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PREFACE

Integral equations occur in many fields of mechanics, mathematical physics

and thermodynamics. Many physical problems which are usually solved by

differential equation methods can be solved more effectively by integral equation

method. Integral equation arise as representation formulas for the solutions of

differential equations.

The main aim of this material is to provide:

1. Conceptual understanding of fundamentals of integral equation.

2. Method of solving integral equation.

The book has been written in very simple language with large number of worked

examples and graded exercises hoping that these will be particularly useful to

those studying by themselves.

The course material is based on the following books :

1.

Ram P. Kanwal, Linear integral equations, Theory and Technique,
Academic press, New York (1971)

L. G Chambers, Integral Equations : A short course, International
Textbook company Ltd. (1976)

Abdul M. Wazwzry, First Course in integral equations, world scientific,
Singapore (1997)

Krasnov, M. V. etal. Problems and exercises in integral equations,
Mir Publishers (1971).

Abdul-Majid Wazwaz, Linear and Nonlinear Integral Equations-
Method and Applications, Springer, 2011.
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Each Unit begins with the section 'Objectives' -
Objectives are directive and indicative of :
1. What has been presented in the Unit and
2. What is expected from you

3. What you are expected to know pertaining to the specific Unit
once you have completed working on the Unit.

The self check exercises with possible answers will help you to
understand the Unit in the right perspective. Go through the possible
answer only after you write your answers. These exercises are not to
be submitted to us for evaluation. These are provided to you as Study
Tools to help keep you in the right track as you study the Unit.
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INTEGRAL EQUATION

1.1 Definition :

An integral equation is an equation in which an unknown function appears under one or

more integral signs.

For example, fora<s<b,a<t<b, the equations

1) f(s)=[k(s.0g(0)dt
2) 8(5)=[k(s,0)[g O] dt

3) 8(s) = f(5)+ [ k(s,)g(t)dt

Where the function g(s) is the unknown function while all the other functions are known,

are integral equations.

1.2 Classification of Integral equation :

Integral equation are generally classified in to two main classes.
1) Linear integral equation.

i) Non linear integral equation.

i) Linear integral equation :

Anintegral equation is called linear if only linear operations are performed in it upon the

unknown functions. (i.e. unknown function g(s) under the integral sign occurs linearly)

N
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eg 1) g(S)=1+I2f g(t)dt

b

2) g(s)zf(s)+jk(s,t)g(t)dt

a

ii) Non linear integral equation :

Ifthe unknown function g(s) under the integral sign is replaced by a nonlinear function in
g(s), say F{g(s)} where F is nonlinear function then the integral equation is called anon

linear integral equation.

cw 1)80)= ()2 [k ()] a

1

2) g(s)= f(S)+ﬂIk(S,t)eg(t)dt

0

3) g(s):f(s)+/1:[k(s,t)sin[g(t)]dt

in above all integral equation [ g(s) ]2, 2, sin g(s), all are non linear functions in g(s).

1.3 General form of Linear Integral equations :

The most general form of linear integral equation is

h(s)g(s)zf(s)+/1J.k(s,t)g(t)a’t:t _____ (1)

Where the upper limit may be either variable s or constant.




i) The functions, h(s), (s), k (s, t) all are known while g(s) is unknown function to be

determined.
i1) The functions h, f, k may be complex valued functions of the real variable s & t.
iil) A is a non-zero real or complex parameter.

1v) The function k(s,t) is known as the kernel of integral equation.

1.4 Classification of Linear Integral Equations :
1.4.1 Fredholm Integral Equations :

If the upper limit in integral equation (1) is fixed say b then it reduces to

h(s)g(s)zf(s)+/1j.k(s,t)g(t)dt _____ (2)

Itis called Fredholm integral equation
Special types of Fredholm integral equation :

1) Put h(s) =0 in equation (2), we get
0=f(s)+A[k(s,t)g(t)dt

It is called Fredholm integral equation of first kind.

i1) Putting h(s) = 1 in equation (2), we get

g(s)zf(s)+ﬂj.k(s,t)g(t)dt _____ (3)

It is called fredholm integral equation equation of second kind.
a) Putting f(s) = 0 in equation (3), we get
b

g(s) = lJ-k(s,t)g(t)dt

a




It is called homogeneous Fredholm integral equation of second kind.

b) If f(s) # 0 in equation (3), it is called nonhomogeneous Fredholm integral equation
of second kind.

1.4.2 Volterra Integral equation :

Ifthe upper limit in integral equation (1) is variable 's' then it reduces to

W(s)g(s)= £ () A[k(s)g(e)ar @

itis called Volterra integral equation.
Special types of Volterra integral equation :

1) Puth (s) =0 in equation (4) we get
0= £ (s)+ A k(s.0) g (1)

itis called volterra integral equation of first kind.

i) Putting, h (s) =1 in equation (4), we get

oo =)+ Ak )

itis called volterra integral equation of second kind.

a) Putting, f(s) = 0 in equation (5), we get
g (s) = +x1jk (s,t)g (t)dt

itis called homogeneous volterra integral equation of second kind.

b) If f{s) # 0 in equation (5) it is called nonohomogeneous volterra integral equation of
second kind.




Above all discussion is given in following tree diagram.

Linear Integral equation

h(s)g(s) = f(s)+ ijk(s,t) g(1) dt
K

v v
Volterra Integral Equation Fredholm Inteqral Equation
[upper limit variable] [upper limit fixed]

| R . |
v v

First Kind Second Kind

[h(s)=0] [h(S)l= 1]

Homogeneous Nonhomogeneous
[f(s)=0] [f(s)#0]

1.4.3 Some special types of integral equations :
a) Singular integral equation :

An integral equation is called a singular integral equation if one or both the limits of
integration become infinite, or if the kernel of the equation becomes infinite at one or

more points in the interval of integration.

e.g. i) g(s)=l+e” —J.g(t)dt

if) g(X)=1+2\/;—IJ%g(f)df

1
Here, k(x,1)= ﬁ and k(x, t) becoming infinite ast — x

g(t)

d;0<a<l1
(s—t)a ’

iii) &(s) =£

e N\

(3 )



v f(x):]:sin(x-t)g(;)dt

b) Convolution type integral equation :
An integral equation in which the kernel k(s,t) is a function of the difference (s-t) only
i.e. k(s, t) =k(s - t)

Where k is a certain function of one variable, is called convolution type integral equation.

cg &(5)= /()4 Afk(s-1)g(t)ar

is voltera integral equati;n of the convolution type.

i) ¥= ]:e“g(t)dt

Here k(x, t) = ¢"* =k(x - t) where k (s) = ¢’

iy g(x) = l+j£sin(x,t) 2()dt; Here k(x,1) = e = k(x—1)

Where k(s)=¢’
¢) Integro - Differential equation :

An integral equation in which various derivatives of the unknown function also present
is called an integro - differential equation.
e i) & (1)=g(0)+/(1)+ [sin(t-x)g (x)dx
0
1

ify  (x)+ [exp(x—t)u(y)dv=1(x) 0<x<l

0

Where u(0)=0

iii) 4" (x) = ¢ —x+ Jan' () dt y(0)=1, w(0)=1.

N\
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1.5 Solution of Integral equation :

A solution of an integral equation
h(s)g(s)ztf(s)+ﬂjk(sJ)g(t)dt

on the interval of integration is the function g(s) which satisfies the given integral equation.
In other words, if the given solution is substituted in the right hand side of the equation,
the output of this direct substitution must yeild the left hand side.

Worked Problems :
Problems No. 1 : Show that u(x) =¢" is a solution of the volterra integral equation
u(x)=1+_[u(t)dt _____ (1)

0

solution : substituting u(x)=e¢" in the R.H.S. of (1), we have

RH.S =1+jefdt=1+[e’f
0

0

=l+e" -1
= e)C
=u(x)
=L.H.S.

= u(x)=x issolution of (1)

Problem No. 2 : Show that u(x) =xis a solution of the integral equation

5 1 1;
u(x)=gx-§+§]|;(x+t)u(t)dt _____ (1)

Solution : Putting u(x) =x in R.H.S of (1)

VN
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=L.H.S.
= u(x)=x1is solution of (1)

Problem 3 : Show that the function g(x)=1-x is asolution of the integral equation.

X = Ie""g (at
0

Solution : Put g(x)=1-x inR. H. S. of equation (1)

X

L RHS=[e™ (1-t)dt

f=1

Il
Q
=
|
—_~
—
|
=
~—
NI
=
+
—_
+
ml
=
|
—_
| I—




= 9(x)=1-x is the solution of equation (1)

Problem 4 : Show that g(x) =cos 2x is a solution of the integral equation
g(x)=cosx+ SIK(X, t)g(t)dt
0

sinxcosf;0<x<¢

k(x,t)z{

cosxsinf;t<x<r7w

Solution : Put g(x)=cos2x in RHS of equation (1)

~ RHS. =cosx+ 3Ik(x,t)cos 2t dt
0
= cosx+3jk(x,t)cos2t dt+3jk(x,t)0052t dt
0 X

= cosx+3jcosxsintcos2t dt + 3Isinxcostc0s2t dt
0 X

3 . .
:cosx+Ecost'(s1n3t—s1nt) dt
0

T

+%sinxj(cos3t+cost) dt
.. 2sin A cos B=sin (A + B) +sin (A - B)
2 cos A cos B=cos(A+B)+cos(A-B)

X

peoss| -Jems3tvoos|
=CcoSXx+—cosx|——cos3¢+cost
2 3 0

3. [1. . }”
+—sinx| —sin 3¢ +sin¢
2 3 .

=CcoSsXx +§cosx —lcos3x+cosxl—l}
2 3 3

o N\

()



+§sinx[0—lsin3x—sinx}
2 3
1 3,
= COS X ——COSXCOS3x+—cos’ x—cosx
2 2
) ) 3.,
——sinxsin3x——sin” x
2 2
1 ) .
=COoS X —5[cosxcos 3x+sin xsin3x]
jti[cosz—sin2 x] —COSX
2
3
:cosx—Ecos(x—?ax):§cos2x—cosx

=——Co0S 2x+§cos 2x
2 2

= cos 2x

=g
= g(x)=cos 2 x is solution of equation (1)

Exercise :

Verify that the given function is a solution of the corresponding integral equation.
3 1
1 u (x) = Ex+ J.xtu (t)dt; u (x) =X
0
7 u (x) = x+§x5 —Il[u (t)]3dt; u (x) =X
0

1
3 u(x)+2je(x_')u(t)dt;:2xex; u(x)zizx_éjex
0

C10D
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O"—;-ﬁl

x +t costu )dt=sinx; u(x)cosx

6. u(x) = (x—l)e_’r +4Ief(x“)u(t)dt; u(x) =xe "
0

7. u(x) :sin+2j-cos(x—t)u(t)dt; u(x)=xe"

0
1.7 Some problem which give rise to integral equations :
In this section we shall see some problems where integral equations can arise.

Problem 1 : Boundary Value Problem :

2 2
Consider the Laplaces equation in two limmision Au=0 where A = 8_2 +8_2
This equation is of fundamental importance in many branches of physics and engineering.
The equation has also played an important role in the development of pure mathematics. The
method of separation of variables is of great values to the solutions of the equation. To illustrate

the method, consider the Laplace's equation A2 u(x, y) =0 in the half plane y> o with the
potential functionu (x,y) —>0as p = /x> +y* = w0

The method of separation of variable consists of trying to find a solution of the form
u(x, y)=X(x)Y (y) Where X is a function of x alone and Y is a function of y alone.
Ou d’X ou_ d’Y
Hence e = e and y :W and
hence u(x, y) = X (x) Y(y) will be a solution of A2 u=0if X and Y are such that
d’X , dY

P Y+FX:O for all (x, y) withy >0

C11D
di




1dx _ 1dY

. L __2 .
X di % dyz g (say) where ( is constant

d*X d’Y
This leads to two equation namely : e =—¢"X and e =Y

We want a solution of A u=0withu (x,y) > 0as (= X’ +y 5o
Hence we must choose C to be real and a solution of the equation is

u(x, )= (CeR)

Note that this is the solution of the boundary value problem;

Azu(x,y):O,—oo<x<oo,y20
u(x,O):e"gx,—a<x<oo, (CeR

u(x,y)—>0 as X’y >

But many problems in physics and engineering the field variable is determined not only
by the partial differential equation but also by the initial and bounbary values assumed by the
function. The solution of the BVP (1) can be used to find solution for the other form of u(x, y)

since A ¢'s*" 1Y = 0 for all real € and A is a linear operation, for equation choice of the
funcstion F( £ ) the function.

u(x,0)= .TF(C)e’Q”dx

o0

is also solution of Laplace equation A2 u(x,y)=0, y> 0 subject to conditions :

u(x,0) = J- F(&)e* dx,— o0 < x <o, and

u(x,y) > 0asyx’+y* >

The problem naturally poses a question :

C12D
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Can we find a function F( {) such that

0

f(x)zu(x,o)sz(é’)e’?"dé’ _____ )

0

For all real values of € ?

This means that fis given and F is unknown that satisfies (2). Thus (2) is a equation in

which unknown function appears under the integral sign and the integral equation arises.

Once we know the solution of the integral equation (2) we get
17 iCx-Icy
u(x,y)= F e dl,y>0
(x,») e i () g,y

as the solution of the BVP (1)

Problem 2 : Problem of loaded elastic string. suppose a weightless elastic string is
streched between two horizontal points, say O and A. Let a weight w is attached at a point Q
distant £ from O. Suppose the equillibrium occur with the depth 7 below OA. Suppose

that the initial tension in the string T and w is small compared to T.

Let ZAOP =0, ZOAP= 3. Here a.and 3 are so small. Then the equillibrium equation is
Tcos(90-a)+Tcos(90-PB)=w

ie. Tsino+TsinB=w

C13)
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Since aand [3 so small, the equillibrium equation can be written as

Ttana+TtanB=w  (why)

¢ a=¢

w(a—¢)¢
Ta

orT(2j+T( 7 ]=wwherel(OA)=a

n=

.. The drop y in the string at distant x from 0 is given by

P

yzﬂ if0<x<¢
andyz(a_x)n if{ <x<a

-¢

wG(x, )
Hence y = where

T

x(a=¢) if0<x<¢
G(x¢)=y °

é’(a—x) ifc<x<a M

N




Now suppose the string is loaded continuously with a weight distribution w(x) per unit
length.

