the basic we proceed as follows.
1) First of all we renumber the columns of above table as follows.
Let Y1=Y5Y2=Ye ¥Y3=Y7

Ye=Y1=Y5=Y2,Y6 =Y3 Y7 =VY4
2) Since minimum ratio occurs for
i=1andi=2itfollows that

l,={12}

Incoming vectoris y,=y, k=4 fori=1,2
In;lrl1 ?_‘1 zmin{&,&}
Yia Yisa You

1.0 =min{4,0}

_o=Yer
You

This minimum is unique and occur for i = 2. Therefore the vector to be deleted (i. e. the
outgoing vector) from the basis is y, (=B,)=Ys .

1
Therefore key elementis Yy, =5

1
Therefore in older to bring y, in place of y, we divide the second row by 5 and then

1
subtract 2 times of this row from the first row.




Second simple table

B Cg | Xs Yi | Y2 Ys | Ye | Vs Yo % Min ratio
X8
(BZ) (B1) (B3) Y3
3115 1
Vs 0 0 0 -15 “700l 2 1 5 0 --
g 0 1 180 —l 6 0 2 0
d 4 ) 25 -
Y, 0o | 1 o |o 1 o | o 0 1 1 (Min) >
x | o |o |o |o |o 0 1
c g 150 i 6 0 0 0
: 4 | 50 |
1 21 3
A - — i _=
i 151 % 2| © 2 X
T 2
Incoming Outgoing
Vector Vector

3

Ap=C,—Cq Y2:—150—(0,Z,0)(—15,—180,0)2—15

|

1 3 3
A;=C,—C =+——0,—-,0|| -——,——,
370 "% Y = g, ( 4 )( 100" 25

3 15
A,=C,—C =-6-/0,—,0|| —,6,0 |=
4=C4—Cg Yy ( 4 )(2 )

3
Ag=Cg —Cg yGZ_E

20

Since all A; are not less than or equal to zero therefore the solution is not optimal.

1
Max. Aj:E:AQ,




1
Therefore incoming vector is 3 and by minimum ratio rule we find that the outgoing

vector is y, (=B,).

Yo3=—

o X : - Xe X2 3
(In considering ,— we need not consider the ratios and since Y13 =—,—— and
Ys Y13 Y3 100

1
—— are both negative.)

25

Therefore key element y,, =1.

3 1
In order to bring y, in place at y, (B;) we add 100 and 25 times of the third row in the

first and second rows respatively.

The third simplex table

B Cg | Xg Y1 Y2 Y3 Ya Ys Ye Y7
(B2) (Bs) (B1)
0 31, 5 | o B I
Ys 100 - 2 2 | 100
3 L 1 180 | O 6 0 2 L
Y1 4 25 ) 25
a 1 0 0 1 0 0 0 1
y3 50
X 1 0 1 0 3 0 0
j 25 100
c = 150 1 6 0 0 0
J 4 ) 50 |
A 15 A BEA
X ) X 2| * 2 20




3 1 1 3
Ag = - :0_ 0’_’_ __’2’0 =—x
6=C ~CaYe ( 4 50)( 2 j 2

3 1\ 3 1 1
A = - :0_ 0’_’_ _1_’1 =T~
AR ( 4 50)(100 25 j 20

Since all A;<0 thesefore the solution is optimal and the optimal solution is

Xy =——

1
Max. z=—
and 20

DUALITY
Introduction

Every L. P. Problem is associated with another L. P. Problem called the dual of the
problem. Consider a L. P. Problem

Max. Z=CyX{+Cy X, +...+C X,
Subject to Qg1 Xy +a4p Xy +...+ 34, X, <b,
Ayq Xy +8g Xy +... 485, X, <by
A X +8mo X +...+ @0 X, <by,
and Xqy Xg,eeny Xy 20,
where the signs of all parameters a, b, c are orbitary.
Then the dual of this problem is defined as
Mini Z =b,w,+b,w, +...+b W

Subject to A Wy +ayW, +...+3,4 W, >Cy

and a;, Wy+a,, Wy +...+a,, W, =C,

and w,,w,,...,w, >0

m

where w,,w,,...,w,, are called the dual variables.




Also problem (1) is called the primal problem.

In a matrix notation a L. P. Problem is
Max. z=¢cX
Subjectto Ax<b

and x>0
and its dual is defined as
Min z* =b'w

Subjectto A'w>c'

and w=0
Wy
W,
Where w =
w

m

and A',b',c' are the transposes of the matrices A b and ¢ respectively.

It is obvious from the definition that the dual of the dual is the primal itself.

It is important to note that we can write the dual of a problem if all its constraints involve
the sign <.

If the constraint has a sign > then multiply both the sides by - 1 and makes the sign <.

If the constraint has a sign = for ex. dayx=b (3)
=1

then we can replace it by two constraints involving two inequalities i. e.

Za” x<bp (4)
j=1
;aij xz0p (5)

5) may be written as




Standard form of the primal

The L. P. Problem is in standard primal form if

1)
2)

It is a problem of maximization and

All the constraints involve the sign <.

Relationship between two problems (Primal and dual)

The two problems (primal and the dual) are related to each other in the following manner.

1)
2)

3)

4)

5)
Example 2

If one is a maximization problem then the other is a minimization problem.

If one of them has a finite optimal solution then the other problem also has a finite
optimal solution.

From the final simplex table of one problem the solution of the other an be read

from the A; row below the columns of slack and surplus variables as follows.

The Aj's(Aj =c;—-2;=C;—Cg ;) with the sign changed for the slack vectors in

the optimal (final) simplex table for the primal are the values of the corresponding
optimal dual variables in the final simplex table for the dual problem.

The optimal values of the objective functions in both the problems are the same
thatis Max.Z, =MinZ, .

If one problem has an unbounded solution then other has no feasible solution.

Write the dual of the problem

Mini. z=3x, +x,

Subject to 2X,+3x,22

and

Solution:

Xq+X, 21

Xq X, 20

First we write the problem in standard primal form as follows.

Max. z'=-3x,-Xx, Where z'=-z

Such that -2%x,-3%,<-2
and — X=X, <=1
and Xy, X, 20

which may be written as




Maxz'=[-3,-1] [?
2 |

-2 =3 x -2
Such that <
-1 -1 ][x] [-1

and x,,x,>0

The dual of the given problem is given by

Mini. z*:[—2,—1}[w1}

-2 —1||w, S -3
suchthat| 5 _4 w, || 1

and w,,w, >0
or mini. z'=—zw,-w,
such that 2w, -w,>-3
-3w,—w,>-1
Example 3
Write the dual of the problem
miz. z=2X,+5X,
such that Xy +Xy 22
2X,+X,+6X%X; <6
X=X, +3X;=4
and X,X,,X3>0.
Solution:

First we write the given problem in standard primal form as follows.

1) The objective function is changed from minimization to maximization.
i.e. Maxz'=-2x,-5x; where z'=-z

2) The sign of first constraint is changed to < by multiplying both sides by - 1 and

3) The third constraint is replaced by two constraints.

X, =X, +3 X5 <4




and  X;—X,+3X;>4
The second may be written as
—X;+X,—=3X;<-4

Thus the given problem in standard primal form is as follows.
Max. z'=0x,-2Xx, —5X;
subject to —X;—X, <2

2X,+X,+6X%X; <6

Xy =X, +3X5;<4

—X;+X,—=3X;<-4

and Xx;,X,,X; >0

X4
i.e. Max.z'=[0,-2,-5]| X, |
X3
-1 -1 0 2
X4
- 2 1 6 « <6
such that 1 _1 3172174
X3
-1 1 -3 —4

and X,,X,,X3,X, 20

Therefore the dual of the given problem is given by

Wy
'\
Miniz" =[2,6,+4,-4] *
W3
Wy
Wy
-1 2 1 -1 0
Wy
htht—1 1-1 1 > -2
'\
suehthatl o 6 3 —3||"*| |-5
Wy
and w,,w,,w,,w,>0
(106>




or Min. z'=2w,+6w,+4w,-4w,
such that W, +2W, +W;-w, >0
W, +W, —Wy+W, >-2
Ow,+6w,+3w;-3w,>-5
and w,,w,,w,,w, >0

Example 4

Apply the simplex method to solve the following
Max. z=30x, +23 X, +29 x4
s.t.  6x,+5x,+3x;<26
4X,+2X,+5%X5 <7
and x,,%X,,x,20 (1)

Also read the solution of the dual of the above problem from the final table.

Solution:

Introducing the slack variables x, and x, ,we have
6 X,+5X, +3X; +X, =26

4%, +2X, +5X5 +X5=7

Taking x,=x,=x;=0 we have x, =26 and x; =7,

which is the starting B. F. S.




Starting Simplex Table

XB
B Cg Xg Y, Yo Y, Y4 Ys Min. Ratio. y_1

13
Y4 0 26 6 5 3 1 0 3

7 .
Ys 0 7 4 2 5 0 1 Z—>M|n
Z=CgXg X; 0 0 0 26 7
=0 C; 30 23 29 0 0

A; 30 23 29 X X

T \!

Incoming Outgoing

A;=c,-cgy,;=30-(0,0)(0,4)=30
Similarly A,=23,A,=29
Since all A; are not less than or equal to zero therefore the solution is not optimal.
Max. A;=30=A,

Hence o, (=Y,) is incoming vector and by minimum ratio rule we find that y, (=B, ) is
outgoing vector.

Hence the key element y,,=a,,=4.




Second simplex table

XB
B Cg Xg Y, Y, Ys Ya Vs Min. Ratio. E
(B2) (B+)
o |3 e 1, |0, | e |2
Y4 2 2 2 |
30 ! 1 1 > 0 1 Z—>
Yi 4 2 4 4 8
7 31
Z=CgXg X; n 0 0 > 0
105
ZT C; 30 23 29 0 0
17 15
A, X 8 5 |X Y
l T
1
AZ:CZ—CBy2:23—(0,30)(2,§):8
95 17
A;=C,—C =29-(0,30)| ——,— |=——
3=C3-CgY; ( )( > 4) >
=29-375=-85
31 15
A =c.—C =(0,30)| -—,— |=——
5=C5—Cg Y5 =( )( > 4) >

Since all A; are not less than or equal to zero so the solution is not optimal. Here y, is

insuming vector and vy, is out going vector.

1
The key elementis Y, )




Final simplex table

B Cg Xg Y4 Y, Y, Y4 Ys Min. Ratio.
o | | 4 o By -2
Ya 2 | - 2 2
23 Z 2 1 é 0 l
Y2 2 2 2
7 17
Z=CgXg X; 0 E 0 7 0
161
:T C; 30 23 29 0 0
57 23
Aj 16 X —7 X —7

Ay=cy—-Cgy,=30-(0,23)(-4,2)=-16

A3=C3—CgV; :29—(0,23)(——,_ =

51 23
Ag=Cs—Cg Y5 :0—(0,23)(—5 —):——

Since all Ajare < 0 the solution isoptimal.
Therefore optimal solution is

7 161

To write the dual of the problem.

The given problem may be written as :

X4
Max. z=[30,23,29]| x, |,
X3

X
6 5 3] "| [26
suchthat|4 2 5 X2 = 7
X3

and Xx;,X,,X; >0




Therefore the dual of the given problem is given by

Miniz" =[26,7] [W1 }
Wy

6 4 30

5 21 |>|23
such that w, |
3 5 29

where w,,w, >0

OR
Min.  z'=26w,+7w,
s.t. 6w,+4w,>30
Sw,+2w,>23
3w, +5w,>29
where w,,w, >0
The dual problem (2) may be written as
Max. z =-26w,-7w,
s.t. 6w, +4w,-w;+wg=30
SW,+2wW,-w, +w, =23
3W,+SW, -Wgz+Wg =29

and  w,,w,,...,wg20

Where w,,w,,w, are surplus variables and wg,w,, w, are the artificial variables.

Now we obtain the solution of the above problem by simplex method.




1)

2)

3)

4)

Solve the L.P. Problem
Max. z=3Xq+5xX, +4xX;
Subject to, 2X,+3%x, <8
2X, +5%53 <10
33X+ 2X, +4%x5 <15
and  Xq,Xp,X3 20
Solve by simplex method the following L. P. Problem
Minimize z=Xx;—-3X, +2X3
Subject to, 3Xq— Xy +2X3 <7
—X;y +4x, <12
—4x4 +3X, +8x3 <16
X4,Xp,X3 20
Solve the following L. P. Problem
Minimize z=x,+Xx,
Subject to, 2X,+x, 24
Xy +7TXy 27
X4, X, 20
Using the simplex method to solve the following L. P. Problem
Max. z=X;+2X, +3X3 — X4
Subject to, X1+ 2Xy +3%X3 =15
2Xq + X, +5x53 =20
X1+ 2Xy + X3 +x=10

X1, Xp,X3,X3 20

N
N
N

[



5)

6)

7)

8)

Using the simplex method solve the L.P. Problem
Min. z=4x,+8x, +3X3
Subject to, X+ Xy 22
2Xy+ X325
X4,Xp,X3 20
Using the simplex method solve the following.