.. The displacement at point x due to the weight distribution over { <x < +3( is

w({)8G(x,¢) 0<x<a

oy= ,
4 T 0<¢<a

.. The displacement at x due to the complete weight distribution is given by

a

y(x)z%j((x,g”)w(g”)d{ﬁéxﬁa _____ (2)

0

Thus, the displacement of the string is given in terms of the weight distribution by (2).

Now suppose we want a displacement y(x) of the string that is y(x) is given. Then what
is the weight distribution which given the required displacement ? Again such weight distribution
wi(x) must satisfy (2). Thus (2) is a equation in which unknown function appears under the

integral sign and the integral equation arise.
Problem 3 : Shop stocking problem

Suppose a shop starts selling same goods with the initial stock A of goods. Thatis Ais
the amount of goods purchased at the opening of the shop. Suppose k(t) is the proportion of
goods remain unsold at time t. What is therate at which the shop should purchase the goods
so that the stock of the goods in the shop remains constant (with the assumption that all

processes i.e. buying and selling to be constructed).
Suppose Q(t) be the required rate.
.. Inthetime internal a<t< 7 4 57 is the amount of goods purchased.
.. Attime t, the portion of goods unsold is k(z,7) O(r)or

. The amount of goods remaining unsold upto time t is

t

Ak(t)+jk(t—r)Qrdr

0

. The stock of goods of time t is

C15 )
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t

Ak(t)+jk(t—r)Qrdr

0

.. Ifitis to be remain constant as the initial stock A, the rate Q(t) must satisfy

A= k(1) + [ K(t-7)Qedz

0

Thus the restocking rate Q (t) must satisfy the equation.
A(1=k(1))=[k(t-7)Qrdz @)
0

Thus (2) is the equation in which unknown function appears under the integral sign and
the integral equation arise.
'




CONVERSION OF ODE TO INTEGRAL
EQUATIONS

In this unit we will present the technique that converts initial value problem to Volterra
integeral equation, Boundary value problem to Fredholm integral equation, and integral equation
to ordinary differential equation. For this we require Leibnitz rule for differentiation under
integral sign (D.U.LS.) and the formula for converting multiple integral to single ordinary integral

which is discussed below.

2.1 Differentiation under integeral sign (Leibnitz Rule) :

oG
1)Let G (x,t) and 5 e continuous functions in the domain D in the xt - plane that

contains the rectangular region R :a<x <b,t <t < t and ou(x) and B(x) are defined
functions having continuous derivatives for a<x <b then,
B(x) B(x)

a oG dap da
1) dxa£)G(x,t)dt_a!X)a di + Glx, ) == G, ()

d | £0G
— | G(x,t)dt =| — dit
2) dxi (1) i@x

where a., B are constants independent of x.
2.2 Identity for converting multiple integral into single ordinary integral :

Corollory : If ais constant and n € N then

d7)



j (x—1)"" f(t) dt

”j f(t)dt" =

n times

1)v

R

Proof: Letl (x)= (x-t)"" f(t)dt; neN

a

Differentiating w. r. t. x. useing Leibnitz rule

——1@)] (x-S0 [0 r 0] L
- (x=e)" f(t)L %(a)

= j(n ~1) (x=1)"" f(t)dt
=(n=1) [(x=1)"? f(0)dt

d
_In(x) = (f’l _1) ln—l (x)
dx
Differentiating w. 1. t. x we get

%1 (x)=(n- 1)—171(X)

=(n-1)(n-2)1,,(x) (- (2)
Similarly,

fglu)(nlxnzxn3ﬂ3@>
oo forn>m
o N\

(J8 )



d”
d m n n—m

Inparticular form=n- 1

=(n—1) (n-2)...1.1 (x)

= @-D!I ()
Differentiating (3) w. r. t. x, we get

d"

1 -1 '—
T . (X) = (n=1)!
Now, from equation (1)

1) = £y dr

Ldn o a
b= j [ de+[f(1)] . —-(0)+0

%zf(x)

Putting this in equation (4) we get

d?‘l

Integrating w. 1. t. x from a to x, n times we get.

[ (x)=(n-1)! ”j @) dt"

ntimes

I,(x)=(n=1)(n=2)...(n=m)l,_, (x)

1,(0)=(m=1) (n=2)...(n=(n=DI,_, ,(x)




Combinining equations (1) and (5) we get

1
(n—-1)!
This completes the proof.

j j j f(o)dt" = j (x—t)"" £(t) dt
2.3 Conversion of IVPinto Volterra integral Equations :

Initial value problem (Definition) :

An ordinary differential equation with the condition involving dependent variable and its

derivatives at same value of the independent variable, is called initial value problem (IVP).

Problem 1 : Reduce the following IVP to volterra integral equation
y'+y=0, y(0)=y'(0)=0

Solution : Method I :

y'+ty=0

Integrate w. r. t. x from o to x

[V + [ y0) di =0
Y=Y O+ n0) di=0

L)+ [y de =0 (. 1/(0)=0)
0
Integrating w. r. t. x from 0 to x
@]+ [ [y de =0
00

1
2-1)!

j‘(x—t) y(t)dt=0

0

S y(x)=y(0)+

C20D
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Ly + [(x=1) y(t) dt =0

is the required integral equation.
Method 11 :

y'+ty=0

Let y" (x) = u(x)

Integrating from o to x

Syl = [ dr

0

V') = y'(0) = [u(®) dt

0
y'(x) = ju(z) di [+y'0)=0]
Integrating w. r. t. x from o to x

y(x) IJ u(t) dt’
(@)= (0) = [ (=) () di

sy = [=nu@de [ y(0)=0]
Using (2) and (3) in equation (1), We get

u(x)+I(x—t) u(t)dt=0




is the required Integral equation.

Problem 2 : Convert IVP y" +y=cos x;

y(0)=0, y'(0)=-1 to the volterra integeral equation
Solution : Method I :

y'+y=cosx

integrating w. r. t. x fromo to x

- ' ()= p'(0) + j (t) dt =[sinx];

LY+ [y di=sine [ y(©0)=~1]
0
Again integrating w. 1. t. x fromo to x

@)=y +x+ [ [ y(0)dr ~[cosx];

yx)+x+ [ (x-t)y(t)dt = 1-cosx

0

Sy =(1-x-cosx)+ [ (x-t) y(t)dt
0

is the required integral equation.

Method 11 :

Given y"(x)+y(x)=cosx

Let y" (x) = u(x)

integrating w. r. t. x from o to x

YN
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V)= 0= [u(r) di

X

S Y(x)+]= j u(yde [+ 3'(0)=-1]

0

Again, integrating w. r. t. x from o to x

@)=y +x=[ [ u(e)dr
() +x= [ (o= tu(r)ds

.'.y(x):—x+Jj(x—t)u(t)dt

using equation (2) and (3) in equation (1)

.'.u(x)—x+j(x—t)u(t)dt = Cos X

0

() = (x-+cosx) + [ (x—t)u ()

0
is the required integral equation.

Problem 3 : Convert "+ As’y =0

to the integral equation
Solution : y"(s)+As’y(s)=0;

integratingw.r.t.s fromots




()= (0)+ 2 (s—1) (1)t =0
y'(s)+/1j'(s —0)’y(t)dt =0

0

Integrating w.r. t. s fromotos

2 Y($)=y(0)+ A[ (s = y(t) dt =0

soy(s)+ A]E(s ~ O y(t)dt =0

is the required integral equation.

Problem 4 : ConvertIVP y"+a,(x)y'+a,(x)y=f(x); y(a)=y,y'(a)=y,

to the integral equation
Solution: y"+a,(x)y'+a,(x)y = f(x)
Let »"(x)=u(x)

Integrating w. r. t. x from o to x

LY =y (a) = [u(@) dt

X

Y'(x) =y, = [u() dr

Y )=y, + [ ue) dr

Integrating again w. r. t. x from o to x

AN
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Y =p(@)=yx = [ (x=t)u(z) dt
V@)= =¥ = [ (=0 u() di

Y@=y 4yt [Gonuyd @

using (2), (3) and (4) in equation (1)

u(x)+a (x){yz +fu(r)dr} +a, (x)[yl byt [ - nutode | = £(x)
u(x)+a, (), + [ @, (x) u(t) dt + a,(x) (v, + 3,2) + [ @, () (x= 1) u(®) dt = g (x)
S u(X)+ @ (%), +a,(x) (9 +p,%) + I[al(X) +a,(x) (x=0)]u(®) dt = f(x)

ie. u(x)=f(x)-[a(x)y, +a,(x) (y +y2x)]_I[a1 (x) +a,(x) (x—1)]u(?) dt

is the required integral equation.

Problem : 5 Convert LV.P. y"+xy'+y=1;y(0)=1 ; y'(0)=0
to the integral equation

Solution : y" (x) =u(x)

Integrating w. r. t. x from o to x

Y =[u@d  (y'(0)=0)
0
Integrating again w.r.t. x from o to x

A N\
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y(x)—-1= j(x—t) u(t) dt

". Given differential equation becomes

u03+x{ju0yﬁ}+l+j(x—ﬂLdﬂch=l

u(x)+ j-[xu(t) +(x—1) u(t)] dt=0

u(x)+ jf x—t)u(t) dt

is the required integral equation.

Problem 6 : Convertthe IVP "4 xp'+ (x> —x)y =xe" +1
with y(0) = »"(0) =1; »"(0) =1 to the volterra integral equation.
Solution : Given, y"'+ xy '+ (x* —x)y = xe* +1

Putting y"'(x) = u(x)

Integrating w.r.t. x from o to x

X

;U%nﬁzjmnm

X

»"(x)=y"(0) = [u(t)dt

0
X

Y@ =[u@d  (:y"(0)=0)

0

Again integrating w. r. t. x from o to x

Y@=y 0= -n)u@dr

AL N\

(26



Ly'(x) = 1+I(x—r) wlyde 3)

- y'(O)=1

Integrating again w. r. t. x fromotox
1 r 2
- p(x) = y(0) = x + 5[ (x—1)*u(t) dt
°0

soy(x) = 1+x+%:[(x—t)2u(t) a-—— 4)

- y(0)=1)
Using equations (2), (3) and (4) in equation (1) we get

u(x) +xﬁu(z‘) dt} +(x? —x){l+x+%;lj(x—t)2u(t) dt}

0

=xe" +1

X X

u(x)=xe* +1-x>+x—x> +x° —J. (o’ _x;(x_t)zu(t) dt —Ix u(t) dt

su(x)=xe" +1+x-x° —I{W +x} u(t) dt

0

is the required integral equation.
Problem 7 : Convert the following initial value problem y"-3y"—6y'+5y =0

Subject to the initial conditions y(o) = y'(0) = y"(0) =1 to an equivalent volterra

integral equation.
Solution : Given LV.P. 1s

y"=3y"-6y'+s5y=0 - (D
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Let y"(x)=u(x)

Integrating from o to x we get

X

@] = j u(t) dt

0

»"(x) = "(0) = [u(t) t

y"(x)=1+ j-u(t) dt

Integrating from o to x we get

[y, =[], + [ =0y u) de

Y(x)='0) = x+ [ (x=t) u(r) dt

Y'(x) = 1+x+j(x—t) u(t) dt
0
Integrating from o to x we get

2
X

O e R (B

y(x)=y(0) = X+%2+%I(x—t)2u(t) dt

2
X

y(x)=1+x+?+%j£(x—t)2u(t) dt

Using (2), (3), (4) & (5) in equation (1) we get

o N\
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u(x)—3{l+]iu(t)dt}—6{1+x+j(x—t) u(t) dt}r
5{1+x+x—22+%;.:‘(x—t)2u(t) dt} =0
u(x) :3+3]iu(t) dt+6+6x+6]€(x—t) u(t)dt—

55 57 5
5-5x——— | (x=8)"u® dt
. 2!( ) u(t)

u(x)= 4+x—%+3_)£u(t)dt + 6:’: (x—t)u(t)dt—%j:(x—t)zu(t)dt

u(x):4+x—%+H3+6(x—t)—§(x—t)2}u(t) dt

which is volterra integral equation of second kind.

Problem 8 : Reduce the IVP y" + Ay =1(x); y(0) = 1, y' (0) = 0 to the volterra

integral equation.

Solution : Given equation is

y'+wy=feo ()
Let y"®)=u(x) e (2)
Integrating from o to x we get

[v'(0], = [ute) de

X

. y'(x)='(0) = [u(r) dt

0




S L — 3)

0

Integrating from o to x we get

[V = [ =0y u() dr
Y =3(0) = [ (x=t) u(®) dt

y(x) = l+j(x—t) wltyde 4)

Using equation's (2), (3), (4); equation (1) becomes

u(x)-i-/{l—i-ji(x—t) u(t) dt} = f(x)

sux)=f(x)-4 —/Ii (x—1t)u(r)dt

Problem 9 : Reduce the following IVP

y"+y'=0;y(1)=0,y'(1) =1 to the volterra integral equation

Solution : Given equation is

YUY'=00 (1)
Let y'(0)=u(¥)) e 2)
Integrating from 1 to x we get.

X

('] = [u() dt

X

') —y'(l) = j u(t) dt

1




SLy'(x)= 1+jfu(t) dt

¢ y'M=1)

Using equations (2) and (3) equation (1) becomes.

u(x)+1+ju(t) dt=0

X

u(x)=—-1- j u(t) dt

1

is the required integral equation.
Exercise :

Derive an equivalent volterra integral equation to each of the following IVP.