Max. z=2x;+5X, +7X3

Subject to, 3X4 42X, +4x5 <100
X1 +4x, +2x53 <100
X1+ X5 +3X3 <100
X1,X9,X3 20

Solve the following L. P. Problem.

3 1
. Z=—X,—150x, + — X5 — X
Max R 2 50 3 4

X 1
Subject to, f—GOxz ~55% +4x,<0

X 1
?1—90x2 “50 % +3%x, <0
and X1,X9,X3,X4 20

Use the simplex method to solve the following

Max. z=30x;+23x, +29x%5
Subject to, 6X, 45X, +3%x3 <26
4xy +2Xy +5%3 <7

and X4,Xp,X3 20

Also read the solution of the dual of the above problem from the final table.

[

—_
N
w




9) Use two phase simplex method to solve.
Minimize z=3X;+2X, + X3 + X4
Subject to, 4X4+5Xy + X3 —3X, =5

2Xy—3Xy —4X3 +5%x, =7
X;20,c;=1234

10) Solve the following L.P.P.
Maximize z=3x,+4x,
Subject to, Xy +4x,<8

X;—2X, <4
X4, X, 20

11) Solve the following L.P.P.
Maximize z=2x,+ X,

Subject to, 4x4+3x, <12
4x,+%x,<8
4x,—x,<8

X4, X, 20

12) Solve the following L.P.P.
Max. z=5x,+3X,
Subject to, Xy + X, <2
S5xq +2x, <10
3%y +8x, <12

X;=0,x, >0

—_
—_
I
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13) Solve by L.P.P.

Max. z=22x;+30x, +25x5

Subject to, 2x4 +2x, <100
2X4 + X, + X3 <100
X1+ 2%, +2%53 <100
X4,Xp,X3 20

14) Solve by L.P.P.

Max. z =5x; —2X, + 3X3

Subject to, 2Xy+2Xy — X322
3xy—4x,<3
Xy +3X3 <5

X4,Xp,X3 20
15) Solve by L.P.P.

Max. z =X4+ 15X, +2X5 +5x,

Subject to, 3X1+2Xy, + X3+ X4 <6
2X4+ Xy + Xg +4Xx, <4
2X4 +6x, —8x3 +4x, =0
X1+ 3%y —4X3 +3%x4 =0

X1, X9,X3,X4 20

I I I |

N
N
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UNIT
03 DUALITY THEOREM

DUALITY IN LINEAR PROGRAMMING PROBLEM

Definition : Primal Problem

n
Max Zx = CiX; (=c™%)
i1

st. AX<b, x>0, A,
Definition : Dual Problem

m —
Min Zw = Zbiwi (: bTV_V)
i1

st. ATw>¢c, w>0

(x has n components, w has m components)

General Rules for converting any primal to its dual

Step 1 : Convert the objective function into max form (MiIn z = — (Max — z)).
Step 2 : If the constraint has '> ' then multiply the constraint by (—1)

Step 3 : If the constraint has '=' then replace this constraint by two constraints ' <'and '>'e.g.

Xy +X,=2=X4+X, <2 and x;+X,>2.

Step 4 : Every unrestricted variable is replaced by the difference of two non-negative variables
e.g. X, is unrestricted.

<D
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Step 1 to 4 gives Standard primal LPP.
Max z = ¢Tx

s.t. AX<b, x>0

Step 5 : Dual of above primal LPP is obtained

(i) A—AT
(ii) Interchange b, ¢
(i) < - >

(iv) Minimize objective function.

Example : Max z = 3x, + 2x,
s.t. x;+3x, <5
X; =Xy <7, X4,Xy 20
. _=Ty
Answer: Max z, =C'X =X, +C,X,

st Ax<b, x>0

: 3x,+2x,=[3 2] 1|=cTx
Primal : Max Z = 3X; +2%; =| ]x1 =Cc X

Dual : Min Zw =[5 7]{""1}

<D




Example : Write dual of following LPP
Max z=2x;+3X, — X3
st X;+X,-3%x3<8
X=Xy + X3 <4, X{,X9,X3 20

X4

Answer : Max z=[2 3 1%

X1
11 -3 -8
s.t. X2 |21 4 X1,X9,X3 =0

Dual LPP Min z, = 8w, +4w,

s.t.

Primal : Max z - gTx

s.t. AX<b, x>0

Example : Find the dual of the following Primal.
Min z, =2x, +5x,4
st X;+X,>2, 2X;+ X, +6X3 <6

C118))
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Answer : Max z, = -2x, — 5x, (z, =—z,)
—Xq— Xy -2, 2Xq+ Xy +6X3 <6
Xy =Xo +3X3 <4, —(X;—X; +3X3) <4, X4,X9,X3 20
Max z, = —2x, — 5x,
s.t. —Xy =Xy <=2
2X4 + X, +6X5 <6
X=X, +3X53 <4

X4
Standard : Max z, =[0 -2 -5]|x,
X3
-1 -1 0 -2
X4
2 1 6 6
X, | <
S.t. 1 _1 3 4 y X1,X2,X3 20
X3
-1 1 -3 -4
Dual : Min z,, = -2w, + 6w, + 4w, —4w,
W1
-12 1 -~ 0
Wa
-11 -1 1 >| -2
s.t. 06 3 -3 Wy 5 , Wy, Wy, Wa,W, >0
Wy

Min z,, = -2w, + 6w, + 4 (W5 —w,)

~W;+ 2w, +1(wz —w, ) >0

Wi+ Wy +1(Wg —wy ) > -2

BW, +3(W3 —W, ) >—5, Wy, Wy, W3,Wy >0

Let w; =w; —w, then w, is unrestricted.

C119)
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= Min z,, = 2w, + 6w, + 4w,
s.t. —Wy +2W, + W3 >0
W+ Wy — W5 > -2

BW, +3W; > -5, W, W, >0

w, is unrestricted.

Observation : Third constraint in primal is equation. Third variable in its dual is unrestricted in
sign.

Example : Find dual of
Min z, =2x, +3X, +4X;
s.t. 2X4 +3Xy +9X3 22, 3Xy+4X, +6X53 <5
X4, X, 20, X3 unrestricted.
Answer : Max z, = —2x; — 3X, — 4x,
s.t. —2Xy —3X, —9X3 < -2
3X; +4X, +6X3 <5, x,,%, 20
X3 =X4 — X5, X4,X5 >0
Max z, =-2x; —3x, —4(Xx, —X5)
—2%; = 3%, —=5(x, —X5) <2

3%, + 4%, +6(X4 —X5)<5

X4

. X
Standard Primal : Max z, =[-2 -3 -4 4] x2

4
Xs

(120
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Its dual is

s.t.

2 3 5 5]x|_[-2

Min z, = -2w +5w,

-2 3 -2
-3 4 {w1}> -3
-5 6 ||[wy| |4/, w;,w,20
5 -6 4

—2W, + 3w, 2 -2, -3w, +4w, > -3

Observation : 3 variable in primal is unrestricted. 3™ constraint in its dual is an equation.

Theorem : The dual of the dual of a given primal is the primal.

Proof : Consider a primal

s.t.

Max z, = c'x

AX<b,X>0

x|

Dual of the above primal is

s.t.

ATw>c,w=>0

The corresponding primal is,

s.t.

-ATw<-c,w>0

(D)

(1)
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Observe that (II) and (1) are same.

Consider dual of (lll)
Minz,=—c'u
st. (AT gs—p.-u=0 . (IV)
Standard form of (1V) is,
Max (-z,)=—-(-c) u=c'u
st.  _Au>-b,U>0=+AU<b,U>0
Thus we have,
Max z,=¢'U, AG<b,u>0 .. (V)

Observe that (1) = (V)

Thus dual of dual is primal.

Theorem : If x is any FS to primal problem and w is any FS to the dual problem then,

c'x<b'w

i=1 i=1

Proof : Primalis Max z, =¢'x s.t. Ax

IA
ol
x|
v
ol

Dualis Min z, =b"w s.t. ATw>¢, W>0

ay1 A an || by

b,
a3 o Qp C | x20 Amsn Xnxt =Py
am1 am2 amn b1n

. (1)

C122)
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dqq Ay Az Am1 W c
1 1
a2 8x» asx Amz ||\ c
To o= 2 2
A'w>Cc=|ay;3 a,; as; amz || .7 | 2| .
w C
m _|q n
a1n a2n a3n amn

Som = Sam x-S o

m n m
X < D W, [zapjij <2 Wb, (by 1)

n
i=1 p=1

Thus we have,

C-X<b-w
n
X =(C(Cp.-Cp ) (X4Xpe-Xn ) = D.CX; =C ' X
i=1
c'x=b'w

Theorem : If X is a FS to the primal and {§ is a FS to its dual such that g.x = .w then x is

an optimal solution to the primal and y; is an optimal solution to the dual.
Proof : We know that if X is a FS to the primal and ;, isa FStoits dualthen g.x<b.w -
Thus ¢.Xx<b-W=C-X=C-X<C-X

If x is a FS to the primal then, ¢.x<c-X = ¢.X IS maximum.

x>

— X is an optimal solution to the primal.

Similarly if  isany FStoitsdual c.x<b-w-

Butc.x=b-w
= b-W<b-W=Db-w IS minimum.
— W is an optimum solution to the dual.
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DUALITY THEOREM :

If X, (Wq) is an optimum solution to the primal (dual) then there exist a feasible solution

Wo (Xo) to the dual s.t. T'%, =b"W,,.
Proof : Primal Max z, =¢'x s.t. Ax<b, x>0

Consider Max z, =¢'X s.t. AX+IX; =b

X } =
Xs (n+m)x1

A=[B C] where |B| =0 then %, -BD.

identity [A ] {

mx(n+m)

A I

mxn? 'mxm

_ X
Let Xo ={68} be an optimum solution to the primal where x; eR™, g cR"™™ then

Therefore z=¢'X, = Cg Xz Where cy is cost vector corresponding to Xg .
_ =T _=Tp's . i=
A;=cgX;-c;=cgBa,-¢;, j=1,2,3,..,n
71 o
=cBBej—0, j=n+1,..n+m

Since X, is optimal A;20 .

6g§1ej20,j=n+1,n+2,....n+m
&@Ba >c, j=1,23,..n
_T—1 _T—1 _T—‘]
cgBa, cgBa, -+ cgBa,[>[c; ¢, c3 - ¢y
clB'A>c'and EBT§1ej20, j=n+1,...n+m
Put 6;51:\7\/; (say) wy,eR™

Then WiA>c' or ATw,>C.
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Since 6g§1ej >0, Eg§1 >0 ie. wg =0

Thus AW, >¢, W,>0

i.e. W, is feasible solution to the dual.
bW, =W,'b=0.B b =ci X

Since b'w, =CgXs

W, is an optimum solution to the dual.

Similarly starting from dual problem we can reach to primal solution.

Theorem : If k™ constraint in the primal is an equality then the dual variable w, is unrestricted in
sign.
Proof : Primal

Max z, =¢'X

s.t. ayyXq + Xy +A13X5 +.o+ 84X, <by

A Xq + Xy + 83Xz .o + 8 X, <Dy

—ak1X1 - ak2X2 - ak3X3 T oaaaan _aan < _bk

AXq +8poXy + 83Xz +...+ 8 X, <b,
X1 X9, X5, X, 20
Dual of above primal will be,

Min z,, =b,w,; +b,w, +....+ b w, —b,w, +b, W, 4 +...+b W,

Wi
(A @y v By 8y v Ay | W.2 c |
Ay Ayp v Ay “Ag v Ay :' Cy
A3 83 v g gz 0 @pgz || Wk |2 C3
st o L wol |
Qi Q2n 0 @y @yt @mp ]| 1 Cn ]
_Wm_
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Wi, Wo, Wa,eoo, Wy, Wy,..., W, 20
Min z,, =b,w; +b,w, +....+ b, (wk —wk)+ ..... +b, W,

s.t. aj Wy +a,W, +....+ak1(wk —wk)+ ..... +a W, = by

a12W1 +822W2 ++ak2 (Wk _Wk)+ ..... +am2Wm 2 b2

Wi, Wo,oot, Wi, Wy, W 20

Put w, = w;( - w'}'( then w, is unrestricted.

Thus we have,

m
i=1
st AWy +ayW, +F AWy + .+ 8y W,, 2 Cy

a12W1 + a22W2 + DR + akzwk + ----- + am2W > 02

AWy +ay,Wy + oo+ 8 Wy + e + 8 W, 2Cpy
Wi, W, eeey Wy g, Wieiq, 0o W, 2 0, W, unrestricted k™ variable in dual is unrestricted in sign.

Theorem : If p* variable in primal is unrestricted in sign then p™ constraint of the dual is an
equation.

Proof : Max z, =C4X; +CyXp +.... + C X, +..... + C X,
s.t. ApqXq +A5pXy +813Xg + oo+ B1pXp Foo A1y X, < by
8p1Xq +8pXy +8x3X5 e+ AgpX, +o 89X, <D,

Am1Xq +8maXg +8mzXg e+ BppXp oo+ A Xy < by

X145 Xgyeees Xp_gs Xpigyeeeny X 20, X, unrestricted.

YEPIT
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Since x_ is unrestricted write
s.t. x'p >0, X, >0
Then primal becomes,
Max z, = GyXy +.....+ Cy (X, = Xp ) ...+ G X,

s.t. aq1Xq +@1pXp +...F Ay (xp —xp)+....+a1nxn <b,

The dual problem is,

Max z,, =bw, +b,w, +.....+ b W,

Ay Ay v Ay | o ]
S P Y) 8mz |[wy | | C2
. . . W, .
ayp Ay Amp || Wy |>] Cp
s.t. —ay, —ay, ~8mp || —Cp,
. . Clw, | .
L a1n a2n amn L Cn i
i.e. AWy + 8y Wy +834W3 +..... + 8 \W,, 2 Cy

a12W1 + a22W2 + a32W3 + ----- + amzwm 2 C2

A1pWq +89,Wy +83,W3 +..o. + 8 W, >,y

_a1pW1 - a2pW2 - a3pW3 T aeeas - amme 2 _Cp

AWy +3ay,Wy + 83, W5 +..oo. + 3, W, 2C,
p and (p + 1) constraint implies.
A1 Wy +8y,Wy +83,W3 +...o.+ 8 Wi = C,y

Thus p'" constraint in the dual is an equation.
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INTERGER LINEAR PROGRAMMING
INTRODUCTION

There are certain decision problems where decision variables make sense only if they
have integer values in the solution. For example, it does not make sense saying 1.5 men working
on a project or 1.6 machines in a workshop. The integer solution to the problem can, however,
be obtained by rounding off the optimum value of the variables to the nearest integer value. This
approach can be easy in terms of economy of effort in time and cost that might be required to
derive an integer solution but this solution may not satisfy all the given constraints. Secondly, the
value of the objective function so obtained may not be optimal value. All such difficulties can be
avoided if the given problem, where an integer solution is required, is solved by integer
programming techniques.

Types of Interger Programming Problems
There are two types of integer programming problems.
i) Linear integer programming problems.
ii) Non - linear integer programming problems.

In this unit we are going to learn the methods of solving linear integer programming
problems. linear integer programming problems can be classified into three categories :

i) Pure (all) integer programming problems in which all decision variables are
required to have integer values.

ii) Mixed integer programming problems in which some, but not all, of the decision
variables are required to have integer values.

i) Zero - one integer programming problems in which all decision variables must

have integer values of 0 or 1.
The pure integer programming problem in its standard form can be stated as follows :
Maximize z=c,X,;+C, X, +C5 X3 +....+C, X

n°n

Subiject to the constraints

Ay1 Xq+ 8y, Xy +893 X3 +....+85, X, =b,




A1 Xy +8mo Xp +853 X3 +..o+ 8, X, =D

mnn — ~m
and x,,X,,Xs,...,X, >0 and are integers.
Here we shall discuss two methods.
i) Gomory's cutting plane method and

i) Branch and Bound method for solving integer programming problems.
GOMORY'S ALL INTEGER CUTTING PLANE METHOD

Gomory's cutting plane method was developed by R. E. Gomory in 1956 to solve integer
linear programming problems using the dual simplex method. Itis based on the generation of a
sequence of linear inequalities called a 'cut'. This 'cut' cuts out a part of the feasible region of the
corresponding L. P. problem while leaving out the feasible region of the integer linear programming
problem. The hyperplane boundary of a cut is called the cutting plane.

Gomory's algorithm has the following properties :

i) Additional linear constraints never cut - off that portion of the original feasible
solution space which contain a feasible integer solution to the original problem.

i) Each new additional constraint (or hyperplane) cuts - off the current non - integer
optimal solution to the linear programming problem.

Method for constructing additional constraint (cut)

Gomory's method begins by solving the linear programming (LP) problem without taking
into consideration the integer value requirement of the decision variables. If the solution so

obtained in an integer i. e. all variables in the Xz column (also called basis) of the simplex table
assume non - negative integer values, the current solution is the optimal solution to the given
integer LP problem. But if some of the basic variables do not have non - negative integer value,
an additional linear constraint called the Gomory constraint (or cut) is generated. This linear
constraint (or cutting plane), is added to the bottom of the optimal simplex table so that the
solution no longer remains feasible. The new problem is then solved by using the dual simplex
method. If the optimed solution so obtained in again non - integer, another cutting plane is
generated. The procedure is repeated until all basis variables assume non - negative integer
values.

The procedure for developing a cut

Select one of the rows, called source row for which basic variable is non - integer. The
desired cut is developed by considering only fractional parts of the coefficients in source row.

Suppose the basic variable x, has the largest fractional value among all basic variables.
Then the r'" constraint equation (row) from the simplex table can be rewritten as ,

Xg =b,=1x; +(ar1 Xy +a,5 Xy +)

=X (i)
j=r
C129)
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Where X;=(j=12,3,...) represents all the non - basic variables in the r" constraint except

the variables x, and b, =(xBr) is the non - integer value of varialbe x, . Let us decompose the

coefficients of X; and Xz into integer and non - negative fractional parts in equation (i).

[XBr]+fr:(1+0)X’+Z{[a’j]+fﬁ}xj .......... (ii)

j£r

Where [XBF] and [aij] denote the largest integer obtained by trucating the fractional part

from Xz and a,; respectively. Rearranging equation (ii) we get,

fr+{[Xsr]‘xr‘Z[ari]xj}=§frjXJ .......... (iii)
Where f, is strictly positive fraction (0<f, <1) while 0<f ;<1. We may write equation (iii)
in the form of following inequality.

< fx

j£r

e D fx=f+syor —f=s,->f;x, . (iv)

j=r

Where S, is a non - negative slack variable and is called the Gomory slack variable.
Equation (iv) represents Gomory's cutting plane constraint. This constraint create an additional

row along with a column for the new variable Sj.

Steps of Gormory's all integer programming algorithm
Step - 1

Initialization : Formulate the standard integer LP problem. If there are any non -
integer coefficients in the constraint equations, convert them into integer
coefficients. Solve it by simplex method, ignoring the integer requirement of
variables.

Step - 2
Test of optimality

a) Examine the optimal solution. If all basic variables (i. e. Xg;=b;=0 ) have

integer values, the integer optimal solution has been derived and the procedure
should be terminated. The current optimal solution obtained in step 1 is the optimal
basic feasible solution to the integer linear programming.

b) If one or more basic variables with integer requirements have non - integer
solution values, then go to step 3.
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Step - 3

Generate cutting plane : Choose a row r corresponding to a variable x, which

has the largest fractional value f. and generate the cutting plane (a Gomory
constraint) as explained earlier in equation (iv)

—f =s, —Zfrj X;

j#r
where 0<f;;<1 and 0<f <1.

If there are more than one variables with the same largest fraction, then choose
the one that has the smallest contribution to the maximization LP problem or the
largest cost to the minimization LP problem.

Step -4

Obtain the new solution : Add the cutting plane generated in step 3 to the
bottom of the optimal simplex table as obtained in step. 3. Find a new optimal
solution by using the dual simplex method i. e. choose a variable to enter into the

new solution having the smallest ratio {Aj [ a8y < 0} and return to step 2.

Start

v
Ignore integer requirement
and solve by simplex method

Do all basic
variables with
integer requirements
have integer
solution
values?

Current solution is
the requited integer
LP problem solution

Yes

No
v

Select the basic variable with largest
A fractional value. Generate the cutting plane

Add the cutting plane to the bottom of optimal
simplex table. Find new optimal solution
using dual simplex method.




The process is repeated until all basic variables with integer requirements assume
non - negative integer values.

The procedure for solving an ILP problem can be explained through a flow chart

given above.
EXAMPLES
1) Solve the following integer programming problem using Gomory's cutting plane
algorithm.

Maximize z=x, +x,

Subject to

3X;+2X,<5

X, <2

and x,,x, >0 and are integers.

Answer :
Step : 1

Introducing the slack variables we get,
Maximize z=x,+x,+0s,+0s,
Subject to

3X;+2%X,+8,=5

X, +8,=2

and x,,X,,S4,5,>0

The optimum solution to the LPP is given below.

C, 1 1 0 0

Basic Coeffts of Values of Variables Min
Variables | Basic variables | Basic variables | x, X, S, S, Ratio

Cg b=Xg Xg | X,

S, 0 5 3 2 1 0 5/2

s, |0 2 0 o | 1

Z=Cgxg =0 Aj=2;-¢; -1 -1 0 0

= Cg X;—C; > 0
«s |0 1 o |1 | -2 |[13
C132)




— X, 1 2 0 1 0 1 2/0
Z=CgXg =2 Aj=z,-¢j—> -1 0 0 -1
T
— X 1 1/3 1 0 1/3 -2/3
Xy 1 2 0 1 0 1
z=7/3 Aj=z,-¢;—> 0 0 1/3 1/3 A;20

1 7

The optimal solution is X4 =§,X2 =2 and Max. Z=§.
Step : 2

In the current optimal solution, all the basic variables in the basis are not integers and the

solution is not acceptable. Since both decision variables x, and x, are assumed to take an

integer value, a pure integer cut is developed under the assumption that all the variables are
integers. We go to next step.

Step: 3
Since x, is the only basic variable whose value is a non - negative fraction, we shall

consider the fist row for generating the Gomory cut. Considering x, - equation as the source
row we write.

1 1
§=x1+0.x2+§s1—§s2 (x4 - source row)

The factoring of the x, - source row yields

(O +%)=(1+O)x1 +(0 +%)s1 +(—1 +%)sz

Observe that each of the non - integer coefficient is factored into integer and fractional
parts in such a manner that the fractional part the fractional part is strictly positive.

Rearrange the equation so that all of the integer coefficients appear on the left hand side.
This gives

1+(s —x)—ls +1s
3 2 1 3 1 3 2
Fherefore <111 1
erefore 7<=8+3S;
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Thus complete Gomorian constraint can be written as

1 1 1 1 1 1
ERRE R R B N h
Where g, is the new non - negative (integer) slack variable.

By adding the Gomory cut at the bottom of the simplex table, the new table so obtained
is given below.

C; - 1 1 0 0 0
Basic Coeffts of Values of Variables
Variables | Basic variables | Basic variables | x, X, S, S, 9
X4 1 1/3 1 0 13 | 23 | 0
X, 1 2 0 1 0 1 0
g 0 -1/3 0 0 B 18 |1

Step - 4

Apply the dual simplex method to find the new optimal solution.

c; - 1 1 0 0 0
Basic Coeffts of Values of Variables

Variables | Basic variables | Basic variables | x, X, S, S, 9
X 1 1/3 1 0 13 | -2/3 | O

X, 1 2 0 1 0 1 0

« g 0 -1/3 0 0 13| 13 | 1
z=% z-¢= 0 0 1/3 1/3 0

T

X4 1 0 1 0 0 -1 1

X, 1 2 0 1 0 1 0
S, 0 1 0 0 1 1 -3
z=2 A=z-c;—> 0 0 0 0 1

Since all A;=0, the solution is optimal solution. Thus x,=0,x,=2,s,=1 and max. z = 2.
This solution satisfies the integer requirement.
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Answer :

Solve the following integer programming problem using Gomory's cutting plane

algorithm.

Maximize

Subject to

z=2X%,+20x%, -10 x4

2X;+20%, +4 x5 <15

and x,,X,,X; are non - negative integers.

Also show that it is not possible to obtain a feasible integer solution by using the
method of simplex rounding off.

Adding slack variable s, in the first constraint and artificial variable in the second constraint
the problem is stated in the standard form as :

Maximize z=2x,+20x,-10x; +0s,-MA,

subject to

6x,+20x, +4x;+A,;=20

and x,,X,,s,,A,;>0 and are integers.

The optimal solution of the problem ignoring the integer requirement using the simplex
method (Big M technique) is obtained in the following table.

C; 2 20 -10 0 M
Basic Coeffts of | Values of Variables Min
Variables | Basic Basic X4 X, X3 Sy A, | Ration
variables variables
« s 0 15 2 4 1 0 |[|15/20
A, -M 20 6 20 4 0 1 20/20
Z=-20M| z;-¢;—> -6M-2 [ -20 M-20| -4M+10 | O 0
Xy 20 3/4 110 |1 1/5 1/20 | O 15/2
« A, -M 5 4 0 0 -1 1 5/4
z=15-5M z;-¢,—> -4M |0 14 M+1[0
T
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X, 20 5/8 0 1 1/5 3/40 |-1/40
X4 2 5/4 1 0 0 -1/4 | 1/4

z=15 Zj_Cj_> 0 0 14 1 M AJZO

The non - integer optimal solutionis x,=5/4,x,=5/8,x, =0 and Max. z=15. Then the
rounded off solution will be x,=1,x,=0,x; =0 and Max z = 2. This solution does not satisfy the

second constraint 6 x, +20x, +4 x; =20. Hence it is not possible to obtain an integer optimal
solution by simply rounding off the values of the variables.