1. y'+5y'+6y=0,y(0)=1,»'(0)=1

2. y"+y=0,y0)=0,y'0)=1

3. y"+(1+x*)y =cosx; y(0)=0,'(0)=2

4. y"—sinx y+e'y=x;y(0)=1,y'(0)=-1

5. y"'+4y'=x(0)=0,y'(0)=0,y"(0)=1

6. Y +2y"+y=3x+4;1(0)=0,y'(0)=0,y"(0)=1,"(0) =1
7. y'+y=sec’x,y(0)=0

8. y"=2xy=0;y(0) = %,y'(o) =1,"(0) =1

0. y"+5y'+6y=0;y(0)=0,y'(0)=-1

10. y"-3py'(x)+2y(x)=4sinx; y(0)=1,y'(0)=-2




2.4 Conversion of BVP to Fredholm intergral equation.
Boundary value problem.

An ordinary differential equation with conditions, involving dependent variable and its
derivatives at two different values of the independent variable is called boundary value
problem (BVP)

Problem 1 : Converty" +xy=1, y(0)=0,y(1)=1 into an integral equation.
Solution : y"=1-xy

Integrate w. r. t. x from o to x

¥i@) = y'(0) = x— [ y(0) de

S y'(x)= C+x—j‘ly(t) dt

(Takingy' (0)=C)

Integrate w. r. t. x from o to x

()= p(0) = Cx+%—](x—t) o (t) dt

y(x)sz+%2—I(x—t) v tya (1)

(- y(0)=0)
Now from (1)

1 1
lzy(l):C+E—£(l—t) t(t) dt

1 1
.-.C=5+£(1—r)zy(t)dt




.. Equation (1) becomes
1 1 x2 X
Y(x) =;{E+£(l—z) (t) dt}L?—-O[(x—t) t(¢) dt

=%(x2 +x)+ixl(1—t) (1) dt—I(x—t) ty(t) dt

= %(x2 +x)+ j xt(1—1) y(¢) dt + jxt(l — 1) ty(t) dt - j(x —) ty(t) dt
:%x(x+1)+j[x—xt—x+t]w (t) dt + [ xt(1—1) y(¢) dt
=lx(x+1)+]it2(1—x) (1) dt+jxt(1—t) y(t) dt

2 0 x

y(x) = %x(x # 1)+ [ k(e t) p(0) dt

’(1-x);0<t<x

where k(x,?) =
xt(1-t);x<t<1

is the required integral equation.

Problem 2 : Reduce the following BVP into an integral equation.
y"(x)+Ay(x)=0;y(0) = y(1)=0
Solution : y"(x)=-Ay(x)

Integrating w.r. t. x from o to x

V()= '(0)==2] y(¢) dt




Yi(x)=C=A[y(t)dt

(Takingy' (o) =C)

Integrating again w. r. t. x from o to x

Y(x) = p(0) = Cx = A[ (x—1) y(t) dt

Sy(x)=Cx —/1] (x—1t) y(t)dt (- y(0)=0)

Now,

0=y(l)=Cl —/zj(z—t) y(t) dt

2’[
C:7£(I—t) V(1) dt

.. Equation (1) becomes

()= % [~y di =2 x=10) y(o di

= 1{ x(ll_ t)y(t) dt+ 4] l z_ D V(t) dt — A ! (x—1) y(t) dt

=;tﬂx(ll_t) —(x—t)} 3(?) dt+/1£ x(ll_’)y(t) dt

jxl—xt—lx+lt x(1-1)

= Y(t) dt + /Ij.Ty(t) dt

0

A N\
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W(t) dt

=/1£t(l;x)y(t) dt+,1jx(ll_”

() = A[ k(x, 1) p(0) d

M'O<t<x

Where k(x, t) = x(l_t)'x<t<l

is the required fredholm integral equation
Problem 3 : Reduce the boundary value
y'+y=x0<x<rm

y(O) = l,y(ﬁ) =r-1

to the fredholm integral equation.
Solution: y"+ y = x;

Sy'=x—y

Putting y"(x) =u (x)

.. Integrating w. . t. x from 0 to x

~y'(x)=C+[u(r)de (- Taking y'(0)=C)

Again, integrating from o to x
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y(x)—y(0)=Cx +j£(x—t) u(t) dt
Buty(o)=1
y(x)=1+Cx+j(x—t)u(t) a-—— (1)

Using, y (m) =7 - 1 we have

n—1:1+c7z+j(x—z)u(z)dz
0

. C =l{(7r—2)—]£(7r—t) u(t) dz}
T 0

Putting this value of C1 in equation (1) we get
x T

y(x) =1+—{(72'—2)—J.(7Z—t) u(t) dt}
4 0

+j (z-Hu@yd - )

Using (2) and (3) in eqution (1), we get

u(x) =x—1—£(7z—2)+1]£(7z—t)u(t) dt—j(;r—t)u(t) dt
T 72'0 0

using the identity

]E= J.+]Ewe get
0 X

0

u(x)=x—1—1(n—2)+1j(ﬂ—t)u(z) dt
T 72'0




+1T(ﬂ —t)u(t)dt —_X[(x—t) u(?) dt
2 0

IS L _j@u(t) dt
o 7 !

T

2x—1

u(t) = —Tk(x,t) u(?) dt

T

=7 g<r<x

T

x(t—m
ﬁ;xétéﬂ
T

Where k(x,t) =

Problem 4 : Convertthe BVP
y"'=1x); y(0)=0, y(1)=0
to the integral equation
Solution : y"(x)=1f(x)

Integrating from o to x
LY@ =y O =[f@ydi
0

Ly'(x)=C +I f(t)dt (Taking y' (0) =C)

Again integrating w. 1. t. x fromo to x

-~ y(x) = y(0) = Cx+ j (x—1t) f(t) dt

Soy(x)= Cx+I(x—t) fed

[ y(0)=0]

A N\
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Usingy(1)=0

.'.O:C+I(l—t) () dt

czj(t—l) (o) dt

Putting this in equation (1) we get

Y0 =[xt =D f @) de+[(x—1)f (@) dt

0 0

using the identity
1 X

I= J.+:|1:we get

0 0

Y0 =[xt =11 () de+ ](x —0)f (@) dt+ [ x(e=1)f () dt

0 0 X

=j‘(xt—x+x—t)f(t) dt+jx(t—1)f(t) dt

= It(x—l) f@) de+ jx(t 1) f () dt

S (x) = j k(x,t) £(£) dt

t(x-1);0<t<x

where k(x,t) =
x(t-1);x<t <1

is the required integral equation.




Exercise :

Transform the following BVP's to the integral equations :

1. y'ty =0; y(0)=0, y'(I)=1

2. y'ty=x y(0)=0, y(1)=0

3. y'ty=x y(@O)=1, y'(1)=0

4. y'+ty'=0; y(0)=y(), y (0)=y (1)
5. y"'=0, y(@)=y()=y"(0)=y"(1)=0
6. y'+ Ay=ex; y(0)=y (0)=0

7. y"-Ay=cosx, y(0)=0,y (1)=0

8. y'=ay+x; y(0)=y(m/2)=0

0. y'+y=x; y(0)=y (m/2)=0.

10. y'+Ay=x; y(0) =y (m)=0.

Ex. Reduce the following BVP into an integral
equationy"+Ay=0;y'(1)+Vy(l)=0

At y(x) = ——+ A[ k(x,0) (1) dt
1+V 0
M;O<t<x
Where k(x,t) = I+v
x(1+V(1-1)
S Lix<t<rw
1+V
Ao N\




2.5 Conversion of Integral equation to ODE :

Problem 1 : If y(x) is solution of the IE

() = A[ k(e t) p(0) d

(1-)x,0<x<¢t

where k(x,?) =
(1-x);x<t<1

then show that y(x) is also the solution of BVP
y'+Ay=0; y(0)= y(l) =0
Solution :

1

y(x) = ij(x,t)y(t)dt

0
1

:ﬂjk(x,t)y(t)dt+ljk(x,t)y(t)dt

0

Il
S S

/I(l—x)ty(t)dt+j/1(1—t)xy(t)dt ----- (1)

Diff. w. . t. x using DUIS

y'(x)= E;;x[z (1-x)ty(t)]de+2(1-x)x y(x)j—x(x)_ 0

{%p.@_t)xy(t)]dt #0=4(1-x)x (x) < (x)-0

X

y'(x)=j—ity(t)dﬁji(l—t)y(t)dt

0

.. Diff. w. r. t. x again

N
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y(x) = E—a%l:ﬂ,ty(t)] i + [—/Ixy(x)]j—x(x)Jr'j[j—x[/l(l—t)y(t)]dt

+O—/1(1—x)y(x)%(x)

5 y"(x) = =Axy(x) = A(1=x) y(x)

:—/I[x+1—x]y(x)

=~ 2y(x)
Sy"(x0)+Ay(x)=0
from (1); y(0)=y(1)=0
Problem 2 : Convertthe BVP y"+ Ay =x;y(0)=y»'1)=0

in to an fredholm integral equation. Also recover the BVP from integral equation that

you obtain.
Solution : Given can be written as
Sy"=x—Ay

Integrating w. . t. x fromo to x

J [} .X2 I
-~ p'(x)='(0) =7—A£y(z) dt

2
X

“Y(0)=C+=a [y@yar (. Takingy (0) =C)
0
Integrate, from 0 to x

3
X

()= 3(0) = Cx b - Af (e=1) y(0) di

N
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3
X

soy(x)=Cx+ o /”tj‘ (x-1) y@)yd = (2)
Now, (1) gives

1
O:y'(l):C+%—/1J'y(t) dt
0

l 1
S C=——+ A 1)dt
: {y()

.. Equation (2) becomes
X 1 x} X 3
y(x):—me!y(t) dt+?—ﬂ'(|).(x—t) wod - 3)
x3 X x 1 x
=| %5 +ﬂ£xy(t)dr+/1£xy(x)dt—z£(x—t)y(t)dr
x3 X X 1
=| %3 +/1J0-(x—x+l)y(t)dt+ﬂ,£xy(t)dt

(%—%}L/I'([ty(t) dr+/1£xy(t) dt

()= (%—%}M!k(x, oyoyd @

;0<t<x
where k(x,t) =
x;x<t<l

conversly, we want to convert (4) to BVP

Now equation (4) can be written as

AN
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3
X X

(x) :( - 2]+/lj;x (1) dt—/ljj(x—t) wda (5)

Diff. againw.r.t. x

21 (o (o
3'(x) :(%—Ejm}[a(x 0) dt—l{a[(x—t) y(0)] dt

+<x—x>y(x)%(x)+(x—wm%w)

x* o1 1 T
:7—5+1£y(t) dt—/lgy(t) a (6)

Diff. againw. 1. t. x

P'(x)=x+ A a%y(t) dt — Ay(x)

y"(x) = x+A(0) = Ay(x)

y'"(xX)+Ay(x)=x
Also, from (5) y(0)=0

1 1
'H=——=+==0
from (6) »'(1) D)
Problem 3 : Convert IVPy" - (sinx)y'+¢"y=x;y(0)=1,y'(0)=-1 to a volterra

integral equation, conversly, derive the original [VP from the integral equation obtained.
Solution : y" - (sinx) y' +¢' y=x

Integrate w. r. t. x from o to x

[y '(X)]; —isin ty'(¢) dt + ]:e’y(z) dt = {x_;}

0




2
X

y'(x) = y(0)—[sinty ()], +Icosty(z) dt +j|£e’ y(t) dt = )

2

" P r t :x_
y'(x)+1 s1nxy(x)+J;(e +cost)y(t)dt >

(- y'(0)=-1)
Again, integrating w. r. t. x from o to x

X

. . X X t ~ x_} x
[y(x)]0+x—jsmzy(z) dz+M(e +cost) y(t) dt—{ 6}

0 0

X X

y(x)—y(0)+x—jsinr 0 dz+j(x—z) (¢' +cost)y(t) dt = -

3
X

y(x)—l+x+j:[(x—t)(et +cost)—sint | y(¢) dt -

3
X

)=l { [sint—(x—1)(e' +cost) | y(0) dt
is the required integral equation

Conversly, to obtain differential equation, Diff. (2) w.r. t. x

3
X

3'(x) :?—1+E%[sint—(x—t) (€' +cost | y(r) dt

+[sint—(x—1)(e' +cost)y(¢) dt | %(x)

=x

—[sint - (x—1)(e' +cos 1) y(t) dt | %(0)

t=0

N
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2
X

3'(x) =7—1+j[0—(a +cost)] (t) dt +sin x y(x)

2
X

=7—1—j(e' +cost) p(t) dt +sin x y(x)
0

Dift. w. r. t. x again

y"(x)=x—-0—(e" +cosx)y(x)+sinx y'(x)+ y(x)cosx
y"(x)=x—-e"y(x)—cosx y(x)+sinx y'(x)+ y(x)cos x
y"(x)=(sinx)y'(x) + e’ y(x) =0

From (2) y(0) =1,

From (1) y'(0)=-1

Problem 4 : Convert IVP y"-3y'+2y=4sinx;

y(0) =1, y' (0) =-2 in to integral equation and derive original [IVP from obtained

integral equation.
Solution : y" - 3y' + 2y =4sin x

Integrate w. r. t. x from o to x

[V -3[r(x0)]; +2 j y(0)dt =—4[cosx];
y'(x)—(—2)—3[y(x)—l] +2Iy(t) dt= —4(cosx—1)

y'(X)+2—3y(x)+3+2Iy(t) dt=—4[l-cosx] - (1)

Integrate w. r. t. x from o to x
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[y(0)], +5x- 3} y(t) dt + 2} (x—0)y(t) dt =4[ x—sinx],
y(x)—1+5x+I[2(x—t)—3]y(t) dt =4(x —sin x)
y(x) :4x—4sinx+1—5x+j|£[3—2(x—t)]y(t) dt

=1—x—4sinx+I[3—2(x—t)]y(t)dt ----- 2)

which is required volterra intergral equation.