To obtain the integer valued solution, we proceed to construct Gomory's constraint
(fractional cut). Since the fractional part of the value of x, =(0+5/8) is more that the fractional

part of x,=(1+1/4), the x, - row is selected for constructing the fractional cut as given below.

é—Ox +1.X +1x +is
g 1 2570 40

5 1 3
(0+§J=(1+0)x2+(0+§jx3 +[O+EJ S,

On rearranging above equation we obtain the Gomory's fractional cut as,

5 1. 3
2G5 Xs 7o (Cut 1)

Adding this additional constraint at the bottom of optimal simplex table, we get

C| 2 20 -10 O 0

Basic Coeffts of Values of Variables

Variables | Basic variables | Basic variables | x, X, X3 S, 9
Xy 20 5/8 0 1 1/5 | 3/40|0

X4 2 5/4 1 0 0 -1/4 |0

« 9, 0 -5/8 0 0 -1/5 | -3/40 | 1

z=15 zj-¢;—> 0 0 14 1 0

T
Here max{g,g, 14 : 1 }
0'0'(-1/5) (-3/40)
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Thus s, is the entering variable whereas g, is outgoing variable. Here we are applying
dual simplex method.

= max{—,—,—?O,—

3

40
3

3

Therefore we must enter the variable s, .

C| 2 20 -10 O 0
Basic Coeffts of Values of Variables
Variables | Basic variables | Basic variables | x, Xy X3 S g
X, 20 0 0 1 0 0 1
X1 2 10/3 1 0 2/3 |0 -10/3
S 0 25/3 0 0 83 |1 -40/3
z=20/3 | z;-¢;—> 0 0 34/3 | O 40/3

The solution is optimal but is still non - integer solution. Therefore one more fractioned
but should be added. Consider x, - row for censtructing the cut.

(3 +%)z(1+0)x1 +(0+%)x3 +(—4 +%)g1

We obtain Gomory's fractional cut as,

1 2 2
R % Xs Ty

3 3% 30 (Cut - 1)

Adding this constraint to the optiomal simplex table the new table becomes

C| 2 20 -10 0 O 0

Basic Coeffts of Values of Variables
Variables | Basic variables | Basic variables | x, X, X3 s, | 9 9,
Xy 20 0 0 1 0 0o |1 0

2 19 1 0 2 0 19 0
X 3 3 3

0 2 0 0 8 1 40 0
S 3 3 3




0 1 0 0 2y 2
<0 3 3
-2 z-c 0 0 B, 0
3 b 3 3
, 34/3 40/3
Ratio - ~2/3 ~2/3
=17 - 20
T

Maximum ratio = - 17. Remove g, from the basis and enter variable x, into the basis by
applying the dual simplex method.

C| 2 20 10 0 O 0
Basic Coeffts of Values of Variables
Variables | Basic variables | Basic variables | x, Xy X3 sy | g o8
X, 20 0 0 1 0 0o |1 0
X4 2 3 1 0 0 0 |4 0
S 0 7 0 0 0 1 |-16 4
X3 -10 1/2 0 0 1 0 |1 -3/2

z=1

The above optimal solution is still non - integer because variable x, doex not have
integer value. Thus a first fractional cut will have to be constructed with the help of x, -row and
the required Gomory's fractional cut is

1 1

_5293_592 (Cut 1)

Additing this cut to the bottom of above table we get a new table. Apply the dual simplex
method.




o 2 20 -10 O 0 0 0
Basic Coeffts of | Values of Variables
Variables | Basic Basic X4 X, X; | sy 9 9, 03
variables | variables
X, 20 0 0 1 0 0 1 0 0
X4 2 3 1 0 0 0 -4 0 0
S, 0 7 0 0 0 1 -16 | 4 0
X3 -10 12 0 0 1 0 1 32 |0
«— O3 0 -1/2 0 0 0 0 0 -1/2 1
z=1 zj-¢;—> 0 0 0 0 2 15 0
z,-c
Ratio 5" row - - - - - -30 -
T

Max. ratio = - 30 and therefore remove variable g, and enter variable g, into the basis

By applying the dual simplex method, we get the new optimal solution as shown in the following
table.

o 20 20 -10 O 0 0 0
Basic Coeffts of | Values of Variables
Variables | Basic Basic X4 X X3 | 8y 9 9 O3
variables | variables
Xy 20 0 0 1 0 0 1 0 0
X 2 3 1 0 0 0 -4 0 0
S, 0 3 0 0 0 1 16| 0 8
X3 -10 2 0 0 1 0 1 0 -3
g, 0 1 0 0 0 0 0 1 -2
z=—14 zi-¢;—>0 0 0 0 2 0 30

Since all the variables in above table have assumed integer values and all z;—¢;=0, the

solution is integer optimal solution. x,=3,x,=0,x;=2 and maz x = - 14.
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Answer :

The owner of a readymade garments store sells two types of shirts - zee shirts
and button - down shorts. He makes a profit of Rs. 3 and Rs. 12 per shirt on zee
- shirts and Button down shirts, respectively. He has tow tailors A and B at his
disposal to stitch the shirts. Tailors A and B can devote at the most 7 hours and
15 hours per day respectively. Both these shirts are to be stitched by both the
tailors. Tailors A and B spend 2 hours and 5 hours, respectively in stitching one
zee - shirt and 4 hours and 3 hours, respectively in stitching a Button down shirt.
How many shirts of both types should be stitched in order to maximize daily
profit?

a) Formulate and solve this problem as an LP problem.

b) If the optimal solution is not integer valued, use Gomory technique to derive
the optimal integer solution.

Let x, and x, are number of zee - shirts and Button down shirts to be stitched daily,

respectively. Then we have to maximize profit = 3 x, +12x, subject to the constraints.

i)

Availability of time with tailor A
2X,+4x, <7
Availability of time with tailor B

5x,+3x,<15

and x,,X, >0 and are integers. Thus we get,

Maximize z=3x,+12x,

Subiject to,

2X,+4x, <7

5x,+3x,<15

and x,,x,>0 and are integers.

Adding slack variables s, and s, the given LP problem is stated into its standard form.

Maximize z=3x,+12x,

Subiject to,

5X;+3X,+s,=15

and x,,X,,S4,5,>0

\




C| 3 12 0 0
Basic Coeffts of Values of Variables Min
Variables | Basic variables | Basic variables | x, X, 4 S, Ratio
Cg b=Xg Xg | X,
« s 0 7 2 1 0 7/4
S, 0 15 5 3 0 1 15/3
z=0 z,—-c;—> -3 -12 0 0
- X, 12 7/4 1/2 1 1/4 |0
S, 0 39/4 7/2 | O -3/411
z=21 z;-¢;— 3 0 3 0 A;20

The non - integer optimal solution is x,=0,x,=7/4 and max z = 21.

b)

To construct Gomory's fractional cut we use x, - rows.

Z——x +X +1S

1

The required fractional cut is

Adding this additional constraint to the bottom of the optimal simplex and applying the
dual simplex method we get the following iterations.

3

——=g,——

4

1 1
Xq——

S
4>

2

C| 3 12 0 0 0
Basic Coeffts of Values of Variables
Variables | Basic variables | Basic variables | x, X, S, S, 9,
Xy 12 714 1/2 1 174 |0 0
S, 0 39/4 7/2 |0 -3/4 |1 0
« 9, 0 -3/4 -1/2 | 0 114 |0 1
z=21 Z,—C; 3 0 3 0 0
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Tow3 -6 - -12 0 0
T
Xy 12 1 0 1 0 0 1
S, 0 gl/2 0 0 -5/2 |1 7
X 3 3/2 1 0 1/2 0 -2
_33 3
2_7 z,-Cc;—> 0 0 5 0 6

The optimal solution is still non - integer. Therefore adding one more fractional out with
the help of x, - row we get the following able and subsequent interations by dual simplex method.

C| 3 12 0 0 O 0

Basic Coeffts of Values of Variables
Variables | Basic variables | Basic variables | x, Xy Sy S, | 9 g,
X, 12 1 0 1 0 0 |1 0
S, 0 9/2 0 0 —g 117 0
X4 3 3/2 1 0 172 | 0 | -2 0
9> 0 -1/2 0 0 -1/4]] 0 [ O 1
z=3—23 z-c;—> 0 0 % 0 6 0

Ratio 55 - - - -3 0o - -

row 4

X, 12 1 0 1 0 0 |1 0
S, 0 7 0 0 0 117 -5
X4 3 1 1 0 0 0 | -2 1
S 0 1 0 0 1 0 (O -2
z=15 zZ—-C;—> 0 0 0 0 6 3 >0

Since all the variables have assumed integer values and all z;—¢;>0, the solution is an
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integer optimal solution. Thus the company should produce x,=1 zee shirt, x,=1. Button -
down shirt to yield maximum profit z = Rs. 15.

4.4 GEOMETRICAL INTERPRETATION OF GOMORY'S CUTTINGS PLANE

METHOD

Let us consider the problem

Maximum z=x, + X,

Subject to
2X,+5x%x,<16
6x,+5x,<30

X4, X, 20

The graphical solution of this problem is obtained in the figure with solution space
represented by the convex region OABC. The optimal solution occurs at the extreme point B

i. e. x,=3.5,x,=18, max z = 5.3. But this solution is not integer valued. While solving this

A

4

v

W) 28

problem by Gomory's method, we introduce first
9 4
<

3
' int ——X3 ——X, <
Gomory's constraint 0% 1055

In order to express this constraint in terms of
X, &X, , we use the constraints 2x,+5x, +x; =16
and 6 x,+5x, +x, =30 . Then Gomory's constraint
becomes,

3 9 4
—ﬁ(16—2x1—5x2)—ﬁ(30—6x1 _5X2)S_§

1
i X, +X, <5—
l.e. X4 2 6

This constraint cuts off the feasible region and now the feasible region is reduced to
somewhat less than the previous one and the procedure continues till an integer valued corner
is found. Because of cuttings in the feasible region, the method was named as cutting plane

method.

~ ~~~~EXERCISE ~ ~ ~ ~ ~

Find the optimum integer solution of the following all integer programming problems.

1) Max z=x, +X,
Subjct to

X <2

\
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2)

3)

4)

5)

6)

X;,X, >0 and are integers. (Ans.:x,=3,x, =2,max.z=5)

Max. z=x,-2X,

Subijct to

4x,+2%,<15

X4, X, >0 and integers.
(Ans.:x,;=3,x, =0,max.z=3)
Max. z=3x,

Subject to,

3X +2X%, <7

X=Xy 2—2

X4, X, >0 and integers.
(Ans.:x;=0,X, =2,maxz=6)
Max. z=x,+5Xx,

Subject to,

x,;+10x, <20

X <2

Xy, X, 20 and integers.
(Ans.:x;=2,X, =, maxz=7)
Max. z=3x,+4 X,

Subiject to,

3X,+2X%,<8

X, +4x,210

X4, X, >0 and are integers.
(Ans.:x,;=0,x, =4,maxz=16)
Max. z=11x,+4 X,

Subiject to,

-X;+2X,<4

\
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5x,+2x,<16

2X,—-X,<4

X4, X, >0 and are integers.

(Ans.:x;=2,X, =3,maxz=234)
7) Max. z=x,—X,

Subiject to,

X +2X,<4

6X,+2X%,<9

X4, X, >0 and are integers.

(Ans.:x;=1x, =0,maxz=2)
8) Max. z=3 x,—2x, +5X;

Subiject to,

5X+2X,+7 X328

4x,+5%x,+5%x5;<30

X4, X5, X5 >0 and are integers.

(Ans.:x,=0,x, =0,x; =4,maxz=20)
BRANCH AND BOUND METHOD

The branch and bound method was first developed by A. H. Land and A. G. Daig and it
was further studied by J.O. C. Little et. al. and other researchers. This method can be used to
solve all integer, mixed integer and zero - one linear problems. This is the most general technique
for the solution of integer programming problem (1.P.P.) in which a few or all the variables are
constrained by their upper or lower bounds.

STEPS OF BRANCH AND BOUND ALGORITHM
Step : 1

Initialization : Consider the following all integer programming problem.

\




Maximize z=c,X,+C, X, +...+C_X,
Subject to constraints
A41Xq + 34Xy + 843X3+... X4y X, <Dy

(LP—A)
Ay Xy +8g, Xy +893 X3 +...4+3,, X, <b,

A1 Xy +8mp Xy +853 X3 +... 48, X, <b,

mn®tn —

Obtain the optimal solution of the given problem ignoring integer restriction on the

variables.

If the solution to this LP problem (say L P - A) is infeasible or unbounded, the solution to
the given all integer programming problem is also infeasible or unbounded, as the case may be,

Otherwise examine optimal feasible solution. If the answer satisfies the integer
restrictions, the optimal integer solution has been obtained. If one or more basic variables do not
satisfy integer requirement then go to step 2.