Conversely to derive the original [IVP Differential (2) w. . t. x

y'(x)= —1—4cosx+ja_a)c[3—2(x—t)]J’(t) dt+[3_2(x_x)]y(x);_x(X)

+[3-2- 0]y -(0)

= —1—dcosx+ [ ~2y() di +3y(x)
0

Diff. w. r. t. x again

y" (x) =4sin x - 2 y(x) + 3y' (x)

ie. y" (x) -3y (x) + 2y(x) =4 sin x

Now, from (2) y(0) =1

from (1) y'(0)+2-3+3=0 = y'(0)=-2
Thus the IVP is

y' (%) -3y (x) + 2y (x) =4sinx;

y(0)=1,y(0)=-2
e
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Problem 5 : Reduce the following integral equation to an initial value problem

Y =x+ [ (t=x)y(t) dt

Solution :

y(x):x+j(t—x)y(t) ----- (1

Differentiation w.r. t. x
L y'(x) =1+ [[-y(0)] dt
0

=1- jy(t) a (2)

Differentiating again w. . t. x
LY () =1y ()
LY () ty(x)=0
Initial conditions are obtained by putting x=0in (1) and (2)
Ly (0)=0
and y'(0)=1
Required IVP is
y'+y=0, y(0)=0, y(0)=1

Problem 6 : Find the IVP equivalent to the integral equation

Y0 =2+ [ (=) (o) di
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Solution : Given LE. is

y(x)=x’ +j(x—t)2 yya¢s (1

Differentiation (1) w.r. t.x

y'(x)=3x" + j 2(x-tyy@¢ya (2)

Diff. w. . t. x again we get

y"(x) = 6x+}[2y(t) a-— (3)

Diff. w. r. t. x again we get
y" () =6+2y(x)
y" ) -2y (x)-6=0
To obtain initial condition put x =0 in equations (1), (2) and (3) we get respectively
S y(@0)=0
y'(0)=0
¥ (=0
.. Therequired IVP is
y"-2y-6=0; ¥(0)=y(0)=y"(0)=0
Problem 7 : Reduce the IE

y(x)= %x(l —x)+ [ k(x,) y(2) dt

P (t—x)0<t<x

where k(x,t) =
xt(l1-¢t); x<t<l1

to the ODE
o N\
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Solution : Given integral equation can be written as
1 X 1
y() = x4 )+ [ e, 002 de + [ (e, 0)9(0) dt
0 X

(a0 = %x(l +x)+ Eﬂ(l —x)p(t) dt + j xt(-0y@®d 1)

Diff. w.r. t. x.
Sy'(x)= %(l+ 2Xx) +I—t2y dt+x2(1 - X) y(x)+J.t(l—t)y(t) dt—xz(l—x)y(x)

:%+x_J:t2y(t) dt+'j[t(l—t)y(t) a ()

Differentiating w. r. t. X. again

y' (0 =1-x"y(x) -x (1 -2) y(x)
=107 y(@) -2 y() + 27 y(@)

YT ) Fxyx) =1

from (1)

y(0)=0, y(1)=0

.. Therequired BVP is

y'txy=1 y(0)=0, y(1)=0

Exercise :

Question1 : Reduce the Following volterra integral equation to an equivalent IVP.

i v =e = [(x-0y() dt

ii) y(x)=2+3x+5x" + j[l +2(x— t)] y(t) dt

o N\
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iif) y(x) = l+x+§x2 +;H3+6(x—t)—§(x—t)2}y(t) dt
) Y@ =2t x4 2 -0y dr

1 X
v) Y@ =xt ko [0y dr
0
Question 2 : Reduce the following fredholm intergral equation to an equivalent BVP

iy ¥ = [ ko) dt

t(x=1);t<x

where k(x,1) =
x(t-1);t>x

2x—7z_

iy Y@= ~

]i k(x,t)y(t) dt
tH(x—1)
7

x(t—nxm
( );xStSﬂ

;0<t<x
where k(x,1) =

T
iy Y00 = A[k(x,0) y(0) dt

t(l—x)

0<t<x
where k(x,t) = l
all _t);x<t<l
*00
VT
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Unit-3

FREDHOLM INTEGRAL EQUATIONS WITH
SEPARABLE KERNELS

3.1 Solution of fredholm integral equation of the second kind with separable
kernel

Consider the fredholm integral equation of the second kind.
gs)=f(s)+rlk(s,t)gyat (1)
As, k(s, t) is separable kernel hence written as
k(s.0) =30, (5)5 (1)

=)

Where the functions a,(s) ... a,(s) &b, (t) ... b, (t) are linearly independent functions.

.". Then the equation (1) becomes

g@):f@ywjipigqog@yh

= f() A a ()b (e )
Let us assume
[b(t)g(t)de=c,
. Equtions (2) becomes
g(o)=S(s)+ A eals) G
T

(S



To find the solution of equation (1) in the form (3) we should find the value of constant C,
Put the value of g(s) from (3) in equation (2) we get

f(s)-i-/ich.ai (s) = f(s)+/lgal. (s)_[bi (t){f(t)—i-/ikZZ;Ckak (t)}dt

Za (s){c,. ~[#, (r){ f(t)mgckak (t)}dt} -0

But the functions a, (s) are linearly independent

e —J-bi(t)|:f(t)+ﬂ’gckak (t)}dtzO; i=1,2,..n

a-[p () (a-r3clp@aa@=0 @
Denote  [b,(t) f (¢)dt=f,
[b.(0)a, (1)t =a,
equtions (4) becomes
-‘-q—ﬂgckaffi; i=1,2,..n

:>ci—ﬂ,[C1al.1+C2ai2+ .......... +CaA]=fl., (1<i<n)

n-in

Itis system of linear equations for unknown ¢, c,, ... ¢, which is given by

cl(l—/lall)—cz/la12 —.—C Aa,, = f,

n

—c,Aa,, +c, (1 —Aa,, ) —...—c,Aa,, =f2

—c,Aa, —c,a,, —...+¢c,(1-2a,,) =/,

The determinant D(A) of the system is
e N\
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1-Aa,, -Za, - Aa,,

-Aa,, 1-Aa,, .. —-Aa,,
D) =

-Aa, —Aa, 1-Aa,,

Which is polynomial in A of degree at most n. Moreover it is not identically zero since
for A =0 it reduces to unity.

Case 1 : When atleast one right member of system (5) is non zero

1) If D(A) # 0 for all values of ;4 : The system (5) possesses unique non zero
solution, hence equation (1) have unique non-zero solution given by (3).

i)  If D(A)=0 forall values of ; : The system (5) has no solution or they possesses
infinite solution and hence (1) has no solution or infinite solutions.

Case 2 : When f(s)=0: The system (5) reduces to homogeneous system of equations.
) IfD(A) # 0 : System (5) possess trivial solution which is uniue

1.e.c, =c,=...=c_ =0isthe only solution of (5)

.. g(s)=01s the only solution for (1)
i)  IfD(A)=0: System (6) have infinite number of solution.

.. Equation (1) has infinite solutions.

Case 3 : When f(s) # 0 and {(s) is orthogonal to all b, (t),

Then system (5) reduces to homogeneous system of equation.

1) If D(A) # 0 : System (5) possessesa unique solution C, = C, = ... = C =0
(trivial Sol.m)

.. g(s)=1{(s) is the only solution for equation (1).

i)  IfD(A)=0: System (5) possesses infinite solution.

e N\
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.. Equation (1) has infinite number of solutions.

Problem 1 : Solve the fredholm integral equation of second kind.
1

g(s):s+/1_[(st2 +s2t)g(t)dt

0

1 1
Solution : £ (S) =5+ /IsJ-tzg (Z) dt + lszj‘tg (t) dt
0 0

=s+Asc,+As’c, e (1)
1

where G Itzg(t)df ----- 2
0
1

and  C=Je(ar 3)

Using (1) in equation (2) we get

C = jtz [ 1+ AC, +2£°C, at

0

[£+ 20,8 + AC,t" Jdt

S e —

4 4 5!
= t—+/1C1t—+/1C2t—
4 4 5

0

C1=l+/”tcll+/1C2l
4 4 5
A A 1
c|ll--|\--Cc,==
1( 4j 5 7 4 )
oA N\




Using (1) in equation (3) we get

C, = Jl't[t + AUC,+ AP C, Jdt
0
= j[zz +ACE +AC,E Jdt
0

£ £ !
C,=|—=+AC,—+ 1C, —
3 3 4]

Liactiict
3 3 4

_Cli_}_cz (l_ij:l
3 4 3

The determinant D(A) for system (4), (5) is

-z -z .
D(A)= 4 5/1:(1—%j +f—5¢0

-z 1-Z

3 4

.. system has unique solution given by

60+ 4 c 80

LT 401204 — 42 % 240-1204- A

Required solution is

60+ A4
=5+ + s’
g(s)=s {240—120/1—/12} S[

80

240-1204— A7

2405 —1204s — A%s + 1560+ A%s +804s>

240-1204-2°

e N\
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( ) s(240s—602)—801s2
S)=
& 2401204 — A’

Problem 2 : Solve the fredholm integral equation

1

g(s):s+/1j(1+s+t)g(t)dt

0

1 1
Solution : g(s):s+/1_[(1+S)g(t)dt+/lj.tg(t)dt
0 0

= s+ A(1+5)[ g()dt + A [ 1g(t) dt

=s+A(1+5)C +AC,

Thus using (1) in equation (2) we get

cl=j[r+/1(1+t)cl+/1c2]dt
0

t° £ 1
= {—+/1(1 +—jC1 +/1C2t}
2 2 .

C =l+ (qu +AC,
2 2

e N\
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el (1—ﬁj ac, =1
2 2

Using (1) in equation (3) we get

C, =jt[z+/1(1+z)c1 +AC, |dt
0

j[r +/1 t+t° C +/1C2t}dt
0

3 2 3 2 !
t—+/1 t—+t— C1+/1C2t—
3 2 3 2

C:l+§iC+C/1
3 6 2

_ﬂc (l_iJCZ _1
6 2 3

The determinant D(.) for the system of equation is

.. System has unique solution given by

6+A1 4-1
1= G = 2
12-2421-2 12-2421- 2

Putting these values of C, and C, in equation (1)

(37



.. We get,

A[10+(6+4)s]
[12-242-47]

g(s):s+

is the required solution

Problems 3 : Sove the integral equation
1
g(s) = f(s) + ﬂj(s + t)g(t)dt
0
1

Solution :g(s):f(s)+ﬁ,j(s+t)g(t)dt

0

= f(s)+isj'g(t)dt+/1j'tg(t)dz

g(s):f(s)+/1sCl+/1C2 ----- (1)
where G :lg (tya 2
and  C=Jeg(ar 3)

Putting the value of g(s) in equation (2)

C =j[f(z)+/1zc1 +AC, |dt

0
2

_ Jl.f(t)dt +IC, {%} rAn:

= f +%C1+/1C2




!
(1—5jq—/1(:2=f1

Putting the value of g(s) in equation (3)

..C, = j[r f(t)+A8C +AC,t | dt
0
1

1 £ ! P
[t f(t)dt+ac, {?1 +AC, [ﬂ

0 0

AC, AC
C,=f,+—+—=
= S S

A A
—gq +(1/1—5jC2 :]pz

1-Z27°22
2 —AT—121+12
D(2)= _ A mearls
A A 12
3 2

If D(A) # 0, then after solving (4) and (5) for C, and C, we get.

o 12/ +64(/-21)

! A2 +124-12
_ -12f, +i(—2f1 +3f2)
AP +124-12
and
o 124 A(4f-61)
L=

A +124-12

Putting the values of C, and C, in equation (1) we get,

) 12f,+64(f,~21,)
g(s)_f(s)M‘{ A +124-12

o N\
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—12/,+64(f/,-2/,)
AP +124-12

As

g(s)=f(s)+m[[6s(/1—2)—4/1]f1 +[[6(4-2)-124s]f, |

Putting the values of f, and f, we get

( 6(A=2)(s+1)—124st—44
{ AP +124-12 }f(t)dt

Problem 4 : Solve g(S):COSS"’AJ’Sin(S_t)g(t)dt

0

Solution : &(s)=coss+ /1J’ sin(s—1) g (¢)dt
0

=cos s+ Asin sj cos tg(t)dt —Acos sfsin tg (t) dt
0 0

g(s)=coss+CAsins—C,Acoss

Where,

C = Icostg(t)dt
0

C, = [sintg (r)dt
0
Putting (1) in (2) we get

C, = J.[cos2 t+C,Asintcost —C,Acos’ t] dt
0




2

Il
O N
I

1+ cos2t +/1C1 sin2t—/1C2 1+cos2t »
2 2 2

1/ sinZtT ﬂC{—cosZtT ﬂC{ sin 2t
=—|t+ + — 2
20 2 4 2 2 4 2 2
r  AC, AC
=———="[1-1 2
* K] 2o ()
_E M
2 2
c+2%c T
2
S2C+AnC =1
Uusing (1) in (2) we get

C = j[sin tcost+C Asin® t—C,Asint cos t] dt
0

J.[szt (I-co s2t)—/1—Csm2t}d
o 2
{—cosZtT /'LCI[ sinZtT lC{cosZtT
= + t— +
4 4, 2 2 ], 2 2
_ﬁ(ﬂ)
2
25 (2)+c, =0
2
—AnC, +2C, =0

]




2 A
.'.D(Z)Z‘ 1 Py
A
T Am
| = =2
0 2
2 T 5
D2 = =Ar
—Ar 0
D, 27
Cl:_l_ 2 2
D 4+ 1°rx
oD 4x
2D 44077

s
then

D 2

D 4+ 1w

D, A’

Putting these values of C, and C, in equation (1) we get

27 At
s)=coss+Asins| ———— |—-Acoss| ———
g(s) {4”%2} {4”%}

4coss+2xlsins 2i
= — A#EE—
A4+ A°r T

is the required solution.




1
Problem 5 : Solve ¢(x) =e'+ ZI2€X+I¢(t)dt
0
1
Solution : #(¥)=¢"+ [ 2¢™¢(¢)dr
0

1
=e' + ZEexJ‘e’¢(t)dt
0

=¢" +24e" (c)
1

where €= J.e’(é(t) dt

0

Putting (1) in (2) we get

C= j‘e’ [et + 2/1€’C]dt
0

1
= [ [1+24C
0

2 !
=(1+2zc){e—}
2 0
e’ —1
=(1+2A4
(1+ c)( 5 J
e’ -1 2
. C= +Cle’-1]4
2
=C= e -1 A# !