Step: 2

a)

b)

Let the optimal value of objective function of LP - Abe z,. This value provides an
initial upper bound on objective function value for integer LP problem. Let it be
denoted by z,. The lower bound on integer LP problem can be obtained by
truncating to integer all values of the varialbes. Let the lower bound be denoted by
z .

Let x, be the basic variable having largest fractional value.

Branch (or partition) the LP - A into two new LP sub - problems (also called

nodes) based on integer value of x, i. e. partitioning is done by adding two mutually
exclusive constraints.

X <[x] and x =[x ]+1
to the original LP problem. Here [xk] is the integer portition of the current non -

integer value of the variable x, . This is done to exclude the non - integer value of

the variable x, . The two new LP sub problems are as follows.

LP sub - problem B LP sub - problem C
n
Max z=)_c,.X, Max z=)"c,.x,
j=1
subject to subject to
Zall i~ Zall i
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X, <[%] X, =[x ]+1
and x;20 and x;20

Step: 3

Bound step : Obtain optimal solution of sub - problems B and C. Let the optimal value of
the objective function of LP - B be z, and that of LP - C be z, .
Step : 4

Examine solution of both LP - B and LP - C, which might contain optimal point.

1) Exclude a sub - problem from further consideration if it has an infeasible solution.

2) If a sub - problem yields a solution that is feasible but not an integer then for this
sub - problem return to step - 2.

3) If a sub - problem yields a feasible integer solution examine the value of objective
function. If this value is equal to the upper bound z;, an optimal solution has
been reached. But if it is not equal to the upper bound z; but exceeds the lower

bound z_, this value is considered as new upper bound and return to step 2.
Finally if it is less than the lower bound, terminate this branch.

Step: 5
The procedure of branching and bounding contimes until no further sub problem remains

to be examined. At this stage, the integer solution corresponding to the current lower bound is
the optimal all integer programming problem solution.

Examples
1) Solve the following all integer programming problem using the branch and bound
method.
Maximize z=3 x, +5Xx,
Subject to the constraints
2X,+4x,<25
X, <8
2x,<10
and x,,x, >0 and integers.
Answer :

Relaxing the integer requirements, the optimal non - integer solution of the given integer
L. P. problem obtained by the graphical method as shown below is x,=8,x,=225 and

z,=3525.
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4 AX1=8
127
101
8_.
2X,+4x,=25
6_
2 » 2x,=10
4_.
o/ Feasible B (8, 2.25)
Region
. 7 .
1
i 2 4 6 8 10 12

The value of z, represents the initial upper bound, z, =35.25 on the value of the objective
function i. e. the value of the objective function in the subsequent steps cannot exceed 35.25.
The lower bound z, is obtained by truncating the solution values to x,=8 and x,=2.

Thus z, =3(8)+5(2)=34

The variable x, (=2.25) is the only non - integer solution value and is therefore selected
for dividing the given problem into two sub - problems LP - B and LP - C. Two new censtrains
X, <2 and x, >3 are created. These two constraints are added to the given problem to get two
sub - problems.

LP-B LP-C
Max z=3x,+5Xx, Max. z=3x,+5Xx,
Subject to, Subject to,
2X,+4x,<25 2X,+4Xx,<25
X, <8 X, <8
2x,<10 2x,<10
X, <2 X, 23
and x,,x, >0 and integers. and x,,x, >0 and integer.

In sub - problem L. P. B. the constraint 2x, <10 is redundant as x, <2 satisfy 2x, <10.

Subproblem B and C are solved graphically.
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A 4 Xy =8
127
107
8--
6_
> X2:5
Ry
2 “ / /\ > X, =2
274 6 8 10 12 14
B) Feasble region for sub - problem B
C) Feasible region for sub - problem C.

The solution to subproblem B is x,=8,x,=2,z,=34.

The solution to subproblem C is x,=6.5,x, =3,z; =34.5 . Notice that both solution yield
value of z lower than that of original LP problem. The value of z, establishes an upper bound on
z, and z, values of sub - problems.

Since the solution of sub - problem B is an all integer, we stop the search of this sub -
problem i. e. no further branching is required from node B. The value of z, =34 becomes the
new lower bound on the IP problems optiomal solution. Anon - integer solution of sub - problem
C and also z, >z,, both indicate that further brancing is necessary from node C. However if
z, <z, then no further branching would have been required from node C. The upper bound now

takes the value z, =z, =34.5 instead of 35.25 at node A.

The sub - problem C is now branched into two new subproblems D and E, and are
obtained by adding the constraints x,<6 and x,>7 (for problem C, x,=6.25)

LP-D LP-E
Max. z=3x,+5x, Max. z=3x,+5x,
Subject to, Subject to,
2X,+4x,<25 2X,+4x,<25
X, <8 X, <8
2x,<10 2x,<10
X, 23 X, <3
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X, <6

and x,,x, >0 and integers.

X 27

and x,,x, >0 and integers.

Sub - problems D and E are solved graphically.

The solutions are

LP-D: x,=6,x,=3.25Max.z=z, =34.25

LP - E : No feasible solution exists because constraints

x,27 and x,>3 do not satisfy 2x,+4x,<25.

So this branch is terminated.

O N~
oo
X X X
4 A A A
10t
8--
6-
/ » X, =5
4 m
2 \= X;=2
< ; ; ; ; : > X,
2 4 6 8 10 12 14

v

In problem - D solution x, =3.25 is not an integer solution. Create new sub problems F

and G from sub problem D with two new constraints x, <3 and x,>4.

LP-F
Max. z=3x,+5x,

Subiject to,
2X,+4X,<25
X, <8

2x,<10

\
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LP-G
Max. z=3x,+5x,

Subiject to,
2X,+4X,<25
X, <8

2x,<10




and x,,x, >0 and integers. and x,,x, >0 and integers.
The graphical solution of sub - problems F and G gives

sub - problems F : x,=6,x,=3 and Max. z=z; =33

sub - problems G : x,=4.25,x, =4 and Max. z=z,=33.5

The branching process is terminated when new upper bound is less than or equal to the
lower bounds of previous solutions or no further branching is possible.

Although the solution at node G is non - integer, no additional branching is required from
this node because z; <z, . The branch and bound algorithm is terminated and the optimal integer

solution is x,=8,x, =2 and z = 34 yielded at node B.

The branch and bound procedure for the above problem is given below.

B F
. <2 X;=8,%,=2 | Optimal . <3 X;=6,x,=3
A § z,=34 Solution / z;,=33
X;=8,%X,=225 X,=6,X,=3
z,=35.25 X,<6 z5;=33
C >4 G
z,= 35.25\ X; >
2,=34  x,23 X;=6,X,=3.25 X =45,x,=4 |,
z,=34.25 z5=335
z,=345 \ E
z, =33.0 X127 Infeasible
2) Use branch and bound technique and solve the following integer programming

problem.

Max. z=7 x,+9Xx,

Subject to,
-X;+3X,<6
7X;+X%,<35
0<x4,X, <7

and x,,x, are integers.

Answer

Relaxing the integers requirement the optimal non - integer solution obtained by graphical
method is as follows.

(151

\ J

N—




7X;+X,=35

Xz

7' N X1 :7
8_. X2 =7

/X1 +3x,<6
67 (9/2,7/2)
4_.
21 Feasible
region
< t t t t > X1
i1l 2 4 6 8

I ¢
272
9 7
and Z1=7(Ej+9(5j=63
Thus z,=63 and z =7(4)+9(3)=55

9
Both x, and x, are non - integer solution values. Choose X; =§ for dividing the given

problem into two sub problems LP - B and LP - C. Two new constraints x,<4 and x,>5 are
added to LP - B and LP - C respectively.

LP-B LP-C
Max. z=7x,+9Xx, Max. z=7x,+9Xx,
Subiject to, Subiject to,
-X;+3X,<6 -X;+3X,<6
7X,+X%,<35 7X,+X%,<35
0<Xxq,X, <7 0<xq,X, <7
X, <4 X;=5
and X, X, are integers. and X, X, are integers.

The solution to sub problem LP - B and LP - C are obtained by graphical method.




8_.
—X;+3X,<6
6_.
(4,10/3) /
4_.
2 Region B
< / : : > X,
v 2 4 6 8
Region C ={(5,0)}
7 X,+%X,<35

The solution of sub problem LP - B is X;=4,X, =32 =58 . The feasible region for

subproblem LP - Ciis {(5, 0)}. Therefore the solution of subproblem LP-Cis x,=5,x,=0,z, =35.

Since all the variables have integer values, we stop the search for this subproblem i. e. no
further branching is required from node C. The value z = 35 becomes the new lower bounds on

the IP problems optimal solution. A non - integer solution of subproblem B and z,>z,, both
indicate that further branching is necessary from node B.

The sub - problemB is now branched into two new subproblem D and E, and are obtained
by additing the constraints x, <3 and x, >4 (as for problem B,x, =10/3).

LP-D LP-E
Max Z=7x,+9x, Max. Z=7x,+9x,
Subject to, Subject to,
—X;+3X,<6 —X;+3X,<6
7X,+X%,<35 7X,+X%,<35
0<x4,X, <7 0<x4,X, <7
X, <4 X, <4
X, <3 X, >4

The graphical solutions to LP - D and LP - E are as follows.
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A
8.-
> X, =7
61 /v—x1+3x2£6
(4,10/3) =
4“ > X2 =3
2.
) v é 4X2=5 6 :8 ” X1
Region C = {(5,0)}
X=4 7 Xq+X%X, <35

There is no feasible region for LP-E, Since x,<4 and x, >4 do not satisfy —x,+3y, <6
as such there is no feasible solution for problem LP - E. The solution of subproblem LP - D is
x,=4,x,=3 and z, =55. Since there is no solution for subproblem LP - E no further branching
is required for this subproblem. Since solution to LP - D is an integer solution, no further branching
is required for LP - D asa.

Thus finally, we get the optimal solution to the given integer LP problem as z = 55,
X;=4,X,=3.

The tree - diagram corresponding to this problem is shown in the following figure.

Start
v
X, <4 I X,>5
v v
X1=4,X2=10/3 X1=5,X2=0
z,=58 z;=35
v v
7 —5B5 \\ No solution
.=
Optimal solution
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Remark

If the number of variables are more than 2 then exclude the redendent constraints and
solve these problems by simplex method and obtain solutions corresponding to each sub -
problem.

~ ~~~~EXERCISE ~ ~ ~ ~ ~

Use branch and bound technique and solve the following integer programming problems.
1) Max. z=3x;+3x, +13 X3
Subject to,
-3X+6X, +7X;<8
5X,-3X,+7%x3<8
0<x;<5
and all X; are integer.
2) Max. z=3 X, +X,
Subject to,
3X; =Xy +X53=12
3x;+11X, + X, =66
x;20,j=12,3,4
3) Max. z=x, +X,
Subject to,
4x,-x,<10
2%x,+5x%,<10
X, X, =0,12,3
4) Min. z=3x,+25x,
Subiject to,
X, +2X%,220
3X;+2X%,250

X4, X, >0 and integers.

\




5)

6)

7)

8)

(Ans.:x,=14,x, =4,z=52)
Max. z=2x, +3x,
Subiject to,
X +3X%X,<9
3X+X, <7
X=X, <1
X4, X, >0 and integers.
(Ans.:x,;=0,x,=3,z=9)
Max. z=7 x,+6 x,
Subiject to,
2X,+3x%x,<12
6x,+5x,<30
X4, X, >0 and integers.
(Ans.:x,;=5,x,=0,z=35)
Max. z=5x,+4x,
Subject to,
X+ Xy 22
5x,+3x,<15

3x;+5x%x,<15

and x,,x, >0 and integers.

(Ans.:x;=3,x,=0,z=15)
Max. z=—3 X, + X, +3 X5
Subject to,
—X;+2X, + X354
2X,—15x5 <1

X;—=3X, +2X3<3

\
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X, X5 20

X5 - Nhon - negative integers.

(Ans,;x1 =0.%, Z%Xe, =1,z=27_9]

9) Max. z=x; +X,
Subject to,

2x,+5x,2>16
6x,+5x,<30
X, 20
X, - hon - negative integer.

(Ans.:x1=4,x2=g,z:?j

10)  Max. z=110x,+100 x,
Subject to,
6x,+5X,<29

4x,+14x,<48

X;,X, >0 and integers. (Ans.:x,=4,X,=12=540)
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UNIT
04 INFORMATION THEORY

AIM :
To quantitatively assess the quality of information contained in a piece of information.
OBJECTIVES :
After studying this unit we should be able to -
1. Know various communication processes and parts of communication system.
2. Understand measure of information.
3. Understand applications and axioms of entropy function.
4, Know the basic requirements to be satisfied by the logarithmic form of entropy
function.
5. Measure channel capacity, efficiency and redundancy.
6. Apply Shannon-Fano encoding procedure to obtain decodable code of a message.

4.1 INTRODUCTION

Information theory is a branch of probability theory with a large number of applications
to communication systems. Mathematical theory of communications was principally initiated
by Claude Shannon in 1984.

If something is very likely to occur, the statement that it will occur does not give much
information. On the other hand if something is unlikely to occur, the statement that it will occur
gives a good deal of information.

The amount of information in the message should be measured by the extent of the
change in probability produced by the message.

42 COMMUNICATION PROCESSES

Definition 4.1 : The communication process may be defined as the procedure by which one
mind affects another is called communication process.

This may be any means by which the information is carried from a transmitter to receiver.
There are three essential parts of a simplest communication system.

(i) Transmitter or source.
(i) Channel or transmission network which carries the message from transmitter to
<D
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receiver.

(iii) Receiver or sink.

Model for Communication System :

Noise
Transmitter Receiver
v
Source of .
- » Encoder || Channel |—] Decoder || Receiver
message

Each part of communication system is explained below.

Definition 4.2 : Transmitter : It is a person or machine which produces the information to be
communicated.

Definition 4.3 : Encoder : The device which is used to improve the efficiency of the medium
through which the message is transmitted is called encoder.

Encoder acts as step-up transformer.

Definition 4.4 : Channel : It is a medium over which the coded message is transmitted. It is
the transmission network (or media) that carries the message from the source to receiver e.g.
human voice, newspapers etc.

Definition 4.5 : Decoder : A device which transforms encoded message into the original form
which is acceptable to the receiver. This is used to transform encoded message into the original
form at the receivers end.

Definition 4.6 : Receiver : This is the destination to which the message is conveyed from the
source (or transmitter) through a communication channel.

Definition 4.7 : Noise : This is the general term which creates interruptions or disturbances in
the transmission of message (or information) from transmitter to receiver e.g. noise or
disturbance in radio or television during the relay of programmes, errors in newspapers printing
etc. Noise is anything which tends to produce errors in transmission.
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Theorem 4.1 : Fundamental theorem of information theory :

It is possible to transmit information through a noisy channel at any rate less than the
channel with an arbitrary small probability of error.

(In the next section the basic concepts in statistics are studied. This section is pre-
requisit and is not a part of syllabus).

4.3 BASIC STATISTICS REQUIRED TO STUDY
COMMUNICATION SYSTEM
Definition 4.8 :

The set S = {el,ez,e3, ..... ,en} is called a sample space of an experiment satisfying the

following two conditions.

1. Each element of the set S denotes one of the possible outcomes.
2. The outcome is one and only one element of the set S whenever the experiment
is performed.

Definition 4.9 : If to each elementary event e, € S we assign a real number p(¢;) is called the
probability of an elementary event e; such that

() p(e)=0, viand (i) 2 P(e)=1

i=1

Such an assignment is called acceptable assignment.

Definition 4.10 : Events :

1. Event : Every subset of the sample S of an experiment is called an event generally
denoted by E.

2. Simple Event : Any event that contains only one element is called simple event.

3. Equally Likely Event : If there is no reason to expect any one in preference to any
other i.e. probability of happenng two or more events is same.

4. Mutually Exclusive Events : The happening of one excludes the happening of the
other.

5. Dependent and Independent Events : Two events are said to be independent when

occurence of one has no effect on the probability of other.

(160 D)
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Probability : With each even E; in a finite sample space S, we associate a real number say

p(E) called the probability of an event E; satisfying the following conditions.

()  0<P(E)<l

(i)  P(E,UE,UE;....UE,)=P(E)+P(E,)+P(E;)+....+ P(E,)
where E,,E,,....., E, are mutually exclusive.

(i) P(S)=1

P(AUB)=P(A4)+P(B)-P(ANB)

Conditional Probability

Consider the two events E; and E, in a sample space S. Here E, represents the event
that has occured m; number of time in n number of trails and E, represents event that has
occured m, number of times out of these m; number of occurances of E,. The probability of
combine happening of E; and E, in the same trial is

m m m
P(Elerz)zj-j:?2
1

n,
The relative frequency ; is the conditional probability of occurance of event E, given
1

that E4 has occured. Which is denoted by P(E,/E,), (P(El) # 0).

P(ElﬂE2)=P(E1)P(Ez/E1)

Definition 4.11 : Conditional probability of E, given E, is

P(ENE,)
P(E)

P(E,/E))=
P(E2 /E1) satisfies following properties.
(i) 0<P(E,/E)<1
(i) If E, is an event which cannot occur then P(E,/E;)=0.

(i) If the event E, is entire space S then P(E,/E,)=P(S/E)=1.

(iv)  If E, and E4 are independent events then P(E,NE;/ E)=P(E,/ E)+P(E/ E,).
61
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(v)  If occurance of E; does not affect the occurance of E, then P(E, / E,)=P(E,).

E,, E, are independent events if and only if P(E,NE,)=P(E,)-P(E,).

Law of Probability :
P(ENE,NEN.....NE,)=P(E)P(E,/ E\)P(Ey/ E\E,)...(E, | E\E,..E,_))
4.4  STATISTICAL NATURE OF COMMUNICATION SYSTEMS

In communication system the source selects and transmits of symbols from a given
alphabet to the channel, based on some statistical rule. The channel also transmits this symbolic
information to the receiver under some statistical rule.

Memoryless Channel :
A memoryless channel os described by an input alphabet 4 = {xl,xz,...,xm} and output
alphabet B ={y,¥,,¥3,...,} and a set of conditional probabiloities P(yj /xi)Vi,j , where

P(yj /xl-) is the probability that the output symbol ijiII be received in, the input x; is sent.

Definition 4.12 : Binary Symmetric Channel :

A binary symmetric channel has two input symbols (x; =0,x, =1) and two output
symbols (y, =0,, =1) and it is symmetric in the same that P(y,/x)=P(y,/x,)=7p,
P(y/x,)=P(y,/x)=p where p=1-p-p being the probability of error transmission.

The Channel Matrix :

The input to the channel, the output from the channel and conditional probabilities for a
pair of symbols can be expressed in the form of a matrix called channel matrix.

Output
71 Yoo Yy
X P Pt Pan
X P2 Pan 0 Pan
A = Input
X LPUm  Pam " Pum

Wherepj/,-=p(yj/x,-),i=1,2, ..... ,m,j=1,2,....,n.




e.g. The channel matrix of the Binary symmetric channel is

P p
Probability Relation in a Channel

If pio= p(x,-) denotes the probability that the symbol x; is selected for transmission,

Do =p(yj) the probability that the symbol y; is received then the relation between the
probabilities of various input symbols and output symbols is expressed as

2. PwPji=Po;,i=1,2,.con .. (i)
i=1
(i) The joint probabilities of sending a symbol x; and receiving the symbol y; is
given by
p(xi’yj):pj/ipio vi,jo e (i)

(i) The conditional backward input probabilities when it is known that the symbol
¥; has been received is

p(x/y;))=pui(P!po;) vij . (iii)

The relations (ii) give the joint probabilities of sending a symbol x; and receiving a

symbol y; while relation (iii) give the backward channel probabilities given that an output y;
has been received.

Example 1 : Consider a binary channel with input symbol X {0,1} , output symbol Y{0,1} and

2/3 1/3
the channel matrix L/IO 9/10] Let us assume that the input probabilities p,, =3/4 and

) ZPP 32,11 2
01 — ioPlVi = T T AT
- 237410 40
0 PR SO A
PioP21i =374 10~ 40

The conditional backward input probabilities are obtained by using (iii),
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23 13
3 4_20 34_10
=== 1 —
p(0/0) PIRNETE p(0/1)= O 19
0 40
b1 91
104 _ 1 _10 4_9
p(l/o)_—21 =50 p(l/l)——B =1
40 40
The joint probabilities are obtained by relation (ii)
P(xiay]') =PjiiPio
23 1 13 1
0,0)==-=== 0,1)==-===
p(0.0)=57=7 p(0)=3=7
11 1 9 1 9
,L0)=——=— L)=——=—
P(.0) =107 rUD=107"%

Example 2: Consider a binary channel with input symbol X {0,1} , output symbol Y {0,1} and

1/3 2/3 6
the channel matrix L/S 4/5] Further assume the input probabilities Pig 27 and P 27.

» pr 61+11
10 — [10) 4 V/ E i B
- 73 75 35

B N 62 N 1
Po2 = PioP2n * P20P22 7377
The joint probabilities are obtained by using (ii)

p(xi’yj):pj/ipio

16 2 26 4
0,0)=——=—: 0,)==.—==
r(0,0) R p(0,1)= 175
111 41 4
LO)=——=—-: L)=——=—
p(L0)=5—=55 p(L)=52=7

The conditional backward input probabilities are obtained by using (iii)
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11 26
_37_10 _37_5
p(0/0)= T p(0/1)= 7 s

35 35

11 41
_57_1 _57_1
p(1/0)= TERT p(1/1)= 7 6

5 5

Noisless Channel :

If the channel matrix contains only one non-zero element in each column, then such a
channel is called a noiseless channel.

e.g. (i) Binary symmetric channel with p =0 or 1.

1720 1/6 0 1/2 1/2 0 0 0 O
(ii) 0 5/7 0 0 (i) 0 0 3/5 5/10 1/10 0
0 0 0 2/3 0 0 0 0 0 1

4.5 A MEASURE OF INFORMATION

Basic Assumptions :
(i) There is a finite set X = {xl,xz,....,xn} of events and the probability of occurence of

event x; is p,,suchthat p, + p, +....4+ p, =1. Consider the event x, has occured. So according
to the statement that the quantity of information received is inversely proportional to the likelihood

of the event, if 7(x, ) denote the amount of information received from the occurence of the

even x, with probability p, of occurence then I(x;)>1(x,) for p, < p,.

(ii) If x, has p, =1then I (xk) =0 because no information is received provided occurence
of a particular event is known in advance.

If we are interested in the probabilities of the occurence of an event in set X and not in
their actual natures, the expected value of information received may be written as

ipil(pi)

i=1

Where I(p;)=-log, p;.
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The log, p; indicates the probability concerning the receiver before receiving the
information, provided the fact that the communication system is noiseless.

Example 1 : Suppose a baby is born at a neighbour’s house and the question is asked whether
the baby is a boy or girl ? The answer ‘It is a boy’ gives specific amount as information.

1
Since the probability that it is a boy is P ZE therefore the amount of information is

—log p =—10g%=log2 2 =1 bit

Example 2 : Alarge field is divided into 64 squares (8 x 8). In the dark night a cow has entered
in this field. This cow is located by a member of searching party who sends back an information
giving the location of the cow as the 43 square. Calculate the amount of information obtained
in the reception of this message.

Answer : Before the message was received, the probability that the cow was in 43 square =

1
e The quantity of information received with a message is

—logp= —log6—14 =log, 64 =6log, 2 =6 bits

Alternatively, if the message received was, the cow was in the square 6t" row and 3
column of the field, then before the information was received the cow was equally likely to have

1

been in any of the different columnsi.e. p. = §

1
Similarly the probability that it was in row 6is p, = IR A two symbol information will be

sent in which the first symbol stands for row and second for column.

The first symbol gives —log p. = —log% =log 8 =3 bits of information and the second

1
symbol gives —log p, = —logg =log, 8 =3 bits of information.

Thus the total amount of information is 3 + 3 = 6 bits.

The name given to the unit of information is bit.
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Choice of Measure :

The expected value of information can be interpreted as the expected amount of
information needed to determine which event of set X has occured. It is the measure of
uncertainty regarding which event of X has occured or will occur. The uncertainty is considered
to be maximum when each event x;,x,,.....,x,, of X are equally probable i.e.

p(x1)=p(x2)= ..... :p(xm)z

Shannon and Wiener have suggested the following expression as the measure of
expected amount of information.

m

H(p17p27 ----- ,pm)z—Zp,-logpi
i=1

The function H is also known as entropy function.

4.7 PROPERTIES OF ENTROPY FUNCTION

1. Continuity : The entropy function H ( py, p,,....., p, ) is continuous for each independent

variable p;, 0< p, <I.
Proof : —H (py, pyseces Do) = Py l0g py + py log ps +....4 p,_ log p,_ + p, log p,
=plogp +pylogpy +.ct p,ylog p, g +
(l—pl—p2 ...... —pnfl)log(l—pl—p2 ..... —pnfl)

Since all p, are continuous and independent variables i = 1, 2, ...., n—1 in the interval
(0, 1), therefore the log of continuous function is also continuous.
2, Symmetry : The entropy function is symmetric function in all variables.

i=l1

H(plapz)zH(pz,pl) for P+ D =1

3. Maximum Value Property

111 1
MaxH(pl,pz,p3,....,pn):H(—,—,—,....,—j
nnn n

4. Additivity : If a particular event x,, with probability p,, is divided into m mutually exclusive

subsets say e¢,e,,e;,....,€

m

with probabilities ¢,,q,,.....,q,, respectively such that

P,=9 +q, +q;3+...+q, then
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ceey

4 9 q_mj
l7n l’n l’n

H( Py, Pyseees Ppts Q15929350 ) =H(pl,pz,p3,~-~,pn_1,pn)+an(

Proof : Since the event x,, with probability p,, is divided into disjoint subsets ¢, e,,e;,....,e,, With

respective probabilities ¢,,9,,95,.....9,,; P, = t9>+....+q,,

n—1 m
H(pl7p27----5pn—17q17q2’q3:--“’qn) = _Zpk log py _qu' logg;
k=1 i=1

=—(Zpk log py — p, logpn)—zqi logg;
k=1 i=1

=H(py, pysecs Py )+ Py log p, — X g; logg, ()

i=1 n i=1 n

S P X
palogp, =Y q;logq; = p, (p—"logan—an—’log q;

m

qu’

— -
= Pn Llogpn _pnz_llogqi

n i=1 'n

i (1og p, —logqi)}

n| B oo 1)

-

= Pn

_ 9 9D q
—an(—,—,....,ij (D)
l7n l’n l7n

Theorem4.2: Let p,, p,,....,p,, and q,,4,,4s,.....q,, be arbitrary non-negative numbers with
m m

zpi = zqz' .

i-1 i-1
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m m
Then =2, ;108 p; < == p;10g4; with equality iff ¢, = p, Vi.
i=1 i=1

Proof : Since log is convex function log x < x—1 with equality iff x = 1.