Putting the value of c in (1) we get

2/1e”‘(ez—1) . 1

2[1—1(&—1)]; e -1

Problem 6 : Consider the equation

d(x)=¢"+

1

g(s) = f(s) +ﬂjk(s,t)g(t) dt

0

and show that, for the kernel given in Table the function D(A) has the given expression.

Table :
Case Kernel D(A)
1 +1 15 A
2 st 1-4
3 s2 + 2 1 2 ﬁ
3 45
1
Solution : g(s):f(S)J”IJ‘k(SJ)g(t)df _____ (1)

0
Casel:a)k(s,t)=1

.. Equation (1) becomes




Using (2) in (3) we get

1 1
C =] f(e)de+2C [ar
0 0

=j’f(t)aiz+ﬂbC1

1

2 C(1=A)=[f()ar

0
= D(A)=1-2
(b) Now, if k(s,t)=-1
Proceed as above we get
D(A)=1+4
Case 2 : k(s,t)=st

.. Equation (1) becomes

1

g(s) = f(s)+ ﬁ,J-Stg(t)dt

= f(s)+ﬂsjtg(t)dt

= f(s) + AsC,

where G = Itg(f)df

0

Using (4) in (5) we get

C, =jt[f(t)+ﬂ,zc2]dt

e N\
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1 1
5. Cy = [of (¢)de+ [ ACtdr
0

0

Case3: k(s,t)=s"+1’

.. Equation (1) becomes

- f(s)+/1s2j'g(t)dt+/1j'tzg(t)dt

:f(s)+/1szC1 +AC, e (6)
where G = J.g(t)dt ---- (7)
C, —Itzg(t)dt _____ (8)

Using (6) in (7) we get

C = [[f (£)+ACH +AC, Jdt




1
jf(t)dw%mcz
0

ﬂ, 1
q[l—gj—zcz =_([f(t)dt
Using (8) in (6) we get
C, = [£Lf () + ACE +AC, )dt

1 1 1
= [£f (t)dt+AC, [ ¢de+ AC, [ £dt
0 0

0

1 AC AC,
+—t+—

A\ A [
C, (1—§j—§q = {1 ()t

from (9) and (10)




Exercise :

Solve the following integral equations using method of separable kernels.

1. g(s):s+/1j-(l+s+t)g(t)dt

2. g(s):f(s)+ij(st+szt2)g(t)dt

-1

2z
3. g(s)zs+lj|ﬂ—t|sinsg(t)dt
0
3
4. —sms+/1_[s1nscostg
0

1

5. g(s)= f(s)+A | stg(t)dt
0

1
6.  g(s)= tan's+ | ens g(t) dt

-1
T

7. o (x) =cos x+ A [ sin (x - t) ¢ () dt

0

1
8. d(x)=s+A](s2+s2t) ¢ (t)dt
0

1
9. o (x) =f(s) + 1 [ (s2+ 12) g(t) dit
0




10.  Intheintegral equation

1
2(s) =5+ j sin st g(¢) dt

0

Replace sinst by the first two terms of'its power series development.

3
Gy,
3!

sin st = st —

and obtain an approximate solution.
3.2 Fredholm Theorem

Theorem (Fredholm Theorem) : The inhomogeneous fredholm integral equation
g(s)=r(s)+A[k(s,t)g(t)dt

with the separable kernel has one and only one solution given by
g(s)= £ (s)+ A[T(s.6:2) £ (1)

D(s,t; 4)
D(A)

kernel and it is ratio of two polynomialsin j .

where T'(s,t;1) = .for D(A)F0 is termed as resolvent (or reciprocal)

Proof : Consider inhomogeneous fredholm integral equation

g(s)zf(s)+/1jk(s,t)g(t)dt ----- (1)

with separable kernel

k(s,t)zgai(s)bi(t)

Eqution (1) becomes

g(s):f(s)+lj{§ai(s)bi(t)}g(t)dt




n

= f(s)+ /12 a, (S)Ibl. (t)g(t)dt

i=1

g(s)=f(5)+AY Ca (s)

i=1

where  C, =.[bi(t)g(t)dt _____ 3)
1i=1,2,3,..n

Using (2) in (3) we get (for fixed 1)

¢ =[b() f(t)+/1§ckak (1)t

:Ib,.(t)f(t)dt+ﬂgckjbi(t)ak ()dt
Denote f, = Ibf (7 12— (4)

a, = [b,(t)a, ()dt

-G —ﬁchaik =f ;i=L2,..n
k=1

Which is system of linear equations withnknowns C,; 1=1,2,...n

The Determinour D(A) ofthe system is

1-Aa,, -Aa, ..—2Aa,
-Aa,, 1-Aa,, -Aa,,

-Aa, —Aa, 1-Aa

nn

Which is polynomial of degree at most n.
VTN
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ForD( 1) = 0, the system has only one solution (unique solution), given by cramers
rule.

1
C. :—[Dli fi+D,, f,+..+D, fn]

- D(4)
i=1,2,..n
Where D, demotes the cofactor of the (h, 1) th element of the determinant D( / ).

The integral equation (1) has unique solution given by using (2) as

8(5) =/ (5) s A Pt Bt Bl )

Substituting f. from equation (4) we get

g(s)zf(s)+ﬁj{g[Dnbl(t)+D2ib2 (t)+...+D,b,(1)] ai(s)}f(t)dt

Consider the determinat of (n+1)" order

0 a(s) a(s) .. a,s)
b)) 1-2a, - 2a,, ... —Aa,,
D(s,t; ) =—|b,(¢t) —Aa, 1-Aa,, ... —Aa,,

b@t) —Aa, —Aa, ..1-Aa

nn

By developing it by the elements of the first row and corresponding minor by the elemtns
of first column, we find that D(s,%;4) = Z [Dl,. b(t)+ . +D,b,(t )}
i=l1

Therefore,

g(s) :f(s)+ jD(s,t;/l)f(l)dt

A
D(2)

=f(s)+/1j%f(t)dt

VPN
)




= f(s)+A[T (s.:2)f (¢)dt

D(s,t;ﬂ,)
D(4)

Which is ratio of two polynomial in 4 is called resolvent (or reciprocal) kernel

where F(s,t;ﬁ,) =

3.3 Transpose or adjoint of integral equation :

The integral equation

w(s)=r(s)+ ATk(t,s)y (t)de

is called the transpose or adjoint of the integral equation.
g(s)=f(s)+ATk(s,t)g(¢)dt,and vice versa

Theorem : Then transposed equation

w(s)=f(s)+Alk(t.s)y(t)dt does

is also possessess a unique solution

whenever,

g(s)=fn+A[k(s.0g0ar

Proof : Let (5.2) =) a,(s)b,(¢)

i=l1
where the functions a,(s) .... a_(s) and b,(t) ...b_(t) are linearly independent, then
K(t.5)= Y a,(1)b,(5)

i=1

equation (1) becomes
W(s)zf(s)mj{gai(f)bi(s)}p(z)df

o N\
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:f(s)mgb,.(s)jai(t)w(t)dz
Let C,=[a,(t)y(t)dt, i=1,2,..n

v (s)= 1 (s)+ A3 ch (5)
i=1
and the problem reduces to finding the unknown C,

Putting (4) in (3) we get

C =Iai(t)[f(t)+/12n:ckbk (0)ldt; i=1,2,3,...,n

~[a () f(z)dzmgck [a (P (r)ds; — i=12..m

it is the system of equation given by

(1-2ay,) ¢, - Aayc, — Aay ¢y —.....— Aa, ¢, = f,
—Aa,c +(1-Aay, )¢, — Aaye, —....— Aa,c, = f,
-Aa,c, —Aa,,c,—Aa, c;—....—(1-2a,)c, = f,
whose determinant is
o N\
3




1-Aa,, —Aa, ..—Aa,
=|[I-2A"| = D'(4)

-Aa, —Za, ..1-Ja

nn

Which is just a transpose of fredholm determinant D (/1) = |I - /1A| of equation (2).

This means that the transposed IE possesses unique solution whenever the original IE.

Thus eigen values of transposed equation are same as those of the original equation.

A necessary and sufficient condition for the in homogeneous integral equation

b
g(s)=f(s)+ ﬂj-k(s,t)g(t) dt to have solution for A =4 arootof D(1)=0 is

that f(s) is orthogonal to the eigen functions corresponds to A = A4, of the transposed

b
equation V(S) =2 [ k(t,5) w(?) di
Proof : Let g(s) be the solution of (1) corresponding to 4 where D(1) =0

Let w,(s);(i =1,2,...r) be all the eigen functions of transported equation (2) then,

;i‘f(s)l//i (s)ds

b

«m(s{g(s)—41<<s,r>g<r>dr}ds o)

a

Il
Q) > Q) >

g(s)l//l. (s)ds —/1]: v, (S)ﬁk(s,t)g(t) dt}ds

a

VN
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:I o(s)w (s)ds— [ g(s){/ijll//i(l)k(t,s)dt_ ds

.'.jf(s)l//i(s)dSZO (i:1,2,...r)

This shows that, if g(s) is the solution of (1) then f{s) is orthogonal to all eigen functions

of transposed equation (2)
Conversely, let f(s) be orthogonal to all eigen functions of (2) then the algebraic system

Ci—ﬂZaikck:fi 1 <i<p - ____ (3)

i=1
ie[l-AA]c=f, where A=[aij],C=[C,,........ ,C %=, fpperernf,]T

I'is unit matrix of order n obtained from equation (1), reduces to only n-r independent
equations. This means that the rank of matric [[ — /IA] is exactly P =n-r and therefore
the system (3) is soluble, hence the integral equation (1) is soluble.

Problem 1 : Solve the integral equation

1

g(s) = f(s)+ﬂj(1—3st)g(t)dt




by discussing all the possible cases.

1

Solution: &(5)=/(s)+A[(1=3st)g(t)ar 1)

0

1

= f(s)+4] g(¢)at —/13sjtg(t) dt

0

.'.g(s) :f(s) +Ac, =3sAc, e (2)
where € = !g(f)df ----- 3)
and © =£tg(f)dt ----- @)

Using equation (2) in (3) we get

1

¢ =[[ £ (t)+Ac,=3tAc, Jdt

0

f(t)a’t+/101 —%/102

© e —

3 1
e (1-2)+3 e, =[reya (5)
0
Using equation (2) in (4) we get

¢, = j[z () +tAe,=3Ac,t Jdt
0

1
=J-tf(t)+ic1 —c,A
0 2




31
1)(/1)=(1 V5 —(1-27)+22°
2 142) 4
2
p(2)=1-%

Casel : If f(s)=0
Then system (7) becomes homogeneous system of linear equatins.

2

DIf D(A)#0 :1—%7&0 =S A#12

system (7) possesses unique solution givenby C, =C,=0
Integral equation (1) has solution g(s)=0

ii)IfD(/l)zo =>A=%2

a) For 4 =2 system (7) takes the term

—¢,+3¢, =0

= =3c,
—¢,+3¢,=0
Equation (2) reduces to

(7))



g(s)=6C,(1-s)

= g(s) = A(l—s)
Where A is arbitrary constant is the solution of (1)

b) For 4 =2 system (7) reduces to

3¢,-3¢, =0

=c¢ =c
3c1 -c, =0 b
2
Equation (2) becomes

g(s) =-2¢ (1 + 3s)
=B (1 + 3S)
Where B is arbitrary constants is the solution.

Case Il : When f(s)#0

1) If D(4) # 0, the system (7) has unique solution in which C, and C, can be determined
by solving (2) simultaneously.

In this case (1) has unique solution.
IfD(A)=0 =A1=%2
1.e. A =2,-2 aretheroots of D(1)=0

Examine the eigen functions of the transposed homogeneous equation

1

v (s) =4[ (1-3st) (1) di

0

By case I (ii) the eigen functions corrosponding to 4 =2 and j=-2 are

v,(s)=(~-s) and v, (s) =1-3s respectively.
It follows that from the theorem that the integral equation

o N\
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1

g(s) = f(s)+2j(l—3st)g(t)dt

0

will have a solution if f(s) is orthogonal to I - s i.e. if f(s) satisfy the condition.
1
[(1-35)f (s)ds =0
0
While the integral equation.
1
g(s)=1(s)-2[(1-3st) g(¢)dt
0
Will have a solution if f(s) is orthogonal to (1-3s)
1
ic.if [(1-39)/(s)ds =0
0
Problem : 2 : Show that the integral equation
1 2z
g (s) = f(s) + = I I:sin (s + t)]g (t)dt
0
Possesses no solution for f{s) =s, but that possesses infinitely many solutions when f{s)=1.

Solution : Consider & (s)= 1 (s)+ /1] [sin(s+0)]g(e)ae (1)

2z 2z

=f(s)+ﬂsinsj [cost]g(t)dt +ﬂcossj [sint]g(t)dt

0

o

g(s)=f(s)+sinsd¢, +cos ke, ()
where
2r
¢ = _([g(t)COSl‘dt _____ (3)
VTN




2z

¢, = j g(t)sintdt

0

Using (2) in (3) we get
2 2 2z
¢ = I f(t)cost dt + Ac, J. sincost dt + Ac, j cos’ t dt
0 0 0
2 2z

2z
= If(t)costdt+%jsin2tdt+%j(l+cos2t)dt
0 0

0

2 - . .
= J'f(l)COStdt+£{_coszt} n Ac, [H_ sm2t}
0 2 2 o 2 9 .
2z
= If(t)costdt+7rﬂc2
0
2z
w6 e, = If(t)costdt
0
Using (2) in (4) we get
2z oz .
e If(t)sintdt+/1¢1 .[ sin’ d + Ac, ,[ sin (¢)cos(¢)dt
0 0 0

2r /Ic 27 /’ic or
= }[f(t)sintdt+71}|;(1—cosZt)dt+ 22 J.Sin2t

0

27 .
= jf(t)sintdt+£[t—sin2t]§” +ﬁ[—coszt}
0 2 2 ¢ .
2
= jf(t)sintdt+7r/1cl
0
on N\




2z
n=mhe, + e, = [ f(¢)sintdt
0

----- (6)
. we have system of equation
2z
¢, — e, = If(t)costdt
0
27 (7)
—7mAc, +c, = J- f(¢)sintdt
0
1 —7z4
()= =1-2222
.z

Let, D(/I)zO =1-7°2*=0 :>/”L:il
V4

Now we determine the eigen functions of transposed homogeneous equation (note that
kernel is symetric)

2z

l//(s)=/lj sin(s+t)w(t)dt _____ (8)
0

The algebraic system corrosponding to (8)

¢ —nic, =0
—nAc,+¢, =0

1
i)For 4, = — system (9) becomes

€ —C, =
=c =c
¢+c,=0
. from equation (2)




¢ . c
w(s)=-Lsins+-Lcoss
T Vs
c .
=—1(sms+coss)
V4

.. The eigen function corrosponding to
1. .

A=—is y, (s) =sins+coss
V4

1
ii) For 4, =— — system (9) becomes
¢ te, = 0}
=c¢ =—C,
¢ +c,=0
Using in equation (2) we get

w(s)= “Csins+ S coss
T r

= _(sins—
— (sins coss)

.. The eigen function corrosponding to

A =—l is Y, (s)=sins—coss
V4

Casel: f(s)=s

2 2r

If(s)wl(s)ds = Is(sins+coss)ds

0 0

= [s (—coss)—(—sin s)]iﬁ +[s(sins) - (—cos s)]i”

=2




2z

If(s)wl(s)ds=—2ﬂ¢0

0

= All eigen functions of transposed equations are not orthogonal to f(s) =s

= The integral equation (1) has no solution.

Case2: f(s)=1

2z 2
I f(s)g (s)ds= I (sins+coss)ds
0 0
. 2
= —(:oss+s1ns]O
=0
and
27 2

0

= f(s) =1 is orthogonal to all the eigen functions of transposed equation.

= The integral equation (1) is possesses solution.

Problem 3 : Solve the integral equation
g(s)=1+1 J. " g (¢)dt
considering separately all the exceptional cases.

Solution: &(s)=1+4 I " g (t)dt

=1+ 1e™ I e"g(t)dt

o D\
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2 .
c=—sinzw+2Arc
w

c(1-2Ar) :%sin w

'.c=;sinﬁw ; ifﬂ,;tl&w;to
w(l-24x) 27

Asinzw 1
e” 3 A#x—,w=0

2T
Thus g(s) +w(1—2/17r) 2

1
A=—o
If A =7~

1s the solution




Then we want to determine eigen function of the transposed equation.
y(s)=2 I "y (1) dt

this equation can be written as
W(S) — //Lefiwsc

where

c= Ieiw'g// (¢)dt

s

Putting y(s) in C we get
c= IlceiW’e’iW’dt
I1

= lc[t]:
=27Ac
c(l —27[/1) =0

If c=othen (s) =0 which is not eigen function.

Letc#0 =1-2724=0 :>/1:L
2

Which is an eigen values and the corrosponding eigen function is

: c
— —Iws ... T k' R 1
w(s)=e [ aking >, }

1
Now the equation (1) has solution for 4 = pys

-y (s) isorthogonal to f(s)=1 on [—72',72']

o
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2 .
=—sinzw ;w=#0
w

Equation (1) has solution if

2 .
—sinzw=0
w

=sinzw=0 = w=n

1
Thus for 4 = pys equation (1) has solution if w =n otherwise not.

Exercise :
1) Solve the integral equation :
2z

g(s)zf(s)+/1J‘ cos(s+t)g(t)dt

0

and find the condition that f(s) must satisfy in order that this equation has a solution

when  isan eigen value.
3.4 Eigen values and Eigen functions :

The values of ' for which the homogeneous fredholm integral equation.

b

g(s):ljk(s,t)g(t)dt _____ (1)
has a non zero solution (i.e. g(s) # 0) are called eigen value of (1) or of the kernal
k(s, t) and every non zero solution of (1) corrosponding to the eigen value J is called

eigen function.

7 or D\
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1) The number ,; =01is not eigen value. Since for 4 =0 if follows from (1) that g(s) =0

2) If g(s) is an eigen function of (1) then g(s) where c is an arbitrary constant different

from zero is also on eigen function of (1) which corrospond to same eigen value of }

Problem 1 : Describe the procedure of finding the eigen values and eigen function for
the homogeneous Fredholm integral equation g (S) = ljk(s,t) g (¢) dt ofthe second

kind with separable kernel.

Solution : Consider a homogeneous fredholm integral equation of second kind.

g(s):/lfk(s,t)g(t)dt ----- (1)
With separable kernel

k(xt)= lZ::ai(s)bi (1)

Where a,(s), a,(s) ...a (s) and b,(t), ... b (t) are linearly independent function.

Equation (1) becomes

8(5) = A1 a ()8 ()3 (1)

n

=2y a,(s)Ib(0)g(t)ae 2)

i=1

Foreachi(i=1,2,........... ,Nn)
let [, (1)g(t)dt=c

Then

g(s)=22cals) (3)
i=1
Is the solution of equation (1) in which we have to determine the constants C;1=1, ...,n

7 om N\
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Put the value of g (s) from (3)in (2)

we obtain,

13 Ca()= 23 a(s) [h0) a0 dr
> Cha(9=Yals) fbi(t)(ﬂi Ca, (t)jdr

Z":ai ($){C, - j b (t)(/izn: C.a, (t)jdt =0

Denote Ibf (t)a, (t)dt =a,

we get,

C,—-AY Ca, =0, (i=1,2, ... , 1)

i=1

C - 2(Ca,+Cya, +.......... +Ca,)=0 (i=1,2,.... , 1)

n-in

It is homogeneous system of linear equations for 'n' unknown which is given by

¢ (1-4a,)-c,Aay,...—c,da, =0
—c,Aa, +¢,(1-Aay,)...—c,Aa,, =0

—cAa, —c,Aa,,...—c,Aa,, =0

oo N\
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The determinant D( 4 ) of the system is

(L_ﬂan) '_Zau '_2%3""_l%n

D(/l):—ﬂaz.l (1-Aay) —Aay,...—a,

—Aa, Aa, —Aa,..(1-2a,)

Casel: If D(1)#0 : The system (4) has trivial solution given by C,=C,=..=C =0

n

which is unique.
From (3) g(s)=o
Forany 2 (1) has only zero solutioni.e. g(s) =0
In this case, equation (1) does not possess any eigen value and eigen function.

Case2: IfD( 4 )=0: The system (5) has infinite solution, hence integral equation has
infinite solution.

[ - Inthis case atleast one of the Ci's can be assigned arbitrarly and the remaining C,'S

can be determined accordingly.]
In fact, theequation D( 4 )=0 is the polynomial in ;4 having degree m<n
. Integral equation (1) has meigen valuessay 4, 4,5, ... 1,

There corresponds following non zero solution for each ,; given as below.

1) (M) (1)
¢ 'c,’ ..c,’ for A,

cPVel? e for A,

(m) ,(m) (m)
e, for A,

.. Non zero solution corresponding to each 7 ,;k=1,2,3 ... mis given by
g (s)=4, ZCl.(k)al. (s); k=12..m
i=1

7 on N\
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Which are the required eigen functions corresponding to 7 ,

Problem 1 : Find the eigen values and eigen function of the homogenous integral equation.

2

g(s)=ﬂjsin(s+t)g(t)dt

0
Solution :

2z
g(s) :/1] (sinscost+cosssint)g(¢)dt

0

2z 2z
= ﬂsinsj cos(t)g(t)dt+ﬂcossj. sintg(t)dt
0 0
g(s)=Asins¢ +Acosc, (1)
where,
2z
¢ = Icos wg(t)yde ()
0
2z
c, = J.Sin tg(t)dt _____ (3)
0

Putting (1) in equation (2)

2z

¢ = J-cost[ﬂbsintc1 + Acostc, |dt
0

2z 2z
= Ac, I sintcost dt + Ac, I cos’ ¢ dt
0 0

Ac, T : de, ’f
=—1 sm2tdt+—j(1+c052t)dt
2 9 2 3




—Ac,[cos2t ™ Ac,[  sin2t "
= + t+
2 1 2 |, "2 2 |,

-Ac, Ac 0-0
= 1-1|+—=| (27 -0)+—

s —Ane, =0
Putting (1) in eqution (3) we get

2z
c, = Isint[ﬂsintcl +/1costcz]dt
0

e, ’f A, T
=1 (l—cos2t)dt+—J.s1n2tdt
2 2 )

0

2 2 - 2

_ Ac [t _sin 2tT” Ac, [cos ZtTH
2
0

0

=£ (27,_0) _ﬁ{ﬂ}
2 2 2

c, =Aem
Aer—c, =0

for non zero solution, we must have

D(A)=0
1 —-An -
=0 =>-1+A47"=0
Ar -1
1
322:?
:>/1:il
V4




1
Thus 4 = T are the required eigen values.

To determine eigen function :

1
1) for A= o equation (4) and (5) becomes
c,—c,=0
b } = =c
¢—¢c,=0

Thus equation (1) becomes

~g(s)= Ssins +Lcoss
r r

~ S (e e
”(sms coss)

. ) 1
Required eigen functionis g(s) =sins+coss correspondingto 4 =— .

1
for A= - equation (4) and (5) becomes

¢ +c,=0
= - =,

¢ +c,=0

Thus equation (1) becomes

- g(s) :_7clsins+%coss

— (g
= (sms+coss)

1
. Required eigen function corresponding to 4 = — = isg (s) =sins—coss




Problem : 2 Find the eigen values and eigen functions for the homogeneous integral

equation. (or solve homogeneous integral equation)

#(x)= ﬂj' (5t +4xt + 3ix) p(¢) dt
¢(x) = lj [5xt3 +(4x2 + 3x)t]¢(t)dt

= le.l[ £p(t)de+(4x + 3x)ij' tg(t)dt

¢(x)=5xAc, +(4x2 +3x)/102 ----- (1)
where ¢ = jt3¢(t)dt """ ()
and = [tp()ac 3)

Putting (1) in equation (2) we get
1

o =[] sthc, + (48 +3t) Ac, |t
-1

=51, Jl' thdt + Ac, j (4% +3¢*)ar
-1

-1
1

- 10;tc1jt4dt + ¢, _[ (4 +3¢*)dt
0

-1

s 1 s 1
~104c, [t—} + /1(:26{%
5 0 5 0

¢ =2A¢ +g/102




(1-24)¢, +%/102 -0

Putting (1) in equation (2) we get
1

¢, = jt[Stﬂcl +(4r° +3t)1c2]dt
-1

= j [5Ac” + Ac, (46 +3¢) e

-1

1 1
=104c, [ £*dt + 6 c, [ £dt
0 0

£ £
=10A4c, {—} +64c, {—}
3 0 3 0

_ 104c, N 6Ac, _ 10Ac, +24e,
3 3 3

i.e(l—lo—/ljc1 +24c, =0
3

_Tloﬁcl +(1-22)¢, =0

For non zero soluation, we have

D(A)=0

1-22 —gl
5

_M 1-24

3

A(1-22) 422 = 0= 1-4A+42> —427 =0




1
Putting 4 = 2 in (4) and (5), we get

3
- =0
¢ 1002
5 1
—gcl —ECZ = O

Bothe equation reduces to
¢, ==C

From (1), Required eigen function is

_Sx

3 1
¢(x) T(EJ c, + (4)c2 + ?wc)zc2
= %[3)6 +4x° + 3x}
= %2[4)62 + 6x]
: . . 1
. Required function corresponding to 4 = 1

¢(x) =4x> +6x= 2(x2 +2x)

Problem : 3 Find the eigen values and eigen functions of the homogeneous integral

equation.




g(s)= ﬂsjtg(t)-i—%j[%g(l)dt

g(s)=Ase,+=c, (1
where,

¢ —j[tg(t)dt ----- ()
¢, =Eg(t)dt ----- 3)

Now, Putting (2) in equation (3) we get

h A
¢ =jt[/1tcl +7c2}dt
1

= ﬂcljtzdt + ﬂcz_z[dt
1 1

1

_t3 ’ 2
= Ac, ?} + ¢, [1]

1

=Ac, %}+/102 [2—1]

TA
0=c (?—1]+ﬂcz _____ 4)

Now, Putting (3) in equation (1) we get

2
¢, = jl[/itcl +icz}dt
! ¢ t




=¢,(2-1)+ Ac, {—%H}

Ac, +c, (%—1}:0

For non zero solution

(Z—IJ(i—lj—ﬂz :0:>l/12 —E/’tJrl:O
3 2 6 6

AP =1744+46=0
+4/ —
=t 2289 24:1(17i\/265)
_/1_1_7+\/265 1_7_\/265
; 2 2 72 2
=16.6394, 0.3606
To find eigen function :

(i) For 2 = 16.6394

7))



(4), (5) beomes

{1 —%(16.6394)}c1 —16.6394¢, =0

—16.6394¢, + {1 —%(16.6394)} c,=0

Solving, both equation reduces to
¢, =—2.2732C,
Thus equation (1) becomes

16.6394

S

g(s)=16.639%4sc, + (-2.2732)¢,

=16.639%4c, [1— 2'2732}

s
The required eigen function corresponding to 4 =16.6394

22732

N

g(s)zl

(i1) For 1 =0.3606 : Equation (4) and (5) becomes

(Taking 16.63944=1)

[1—%(0.3609)}1 ~0.3606¢, =0

~0.3606¢, +[1 —%(0.3636)}:2 =0

Solving both equation reduces to
C,=0.4399 C,
Thus equation (1) becomes

0.3609

g(s) =0.36095¢, +
s

(0.4399C)

oo N\
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=0.3609c, {1 + 0'4399}

Taking 0.36094 =1

Required eigen function corresponding to 4 = (0.3609 is

0.4399

g(s):1+ s

Problem 4 : Solve the homogeneous fredholm integral equation

1

g(s)= ﬂje‘”’g(t)dt

0
1 1
Solution : &(5)=A[e'e'g(t)dt=Ae [e'g(t)dt
0 0
g(s) =Ae’c
1
where € = J’etg(t)dt
0
using (1) in (2) we get

1
c= Ie%e’cdt
0

2 } , To find eigen function we must have ¢ # o




From equation (1) we get

g(s)=

2c

e’ —1

S

e

Required eigen function is corresponding to 4 = JE is

2c
=¢° ‘ot k :l
g(S) e ( aking ez 1 j

s

Problem : 5 Show the integral equation & (s)= AI (sinssin2z)g (¢)dt

0

has no eigen values
Solution : £ (s) = Asin sjsin 2tg (t) dt
0
= Asinsc

where ¢ = | sin 2tg () dt
0
using (1) in (2) we get

¢ = [sin2t[Asintc]dt
0

c=cl j sin 2¢sin tdt
0

A= !