_ . : 4gi
For x =10 log(ijﬁ(ij—l with equality iff ;:1 i.e. g, =p;.

D; D; D; j
N 4i I _ Z(%_pi)
;pllog[;ljg;[;l]_l_—z])l (qu:zpl)
Thus 2. Pi log(q’ jso
i-1 ;

m m

Y pi[logg, —log p;]<0=>" p,logg, <) p;log p,
i=1 i=1 i=l1

ie. —>.pilogp,<—> plogg,
i=1 i=1

Example : Evaluate them average uncertainty associated with the sample of events A, B and
C which are mutually exclusive with probability distribution.

Event : A B C
Probability : 1/5 4/15 8/15
Solution : We h —l —i —i
olution : We have p; 5,192 15,193 15

H(P1aP2»P3):P110gP1_leogpz_P310gP3
1 (lj_ilo (ij_ﬁlo (ﬁj
s 8\5) 15 215 ) 15 2Us
1 1 4 8
=—|3log| — |+4log| — |+8log| —
i e 5 e e )
=%[3(10g1—log5)+4(log4—log15)+8(10g8—10g15)]

:—%[—3log5+410g(22)—410g(3><5)+810g(23)—810g(3x5)]
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:—%[—3log5+4log22 +8log2’® ~12log3-12log5 ]

_ —%[—1510g5—1210g3+32]

4 32
=log5+—log3——
& 5 8 5

Example : Evaluate the average uncertainty associated with the probability space of events A,
B, C, D which are mutually exlcusive with probability distribution.

Event : A B C D

Probability 1/2 1/4 1/8 1/8
Soluton : W have 1~ py =L gLy
olution : We have p; 2,172 4,193 8,]94 g

H(P1,P3»P39P4):P1 log p, - p, log p, — p; log p; — p, log p,

P111) 1111111, 1
gl L L el Ll Ligel Lol
(2488) 2 OBy T4 %8 T B T 8y

1 1 1 1
=+—log2+—log4+—log8+—log8
2 o8 4 o8 8 o8 8 o8

1 1 2 1 3 1 3
=—log2+—log2“ +—log2’ +—log?2
> g 4 g 2 g 3 g

:é(4+4+3+3)10g2

=Elog2:z bits
8 4

4.8 JOINT AND CONDITIONAL ENTROPIES
Consider two sets of messages

X={x1,x2,x3,....,xm} and Y:{yl,yz,y3,....,yn}

Where x;'s are the messages send (message input) and y;'s are the messages
received (channel output).
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Let p; =P(X x;,Y = y,) i=1,2,3,...,m;j=1,2,3, ....., ndenote the probability
of the joint event that message x; is sent and message 7 is received.

Define marginal probability distributions of X and Y by Pio = Zp,] and Po; = ZPU
i=1

Vi, j respectively

Definition 4.13 : The marginal entropies of the two marginal distribution are given by,

H(X)==Y pylogpig and 7 (¥)==2_py;log py
i=1 J=1

The entropy H(X) measures the uncertainty of the message sent (irrespective of message
received) and H(Y) performs the same role for the message received.

Definition 4.14 : The joint entropy is the entropy of the joint distributions of the messages sent
and received and is given by,

H(X.Y)=-

AN M§

Z pylog py
Definition 4.3 : /(X,Y)< H(X)+ H (Y) with equality off X and Y are independent.

Proof : H(X)+H(Y)==Y p,logpjs— > py;log py;
i=1 j=1

i(ip,,]logplo i(ipgjlogpo.j

i=1 Jj=1\i=1

m n

== p; (log po +log py
i=1 j=1

== pylog(piopo;)

i=1 j=I

m n
H(X)+H(Y)==3 > p;log g where ¢; = pjopy; ... (i)
i=1 j=1 :
m n
By definition 1 (X.,¥)= ZZP,; log p;; .. (i)
i=1 j=l
C171))
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But quijzzzpiopoj‘=£Z}Pt0}(2}ﬁ0j}=l=;z;l?y
i= j= i=1 j=

i=1 j=1 i=1 j=1
By thereom 4.2, since

2.2.9;=2.2.p;=1 =22 pylogp; <=3 > p;logq,;

i=1 j=I i=l j=I i=1 j=I i=l j=I

Thus from equation (i) and (ii) we have H(X,Y)<H(X)+H(Y).

Example : A transmitter has an alphabet consisting of five letters {xl,xz,x3,x4,x5} and the

receiver has an alphabet consisting of four letters {yl,yz,y3,y4} . The joint probabilities for the
communication are given by,

SR A A 1

x[0.25 0.00 0.00 0.00]
x,/0.10 0.30 0.00 0.00
x;10.00 0.05 0.10 0.00
x4/ 0.00 0.00 0.05 0.10
x5[0.00 0.00 0.05 0.00

Determine the marginal, conditional and joint entropies for this channel (assume that 0
log 0 =0)

Solution : The channel is described here with joint probability P i=1,2, 3,4, 5 and
j=1,2,3,4,

By definition, marginal probability distributions of X and Y are

n m
Pio = Z;,szi and Po; = Zpij
= i-1

Here Pio :Zpo]' =PutPutPi3zt P
J=1

=0.25+0.00 + 0.00 + 0.00 = 0.25
Similarly,
Poo = 0.10 +0.30 + 0.00 + 0.00 = 0.40
p3o = 0.00 + 0.05 +0.10 + 0.00 = 0.15
P40 =0.00 + 0.00 + 0.05 +0.10 = 0.15

Ci72)

N——



Pso = 0.00 + 0.00 + 0.05 + 0.00 = 0.05

Since Po; :zpij
i=1
Po1 = P11t Pa1 T P31 T Pa1 T Psy
=0.25+0.10+0.00 + 0.00 + 0.00 =0.35
Similarly,
Pgo = 0.00 +0.30 +0.05 + 0.00 + 0.00 =0.35
Pg3 = 0.00 +0.00 + 0.10 + 0.05 + 0.05=0.2
Pos4 = 0.00 +0.00 + 0.00 +0.10 + 0.00 = 0.1

(025 0.00 0.00 0
025 025 025 025
01 03 0.0 0.00
04 04 04 04
Py 00 005 01 0
Pl 0.15 0.15 015 0.15
0.00 0.00 0.05 0.10
0.15 0.15 0.15 0.15
0.00 0.00 0.05 0.00
10.05 0.05 0.05 0.05]

Pji =

! 0 0 O]

025 075 0 0

o L 2
= 303

o o 1 2

3 3

|0 0 1 0]

Marginal Entropies :

5
H(X)= _Z Dio log p;g
i=1

=-{0.2510g0.25+0.410g 0.4+0.1510g 0.15+0.1510g 0.15+0.0510g 0.05}

Ci73)

N——



=— l10 l+£10 z+ilo i+ilo i+Llo —
4 g4 5 gS 20 g20 20 g20 20 g20

1 2. 5 3 20 1
=—log4+—log—+—log—+—1og20
4 8 5 g2 10 8 3 20 s

1 2 2 3 2 1 2
— —log2? +Z(log5—10g2)+—(log 22 +log5—log3)+—1log (22 x5)

;1o 5(g g)lo(g g g)zog

1 2 2 3 3 3 1 1
=—log2+—log5——log2+—log2+—log5——Ilog3+—log2+—Ilog5

2g5g5g5g10g10g10g20g
:10g2[1—2+§+L}+10g5[2+i+i}+10g3[—i}

2 5 5 10 5 10 20 10

=i(5—4+6+1)+L(8+6+1)log5—ilog3

10 20 10

4 3 3
=—log2+—log5——1log3

5 BT8R

3 3 4
=—log5——log3+— bits
4 8 10 g 5

4
H(Y)=—ZP0]' log py;
j=1

=-[0.3510g0.35+0.3510g 0.35+0.210g 0.2+ 0.1l0g 0.1]

7 1 1
=—[0.7log—+0.2log—+0.1log—
[ g20 gS g10}

=O.710g?+0.210g5+0.110g10

22x5

=0.7log( j+0.2log5+0.110g(2><5)

=0.7[2log2+log5—1log7]+0.2log5+0.1(log 2 +log 5)
=log2(1.4+0.1)+10g5(0.+0.2+0.1)—0.7log 7
=1.4log2+log5-0.71log7
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Conditional Entropy :

H(Y/X)z—izn:pl-j log p;
i1 j=1

=—pylog py — py log pyyy — Py log pyyy
— P32 10g p3jy — P33 10g 33 — pyz log pys

—P44 108 pyjq — ps; log psy3 (Since remaining p; = 0)

=0.25 log1+0.110g4+0.310g§+0.0510g3+0.110g%+

0.05log3+0.1 log%+ 0.05log1

=0.2log2+ 0.3(10g 2% —log 3) +0.05log3+0.1(log3—log?2)
+0.05log3+0.1(log3 -log2)
~10g2(0.240.6—0.1-0.1)+log3(~0.3+0.05+0.1+0.05+0.1)

=0.6log?2 =0.6 Bits
Joint Entropy :

H(X,Y)=H(X)+H(Y/X)

3 3 4
=—log5——Ilog3+—+0.6log?2
4 08770 BTy ©8

3 3
=—log5——log3+—
4 8 10 s 1

Set Axioms For Entropy Function :
Assume the following four conditions as axioms :

1. Given a finite complete probability scheme (pl,pz,p3, ...... ,pn)
111 1
Max H(pl,pz,p3,....,pn) = H(—,—,—,....,—j
nnn n
2. For a joint finite complete scheme, associated entropies should satisfy

H(X,Y)=H(X)+H(Y/X)
3. H(pl,pz,p3, ..... ,pn,O):H(pl,pz,p3, ..... ,pn)
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4. The entropy function is continuous with respect to all its arguments.
These axioms essentially lead to a unique expression for entropy of finite scheme.

4.7 UNIQUENESS THEOREM
Theorem 4.4 : The only function which satisfies for axioms for entropy function is

i=1

where ) is an arbitrary positive number and the logarithm base is any number greater than 1.
111 1

Proof : Consider H(—,—,—,----,—j = f(n)
nnn n

Step 1 : To show that f(n)= Alogn

nn n n+l n+1""" Tn+l

Since f(n)=H(l,l,....,lj£H( ! Lo 1 j=f(n+l)

f (n) is non-decreasing function of n.

According to axiom (2), for any complete probability scheme consisting of the sum of m
mujtually exclusive schemes.

If each scheme consists of r equally likely events then

H(X), Xpses X, ) = mf () = £ ()
where m and r are any arbitrary integers.
Now take two integers t and n such that

rm <tn <rm+1

mlogr<nlogt<(m+1)logr

m logt m+1
=< <
r logr n

.. (i)
Since f(n) is non decreasing function

< r()< rGm)
ie.  mf(r)<nf(©)<(m+1) f(r)
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m (1) m+1
e <o (il
n f(r) n
Comparing (i) and (ii) we have
f () logt 1
f(r) logr| n
As n — o, for any positive integers rand t,
f(@) _logt _ 0
() logr
f() logt

Thus RO @ =4 (say)

f(t)=2logt, f(r)=Alogr (say)
Thus f(n)=Alogn.

Since f(t) is non decreasing , must be positive.

This proves the uniqueness theorem for particular case when all events have equal
probabilities.

Step 2 : All probabilities are rational number (but not necessarily all equal).

a
Let a be a common denominator for the different rational p, and p; = 71‘, Yo, =a,

a>a.

Consider a probability scheme X.

Let the scheme Z consists of a equally likely events {z|,z,,23,......, 2, | .

Decompose these events into groups containing events o, &, , a5,....,a,_and «,, .