Jsinz tcostdt
0

putsint=x = cos tdt=dx




Limit t 0 V4

s

.2 _
Therefore, Ism t costdt=0. Hence, 4 does not ext.

.. The integral equation has no eigen values.

Problem 6 : Find the eigen values and eigen function of the integral equation.

1

g(s)= ﬂj(sin mscost) g (t)dt

0

1

Solution : g(s):/IJ.(sinﬁscosm)g(t)dt ----- (1)

0

1
= g(s)=A4sin 7Z'SI cos g (t)dt

0

=Acsings = (2)
1
c= Icos g (t)dt ----- (3)
0
using (2) in (3) we get

1
c= Icos mxic(sin ﬂ't) dt
0

1

= icJ. sin 7rt cos tdt
0

Acp .
=—Ism27ztdt
2 0




_E —cos2xt |
2 2

0

__E—COSZE—COS(O)}

2 | 2
__Ae ﬂ}zo
2| 27

c=0;Thus g(s)=0

1
IfC%0,then A= ———

_—1 I sin 2 rtdt
2

0

1
As Isin 2t dt =0
0

.. A does not exist.
Thus for any 4 (1) has only zero solution g(s) =0

Equation (1) does not posses any eigen values and eigen function.

Problem : 7 Solve the homogeneous Fredholm integral equation

s

g(s)z%ﬂj-cos(s+t)g(t)dt

0

s

2
Solution : &(5) = ;/IJ‘COS(S +1)g (¢)dt

0

T T

2 2
=—A1 dt —— Asi ' d
- coss'([costg(t) t - sms}[smtg(t) t

102



g(s):%ﬂu[c1 coss—c,sins] (1)

where

¢ = Icostg(t)dt ----- ()
0

¢, =[sing(tyar 3)
0

substiuting equation (1) in to eqution (2) and (3) and integrating we get

q-Aq=0=>¢(1-)=0 e €))
o+, =0=>¢(1+44)=0 e ®)
For 2 =1

C, isarbitraryand C,=0

2
therefore g(s)= — C, coss

For 2=-1

C, isarbitraryand C, =0
g(s)= —gc2 sins
V4

The eigen funtion correspondingto 1=1is g(s) = cos s
The eigen funtion correspondingto 3 =-1is g(s) = sin s

Problem : 8 Find the eigen values and eigen function of the homogeneous integral equation.

1

g(s) = ﬂj(6s —Zt)g(t)dt

0




1

Solution : & (5) =4[ (6s—2¢)g(¢)dt

0

1 1

=645 [ g(t)dt—22[1g(¢)dt

0

g(s) =060Asc,=2Ac, e (1)
¢ =£g(z)dz ..... )
¢, =[wg()a 3)

Putting equation (1) into eqution (2) and (3) and integration we get.

(1—31)cl+/102 =0 4)
—41c, +(1+/1)c2 =0 e %)
For 4 =1 eqution (4) and (5) becomes

—2¢,+¢,=0

=c, =2
—4c, +2¢,=0

Thus equation (1) becomes
g(s) =06sc, —4c, =2¢, (3s - 2)
Thus the eigen function corresponding 4 =11s g(s)=3s-2

Exercise

Q: 1 Find the eigen values and eigen function of the following homogeneous fredholm

integral equation.

1. g(s)=/1J‘[coszs<:052t+cos3scos3 t]g(t)dt

0

104



10.

I1.

12.

#(x)= zj(4x2 logt - gt* log x ) (¢)dt

¢(x)=A | sin’ x¢(1)dt

s

¢(x)= lj-(xcosht—tsinhx);/ﬁ(t)dt

-1

g(s) = /Ij‘ 2tg (t)dt

7
g(s)= ﬂj cosssintg () dt
0

Vs
3

7
g(s)= lj secx tan g () dt

o(s)= /Ij-(sz +%s3t2Jg(t)dt

0

o N\
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1

13. g(s) = /1J‘sin’1 sg(t)d

0

14. g(s)= ﬂj- (s +e” )g(t)dt

Q:2  Show that following homogeneous integral equation has no eigen function.

) ¢(x):%fsinx¢(z)dz
3 ¢(x)=%ljgtg(t)dt

3.5 Eigenvalues and Eigenfunction of the homogeneous fredholm integral
equation by reducing it to strum liouville problems.

Whenever homogeneous fredho/m integral equation is given in the form.
b

g(s) = ﬂjk(s,t)g(t)dt

a

where

a(s)b(t) ; a<s<t

a(t)b(s) : t<s<bh

k(s,t):{

Then to find eigen values and eigen function reduce it to BVP with two boundary

conditions.
Then solve the resulting BVP to determine eigen values and eigen function.

Infact above Integral equation reduces to Sturm Liouville problems.
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Strum Liouville Problems (Definition) :

A second order differential equation of the form.
[p(x)y']I +[q(x)+/1r(x):|y =0;x, <x<x,
aly(xl)—i_bly' (xl) =0

azy(x2)+b2y'(x2):0

Where p(x), q(x) and r(x) are continues functions in the interval x, < x < x, in addition

p(x) has continuous derivative and not vanish j isreal parameter,a,,b,,a,, b, arereal

constants such that atleast one in each condition (1) is non zero.

Problem 1 : Determine eigen values and cigen function for the homogeneous Integral

1

equation g(x)= /Ij.k(x,t)g(t)dt

X

g(x) = ﬂjk(x,t)g(t)dt +x1jk(x,t)g(t)dt

0

X

=IZI(x—l)g(t)dt—kiﬂx(t—l)g(t)dt ----- (1)

0

VTR
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Differentiating w. r. t. X. we get

g’(x):I-/Itg(t)dt+/1x(x—l)g(x)—0+j./l(t—l)g(t)dt+O—/1x(x—1)g(x)

¢()=[ue(ars [a-ng(yae "

g (x)= [O+ﬂxg(x)—O]+[O+O—/1(x—1)g(x)]
g (x)=Axg(x)—Axg(x)+Ag(x)

g"(x)—/lg(x)zo ----- 3)

.'.g(x)=Ax+B
.'.O=g(0)=B
Ozg(l):A+B:B('.'A:0

A=B=0

g(s)=0  whichis not eigen function so 4 = () is not eigen values.
Case2: 1>0

A=ps 1 #0

then g"— 1/’g =0

0=D>— 1" :(r—,u)(r+,u)




= D= u,~u
s g(x)=Ae" +Be ™
0=g(0)=4+B=A=-B
0=g(1)=Ae" +Be™*

= de" — e

=A(e"—e™)
= A4=0 (we'—e* %0, since y#0)

LA=B=0

g(s)=0 which is not eigen function therefore 1 = ;* isnoteigen values.
Case3: 1<0
let A=-u® ;u#0
Then g"+ 1°g =0
Auxillaryequation D* + 1> =0 = D=+iu
Solution is
g(x)=Acos px+ Bsin ux
~.0=g(1)=Acos u+Bsin u
0=Bsin u

SB#0 andsinu=0 = u=nrx




g(x)=Bsin ux
= Bsinnzx

Required eigen functions are
g(x)=sinnzx
Corrosponding to eigen values A =-n’z%,n=1,2,3...

Problem 2 : Determine the eigen values and eigen functions of the homogeneous

equation.

s

#(x)=A[k(x.0)p(t)dt

0

where,

k(x,t)z{

cosxsint ;0<x<t¢t

costsinx; t<x<rx

X

Solution : #(x) = [ 2k (x.0)p(t)dt + [ 2k (x.0)p (1) dr

0

/Icostsinx¢(t)dt+J‘lcosxsint¢(t)dt _____ (1)

X

S C— ¢

Differentiating w. . t. X.
¢ (x)= IZ costcosxgp(t)dt+ Acosxsinxg(r)dt
0

+Iﬂ(—sinx) sin#g()dt +0— A cos xsin xp(x)

0

=j‘/lcostcosx¢(t)dt—]Exisinxsintgi}(t)dt _____ )




Differentiating w. r. t. X. again

¢ (x)= —jicostsin xp(t)dt + Acosh® xp(x)—0

—Iﬁ,cosxsinm(t)dt +0+ Asin® xg(x)
0

=—¢(x)+24(x)

P(x) = (A=Dg(x) =0
Casel:If (1-1)=0=>1=1
then,
¢"(x)=0=d(x)=Ax+B

@' (x)=B

Now

0=¢'(0)=B=0
O=¢(mr)=Ar+B= A=0
A=B=0given ¢(x) =0 whichis not eigen function
so 4 =1 isnoteigen value.
Case2: 1-1>0

Let A-1=p;u#0

Then

¢ - 1’$=0

A.E.is

D~ =0=>D=+yu

¢(x) = Ae" + Be ™




and ¢ (x) = pde" — uBe ™
0=¢(7r)=A+B = A=-B
0=¢'(0)=Au—Bu
Au+Au=0=>24u=0

— A=0 sy 20
LA=B=0
~.¢(x) =0 which isnot eigen function

.. A= u’ +1 isnoteigen value.

Case 3 :

Let A=1=—17 :u=0

then &'+ 124 =0

©AE is D+ 12 =0

D=+iu

- ¢(x) = Acos pix+ Bsin ux
and ¢ (x)=—Apsin ux + Bpicos pix
0= () = Acos yz + Bsin ux
0=¢'(0)=Au(0)+Bu(1)

S Bu=0 =B=0( u=0)
(wn=0 =d(x)=Bsinx=0)

soucosumr =0




if A=0 ¢(x)=0
which is not eigen function.

for eigen function, A # 01is must

socosum =0= ur :(2n+1)%; n==+1,+2,...

_(2n+1]
H 2
Thus,

¢(x):Acos(2n2+ljx

(2n+1)°
4

A=l=—pf =-

Required eigen functions are

¢(x):cos(n+%jx

Corresponding to,
1 2
ﬂn:1—£n+5j ntl,£2....

Problem 3 : Determine the eigen values and eigen functions of the homogeneous integral
equation.

g(x) = ﬁ,J-k(x,t)g(t)dt
t(x+1);0<x<t

k(x,t)=
Where, K(x.1) {x(t+1);t£x£1
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1
Solution : Given & (¥)= ijk(x,t)g(t)dt
0
t(x+1),0<x <t

k(x,t)=
Where, £(x.1) {x(l—i—l);tﬁxsl

Equation (1) can be written as
X 1

g(x) = ﬂjk(x,t)g(t)dt + ljk(x,t)g(t)dt
0 x

.-.g(x)=J'/lx(t+1)g(t)dt+j/11(x+1)g(t)dt

0

Differentiating w.r.t.x. we get

g'(x)=

S C—

/1(t+l)g(t)dt+/1x(x+l)g(x)
+_1[/1tg(t)dt—/1x(x+l)g(x)

g'(x)=

O C—y <

1
A(t+ 1)g(t)dt+j/1tg(t)dt
Differentiating w.r.t.x again we get
g"(x)=A(x+1)g(x)—Axg(x)
= ng(x) + lg(x) — lxg(x)
= 4g(x)

g"(x)-Ag(x)=0

Putting x=0 in(2) and (3) we get
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= j/ltg(t)dt

=J1'Atg(t)dt

= g(0)=g'(0)

puttingx =1 1n (2) and (3) we get

j'/i t+1
0

jﬂ, t+1
0

=g(1)=¢'(1)

Equation (1) is equivalent to BVP
g"(x)-4g(x)=0
g(0)=g'(0) :g(1)=g'(1)
which is sturm Liourille problem.

casel: jf 1=0 then

g(x)=Ax+B =>g'(x)=4

Now,

g(0)=B ,g'(0)=4
~.g(0)=g'(0)=4=8B

and g(1)=g'(1)=> 4+B=4=B=0

A=B=0
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g (x) = Owhich is not an eigen function.
Case2: if1>0
Let 4 =y?,where y#0

then
g(x)=4e" +Be™
g'(x) = Aue” — Bue™
g(0)=g'(0)= A+B=Au—Bu

= A(1-p)+B(1+u)=0
g(1)=g'(1) = Ae* + Be ™ = Aue” — Bue™

= Ae" (1-p)+Be™* (1+ 1) =0

for non trivial solution of system of equation (7) and (8) we must have

I—pu 1+ u
e (1-p) e*(1+p)

= (1= ) e ~(1-p*)e* =0
:>2(1—,uz)sinh,u=0

Since, 4 # 0= sinh u #0

Thus, 1- 4/ =0 = u=+1

For @ =1 equation (7) and (8) becomes

A(0)+2B=0 =B=0

A(0)+2Be” =0 = B=0




Thus B=0 and A is arbitrary.

g(x) =Ae"

Similarly when @ =-1we get A=0and B is arbitrary

. g(x)=Be"

Thus g(x) =e*is eigen function corrosponding to 4 = 1* = (+1)* =1
Case3: ) < 0

Let A=—u’;u#0

. g(x)=Acos px + Bsin ux

= g'(x) =—Ausin ux+ By cos ux

Now,
2(0)=g'(0)= Acos u+Bsin u=—Ausin u+Bucosy - (10)
Using (9) in (10) we get

Bpicos u+ Bsin u=—Bu’sin u+ Bucos u
.'.B(l+,u2)sin,u=0
Since,
B#0. 1+4°#0
=>sinu=0=>u=nr ;neN
A=—p’ =—n’n* ;neN
- g(x)=B[ prcos px +sin x|
=B [n7r COS nrx +sin nﬂx]

Then eigen function corrosponding to A = —n’7*are g(x) = nr cos nrx +sin nzrx

VPPN
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Exercise :

Find the eigen values and eigen functions of the following homogeneous equation.

sinxcost ;0<x<t

cosxsint t<x<%

smxsm t— < x<t

s1ntsm IS x<7xw

—e'sinhx ;0<x<t

“sinht ;r<x<1

“sinhx ;0<x<t

“sinht ;r<x<l1

f—/_\/—/%\f—/%\r—/%r—/%

6. k(x,t)=e"0<x<1 ,0<<1

Definition : Two function f(x) and g(x) are said to be orthogonalon [ a, b ] if
b

J-f(x)g(x)dXZO

a

Theorem : Eigen functions g(s) and () Corrosponding to distinct eigen values A,

and A, respectively, of the homogeneous integral equation and its transpose are

orthogonal.
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Proof : Consider the homogeneous integral equation.

b

g(s):lljk(s,t)g(t)dt

a

and its transpose

Multiply equation (2) by 4, g(s) and integrate fromatob

E/W (s)g(s)ds = ﬂl/lzjg(s)ﬁ.k(l,s)w(t)dt}ds

Changing the order of integration on R.H.S.

b

AIW(S)g(S)dS=&%Iw(f)ﬁk(w)g(@dﬁdf

a

Now from (1)

g(x) =14 [k(x,t)g(t)dt

(... property of definite integration )

b

g(t):&jk(t,s)g(s)ds

a

Equation (3) becomes

b

ﬁljw(t)g(s)ds :ﬂziw(t)g(t)dt

a
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b

(A=) y(s)g(s)ds =0

a

Since,

h#dy =(h=Ah)#0
.'.I!//(S)g(s)ds =0

w(s) and g(s) are orthogenal.