Denote the decomposed scheme by Y. When the event X, with probability p, occurs, all
events partioned in the k" group occur with equal probability in scheme Y. Thus occurs, all
events partitioned in the k! group occur with equal probability in scheme Y. Thus

H(L,L,....,Lj =Aloga,
oy O 127
= A(log p; +loga)
C177)




H(Y/X) =zpkH(i,i, ..... ,ij
ap ay

=12 p,logp, +Aloga

The totality of events in Z forms the sum of two schemes.
H(Z)=H(X,Y)= f(a)=Aloga
H(X,Y)=H(X)+H(Y/X)
SH(X)=H(X,Y)-H(Y/X)

= Aloga—(AX p; log p, + Aloga)
=—A2 p; log p;

Thus, the uniqueness theorem also helds when p,, p,,...., p, are rational numbers.

Step 3 : The continuity axiom of the entropy function ensures that the uniqueness theorem is
valid when p,, p,, ps,...., p,, are incommensurable.

4.8 MUTUAL INFORMATION
Expected Mutual Information :

Consider a set of messages sent X = {xl,xz,...., xm} and the set of messages received

Y ={),¥5, 35, ¥, | - Then the quantity

Pij
h(xi,yj)=10gp.0po. i=1,2 o mj=1, .om, n
020,

is known as mutual information of the messages sent x; and the message received y; .

Definition 4.15 : Expected Mutual Information : Expected mutual information of X and Y is
denoted by / (XY).

Theorem4.5: J(X,Y)=H(X)-H(X/Y)=H(Y)-H(Y/X)

Proof : We have
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H(X)-H(X/Y)==) pologpj+).> p;logpy;
i=1 i=1 j=1

- —Z{Z p,j)log Pio+ 2.2 Pylog py
i=1\_j=1

i=1 j=1

m n
Pisj
:ZZpijlog( ”j
i=1 j=1 Pio
Since p; =pi/;iPo;
p..
Pirj = —
Po;

Thus, H(X)—H(X/Y):iipvlog[ y J

i=1 j=1 PioPoj
=1(X,Y)

Similarly, H(Y)-H(Y/X)=1(X,Y)
From theorem 4.5 we observe that the information conveyed about X by Y is same as
the information conveyed about Y by X. When X and Y are independent, I(X, Y) =0.

Theorem 4.6 :

I(X,Y)=H(X)+H(Y)-H(X,Y)
Proof : We know that

H(X,Y)=H(X)+H(Y/X)
=H(Y)+H(X/Y)

~H(X/Y)=H(X,Y)-H(Y)

S I(X,Y)=H(X)-H(X/Y)
=H(X)-H(X,Y)+H(Y)

=H(X)+H(Y)-H(X.Y)
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49 CHANNEL CAPACITY, EFFICIENCY AND REDUNDANCY
Definition 4.16 : Channel Capacity

I(X,Y) indicates the measure of the average information per symbol transmitted in
the system. The channel capacity is the maximum of information transmitted.

C=max/(X,Y)
For noiseless chanel
I(X,Y)=H(X)=H(Y)=H(X,Y)
Therefore,  C=max/(X,Y)

=max H (X)

= max {—Z Pio log py }

i=1

1L
.

RERE)

1
=—log—=logm
m

Since maxH(X) H(

S

~C=max H(X)= H(

3 |-

Thus C = log m bits/symbol.

Definition 4.17 : Capacity of Channel

The capacity of channel can be expressed in bits per seconds. If symbols have a common
duration of t sec, then channel capacity C per/sec is given by

C, zg bits/sec = 10% bits/sec

Definition 4.18 : Redundancy
The difference between the actual rate of transmission of information / (X, Y) and its
maximum possible value is defined as the redundancy of the communication system.
Absolute redundancy for noise free channel = C -/ (X, Y)
=log m-H (X)
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Relative Redundancy : The ratio of absolute redundancy to the channel capacity is defined as
relative redundancy.

logm—H (X)

Relative redundancy for noise free channel =
logm

C-1(X,Y)
C

Definition 4.19 : Efficiency

The efficiency of the system is defined as the ratio of actual rate of transmission of
information to its maximum possible value.

I(Xx,Y) I(X,Y)
Efficiency of the noise free channel = =
C logm

Example : Find the capacity of the memoryless channel specified by

11,
2 4 4
111
4 4 4 4
00 1 0
Ty ol
2 2]

Solution : The capacity of memory less channel is given by

C=maxI(X,Y)

=max| H(X)+H(Y)-H(X,Y)]

4
==Y p(%.7;)log p(x:.¥;)
Ji

1 1 1 1 1 1 1 1
=—9y—log—+2| —log— |+4| —log— |+logl+2| —log—
{2 2 (4 g4j (4 g4) ¢ (2 gz]}
1 1
zzlog2+glog4+log4+log2

=(%+1+2+1jlog2




9 9
=—log 2 =— bits/symbol
2 8 2 ym

4.9 ENCODING

Definition 4.20 : Encoding may be defined as a transmission procedure of a message from
sources to receiver through a noiseless channel in come code language.

In calculating the long run efficiency of communication system, the average length of a
code word is of considerable interest. It is a quantity which is chosen to be minimum.

Following are the elements of the noiseless coding problem.
(i) A random variable X taking value m;,m,,m;,....,m, with prescribed probabilities
p{m},p{m,},...,p{my} respectively. X is to be observed independently over and over again.

Thus, generating a sequence whose components belong to the set {ml,m4, ..... ,mN} such a
sequence is called a message.

(i) AY= {al,az,a3, ...... ,aD} set is called a set of code character or the code alphabet.

Each symbol m; is to be assigned a finite sequency of code characters called the code word
associated with m,. The collection of all code words is called a code. Code words are assumed
to be distinct.

(iii) The objective of noiseless coding is to minimize the average code word length. Number
of letters in a word is called length of the word.

Objective :

If the code word associated with m;is of lenghth n;, i=1, 2, 3, ...., N, then the problem
is to determine code that minimize the average length of messages.

The following are some of subclasses of code :

(i) Block Code : A code tha establishes a relationship with each of the symbols f the set X
to a fixed sequence of symbols of the set Y is called a block code. e.g. m; may correspond to
a,a; or m, may correspond to a,aga, etc.

(i) Binary Code : In particular if the set Y = {0, 1} then the block code is called binary code

a—>1, a, »>101.

(iii)  Non-singular code : Ablock code is said to be non-singular if all the words of the code

are distinct.

(iv)  Unique Decodable Code : A code is said to be unuquely decodable (separable) code

if every finite sequence of symbols of the said Y is associated atmost one symbol of the set X.
e.g. m; >0, my —>10, my =110, m, —111. Here encoding procedure established

a one to one correspondance between message and their code words without the necessity of
having any space between successive messages.

C182)
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If we have 00001001001101000111 the we have

Ty 10 1 10 T TR TRy T3 11 T 1 T

410 SHANNON FANO ENCODING PROCEDURE
This method of encoding is directed towards constructing reasonably efficient separable
binary of codes for sources without memory.

Let X:{xl,xz,x3, ..... ,xn} be the list of the messages that are to be transmitted from

some source and P = {pl,pz, ..... >Pn} be their corresponding probabilities.

Aim is to device an encoding procedure so that a sequence of binary numbers {0, 1} of
unspecified length can be associated to each message x;. The sequence so obtained must
satisfy the following conditions.

(i) No sequency of binary numbers can be obtained from any other sequence by adding
additional binary terms to the sequences of shorter length.

(i) Binary numbers associated with each messages x; to form a sequence occur
independently with equal probability.

The Procedure to Construct Code :
Step 1: Arrange the messages x;, x,,....., x,, indescending order in terms of their probabilities

without loss of generality let p, > p, > ps....... > D

Message X X X3 X,
Probability  p, )2 D5 D
Step 2 : Divide the set of messages X into two subsets X, and X, of equal probabilities.
Set Message Probabilities
X X1, X P(X\)=p+p,
X, Xyyeeees Xy P(X,)=ps+ P4+t p,

Such that P(X;)=P(X,).

Step 3 : Again divide both subsets X; and X, into two subsets say X4, X4, and X5, X,, with
equal probabilities respectively.

Step 4 : Assign binary number 0 to the first position of the coded word in each message in
subset X; and 1 to the first position of the coded word in each message in subset X,. The
similar procedure of assignment is repeated for subsets of X; and X,.

Setp 5 : The division and assignment will continue till each subset contains only one message
(word).
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Example : Apply Shannon Fano encoding procedure to the following set of messages.

X
P

m, ms my
0.3 02 041

Determine entropy of the source, expected length, efficiency and redundancy of the

code that you obtain.

Answer :
Character Probabilities Partioning Code word Code word length
m 0.1 } X, X, 0 1
m, 0.3 X4 10 2
m;y 0.2 ~X, X591 110 3
my 0.1 X22< 111 3
X222
X, ={m}; X, ={my,my,m,}
Xy ={my}; X22={m39m4}
Xy ={my}; Xy ={my}

(a) The entropy of the source is
H(X)=-% p{x;}log p{x;}
=-[0.410g0.4+0.310g0.3+0.210g0.2+0.110g 0.1]

= 0.410g%0+0.310g%+0.210g%+0.110g10

= 0.4[log2+log5—10g22]+0.3[10g2+10g5—10g3]
+0.2[log5]+0.1[log 2 + log 5]
=10g5(0.4+0.3+0.2+0.1)-0.3log3+10g2(0.4-0.8+0.3+0.1)
=log5-0.3log3
(b) The expected length of code is
L= Zp{mi} n;

=(0.4)(1) + (0.3)(2) + (0.2)(3) + (0.1)(3)
=0.4+0.6+0.6 +0.3 =1.9 bits/symbol
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- H(X)
(c) Efficiency of code = —=

B H(X) _log5-0.3log3
() 1.9

1.9—-1log5+0.3log3
1.9

(d)  Redundancy of code B=1-n=

Example : The source memory has six characters with the following probabilities of transmission.

A B C D E F
1 1 1 1 1 1
3 4 8 8 12 12

Devise the Shannon Fano encoding procedure to obtain a uniquely decodable code to
the above message. What is average length, efficiency and redundancy of the code that you
obtain ?

Answer : Probabilities are already arranged in decending order.
X, ={4, B}
X,={C,D,E,F}

1 1 7
PR=3

P(Xz):l-i-l-i-L-i-L:i
8 8 12 12 12

X, ={4}, X, ={B}, X, ={C,D}, X,, ={E,F}, P(XZI):%,
P(Xzz):é, X, =1C}, Xy, =D}, Xy =1E}, X, =1F}.
Length of code
Code of 4e{X,,} is 00 2
Code of is Be{X,,} 01 2
Code of Ce{X,,} is100 3
Code of D e{X,,,} is 101 3
Code of E e {X,,,} is 110 3
Code of F e{X,,,} is 111 3
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(a) The entropy of source is given by

H(X)=—Zp(xi)logp(xi)

11 1, 1 (1 1 1. 1
=—q—-log—+—log—+2| —log— |+2| —log—
{3 *374°%% (8 gg] (12 ng)}
~Liog3+ Liog2? + 110 23+l(1o 3+2log2)
jlog3+ 7 log2” +-log 2 +—(log g

1 1 3 1 1
=—log3+—log2+—log2+—log3+—log?2
3 g > g 4 g 5 g 3 g

=log2(l+§+lj+log3(l+lj
2 43 3 6

19 1
=—Ilog2+—log3
12 8Ty 08

(b) The average code length of the message is given by,

L=X1{p(x;)

AR A

33 3 3
ot
8 8

12 12

2 1
= —+4—
32
_16+12+9+9+6+6 _ 58 _ 29
B 24 24 12

—gb't/ bol
= 75 Dits/symbo

H(X) [19 1 12
—1 Elog3—

Efficiency of code = =
L 29

19 1 3}12
82129

Redundancy of code = 1—[—+—10
12 2

EXERCISE :
1. Write a critical essay on Information Theory.

2. Define entropy function.
3.  Show that entropy function is maximum when mutually exclusive events are equiprobable.
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An alphabet consists of 8 consonants and 8 vowels. Suppose that all the letter of the
alphabet are equally probable and that there is no inter symbol influence. If consonants
are always understood correctly but vowels are understood correctly only half the time
being mistaken for other vowels the other half of the time, all vowels being involved in
errors the same percentage of the time, what is the average rate of information
transmission ?

Evaluate the entropy associated with the following probability distribution.
A B C D
0.4 0.3 0.1 0.2

A transmitter and receiver has an alphabet that consists of three letters each. The joint
probabilities for communication are given below.

p (X4, ¥1) Y4 Yo Y3
X4 0.45 0.45 0.01
X 0.02 0.02 0.01
X3 0.01 0.02 0.01

Determine the different entropies for this channel.
Apply Shannon Fano encoding procedure to the following messasge.
X] - A B C D
Pl 0.4 0.3 0.2 0.1
Apply Shannon-fano encoding procedure to the following message ensemble.
X X4 Xy X3 X4 Xs Xg X7 Xg
P 049 0.14 0.14 0.07 0.07 0.04 0.02 0.03

Find the capacity of the memoryless channel specified by the following channel matrix.

12
303
303
0 0 0]
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