Theoram : If A = 4, is root of multiplicity m>1 of the equation D(A) =0 then the
b

homogeneous integral equation & (s)= ZJ‘ k(s.t)g()dt

has ;- linearly independent solutions : ;- is the index of the eigen value such that / < - <

Proof: Consider the homogeneous integral equation
b
g(s)zxijk(s,t)g(t)dt _____ (1)
with separable kernel & (s,7)

1.e. k(s,t) = iZ::ai (S)bi (t)

where @, (s),...,a, (s),b,(),...,b, (¢) arelinearly independent functions.

seeey U

Equation (1) becomes

g(s)=/1j[i a, (s)bi(t)}g(t)dt

W L=l
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:/1,.22‘ al.(s)j:bl. gy (2)

Let | b,(Dg()dt=CsGi=1,.m) 3)
sog(s) = /IZ; Ca(s)y 4)

To determine . (i=1,..n) putting the value of g(s) given by (4) in equation (2) we get.

ﬂi Ca/s)= Zi ai(s)ibi(t)[ﬂi C.a, (t)} dt

i a, (s){Cl. - /’tj‘bl. (1) {i C,a, (Z)} dt} =0

But the functions a(s) are linearly independent, therefore

. C=Afb, (z){i C.a, (z)} dt=0

" b
. C=AY G [b(tay(t)dt =0
k=1

a

b
Denote J.bi (Da, (H)dt = a,,

2.C =AY Ca, =0;(i=1,2,...n)

k=1

which is system of homogeneous linear equations for the unknown C,, ...,C, as given by




G(-2q,)-CAay, == AC,q, =0
—CAa, +C,(1-4a,,)—---—AC,a,, =0

-CAa,—-CAa,—-+A(l-2a,)=0

which can be written as
_l—lall -Aa, —Aa, i ¢, | (0]
—Aay (1-Aay,) —Aa, ||c, 0
-da, —Za, 1-%a,l||c,]| 10
~[=2d]e=0 e ()

Where, 1 is the unit matrix of order n and A is the matrix (aij).
Let D(A)=|I-24|=0
= The algebraic system (5) has infinite number of solution.

.. For each non trivial solution of algebraic system (5) there corroponds a non trivial
solution of homogeneous integeral equation (1). Let 4 coincides with a certain
eigen value J ,and assume that D(4,) = |I — /10A| has the rank p, 1 < P < 5 then

there are r =n - p linearly independent solution of algebraic system (5). (r is called
index of eigen value 4, )

— The integral equation (1) has r linearly independent solution (- 4). Let us denote
these r linearly independ out solution as

20 (5) .80 (8)sengy, (5)

= Foreach values } ,ofindex r=n-p, there corrosponds a solution
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g(8) = iak 8o (5)

Where «, are the arbitrary constants. Let m is the multiplicity of the eigen value 4 ,
i.e. D(A4)=0 hasmequalroots 4,

= D(A)= |] — /1A| has m+1 identical rows. (See theory of linear algebra)

Rank p of the determinant D(A1) =0 is greater than or equal to n-m
.'.r:n—p:n—(n—m):m

If a; = a, thentherankisn-m

—(n - m) =m

If aij = aji then equation (1) has m linearly independent solutions.
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METHOD OF SUCCESSIVE APPROXIMATION'S

4.1 Successive Approximations for Fredholm Integral Equation :
Consider the Fredholm integral equation of second kind.
b
go)=f9+ A ksogma (M)

Where f(s) and k(s,t) are L functions. Taking zero order approximation as g,(s) =1{s),

to the required solution g(s) we get the first order approximation.

g,()=19)+ 4] ks, g 0)dt

Putting g,(s) in (1) we get second order approximation.

()= f9)+ 2] k(s 0 g (0t

Continuing the process, the (n+ 1) approximation is given by

e, ©=f+4 ksogma 5

It g,(s) tends uniformly to a limitasn — oo then this limit is the required solution.
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To find such a limit we proceed in detail.

The first and second order approximations are
b

g,(s)=1(s) + ﬂj k(s, ) f() dt [ -+ gy(s)=1f(s) ]
b

£.(5) =)+ 4] ks, 0 g, d

Using (3) in (4) we get

2,(5) = f(s)+ A] k(s,1) { f@)+ A k(t,x) f(x)dx} dt

= 1(s)+ ﬂ,ik(s,t) f()dt +xzjk(s,t)ﬁk(z,x) £(x) dx} dt

Changing the order of integration

2,(s) = f(s)+ [ k(s,0) f()dt +7° j f(x)[ j k(s, )k (t, x)dt} dx

Interchanging the variable x & t
= f(s)+ A j k(s,t) f(H)dt +1° j (0 [ j k(s, x)k(x, t)dx} dt
Putting % (5:0) = [ k(s,%) k(x,t) dx

we get

g,(s)=f(s)+ /1]: k(s,t) f(t)dt + lzjkz (s,0) f(¢)dt

A N
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Similarly

g3(s)=f(s)+ lj'k(s,t) f()de+ izjkz (s,0) f(1)dt
+ﬂ3ik3(s,t) f(t)dt

where K3(s,1) = j.k(S,x)kz(x,t) dx

Equation (5) can be written as

2;(5)= () + 2 A" [k, (s,0) f (1)t

m=1

By continuing same procedure, we have
" b
g,(5)= f(5)+ 2. A" [ e, (s,0) f (1)t
m=1 a

b
Where Kn(5:0) = [ (s, )k, (x,0)ds

We call the expressionk (s, t) the m™ iterate or m™ iterated kernel.

The solution of equation (1) is given by

= f(s)+ iﬂ,m [k, (s.00f (0)at

g(s)=limg,(s)
n—> 00




Condition for convergence of equation (8) :

Applying schwartz inequality for any s to the partial sum of the series in (8)

: dt} [ JIfof a ]

b 2 b

[k, (.00 fde] =K k.o <[k, || 7] < { [, (s,
[ schwartz inequality : (¢,l//)‘ < |4 ||w||]
Let D be the norm of f then

D=1 | finof

b
- D = [|ff at
. Equation (9) becomes

dt

2 b
<D’ j|km(s,z)

a

j.km (s,2) f(t)dt

Now from equation (7)

2
2

Ik, (s,1)

j k(x,0) k., (s,x)dx

b b
< j|k(x,t)2dx- j|km_1(s,x)
[ - schwartz inequality|

Integrating with respect to t we get

2a’x
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b
“dx dt [ [k, (s, %) dx

a

bb
dt < ([ ke

T Ik, (s,7)

b b
j Ik, (s,0'dt < B? j Ik, (s, x)| dx dt
b b
where B” = [ [[k(x, )| "dx dt

Applying (11) repeatedly we have

b b
[l (s.0fdt < B B [lk,,(s, )] dx

b
< B>. B> B’ j k.5 (5,30 dx

< (Bz)m-1 j|k1(s,x)|2 dx

Ydr < (B™)? C?

T|km(s,t)

b
2
Where C; is an upper bound of the integral ”kl (s, x)| dx

Using (12) in Equation (10) we get
2

<CID'B"YY ;m=>1

j.km (s,0)f(2) dt




b
ie. j k (s,0)f()di] < C, DB"™; m > 1

< C, D" B™

o lam j k_(s,0)f(0)dt

© b
- The series Z/Imj‘k’"(s’f)f(t)dt is dominated by the series
m=1 a
= m—1
C |/1| D Z(W B) which is geometric series and converges if |/1| B < 1. Hence,
m=1

if |/1| B < I the Neumann series converges uniformly for all s; a<s<b.

To prove equation (1) has unique solution :

If possible g, (s) and g, (s) be two solutions of equation (1) then,
b

2,(5)= f(5)+ A k(s,0) g,(t) dt
b

2,(s)= f(s)+ A[ k(s,1) g,(¢) dt

By substracting these equation and setting g,(s) — g,(s) = @(s)
b

We get, #(5) = A[ k(s.0) $(0) dt

Applying schwartz inequality

Forany Se[a,b]b

2

o) =]Af

j k(s,t) gt dr2




= 2[ ks, )

<A Wl

)" < Al [lks.0f de [loco)dr

Integrating w. r. t. s. we get
b b b b
[le)fas < |a] [[lkes,0f ds dt [|pcs)] ds
b
= |2 B [lg(s) ds
b
(1= B) [ [po)f ds < 0
Since |4|B<1 = 1-|] B* >0
b
= [[ps) ds=0 = ¢(s)=0, VS e[ab]
gl(s)_gz(S)EO = gl(s) = gz(s)
Which proves the uniqueness of the solution.

Now changing the order of integration and summation in Neumann series (8) we get

g(s)=f(s)+ ﬂj’[i A"k, (s,t)} f(@)dt

a Lm=1

Which we can be written as
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g&)=f()+A [TV fOd (13)
Where T(s.60)= 3 A%, () (14)

is the resolvent kernel which can be finded by determing iterated kernel ki (s, t).

.. Equation (13) is the solution of (1) which I'(s,#; 1) can be determined by using

expression (14).

From above discussion we can infer that the series (14) is also convergent atleast for
|/1| B <1. Hence, the resolvant kernel is analytic function of A regular atleast inside

the circle | 2| <B”
Uniqueness of T" (s,#;4) :

From the uniqueness of the solution of (1) we can prove that the resolvent kernel

I (s,t;A) isunique.
If possible for A = A, equation (1) have two resolvent kernels
(s,t;4) &T,(s,t;4,)

Since equation (1) has unique solution for an arbitrary function f(s) we get
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F($)+4 i Ly (s,0,4,) f(D)dt = f(s)+ 4 T Uy (s, t:4) f(1)dt

b

g | T, 20) =T (5,854)] f(0) de=0
Setting v/ (5,85 4,) =T, (s,1;4,) =T, (5,8, 4)
b
we get I v(s,t;4,) f(@)dt=0
for an abitrary function f(t). Letustake f(¢) = v (s,t; 2,) with fixeds.
This implies that
[ 2
[ lwis.t:4) dt=0
=y(s,t;4,)=0
= Fl(sat;/lo) = FZ(S,ZL;&O)

The above analysis is summed up in the following theorem.

Theoram 1 : To each L, - kernel k(s,t), there corresponds a unique resolvent kernel
I'(s,t; A) which is an analytic function of A regular, atleast inside the circle |/1| <B",

and represented by the power series.

[(s,t;1) = Z A"k (s,1)

m=1




Furthermore, if f{s) is also an L, - function, then the unique L,- solution of the fredholm

integral equation.

b
()= f(s)+ 4 [ k(s,1) g(t)dt
valid in the circle |/1| < B is given by the formula

b
)= () +2 [ T(s.2)/ (1) dr
4.2 Resolvent kernel :
Theresolvent kernel I'(s,#; 1) of fredholm integral equation.

b
g(s)=f(s)+ /Ijk(s,t)g(t)dt is given by
T(s,;4)=> A"k, (s,1)
m=1

Where £, (s,) is p" iterated kernel defined as &, (s,t) = k(s,t)

b
and K, (s,1) = Ik(S, x)k,  (x,t)dx

Theorem 2 : The resolventkernel I'(s,#; 1) of a fredholm integral equation

2(s)= f(s)+A[ k(s,0)g(0) dt

satisfied the integral equation




T(s,6; 1) = k(s,0) + zi T(s,t; 1) k(x,1) dx

Proof : The resolvent kernel is given by

[(s,t;1) = iﬂm’lkm 3 —— (1)

m=1

Wherek, (s, t) =k(s, t)
b
and % (5,0) = [ K, (5,%) k(x, 1) dx
.. Equation (1) becomes
© b
T(s,t:4) = 2 A" [k, (5,%) k(x, 1) dx
m=1 a
© b
=k (s,0)+ 2 A" [ ey (,%) e(x,0) dlx
m=2 a
00 b
=k (s,6)+ > A" j k, (s,x) k(x,t) dx
m=1 a
b [ o
=k (S,t) + EJ‘ |:z lm*lkm (S, X):| k(x, t) dx
a m=1
b
[(s,t; ) =k(s,t)+ /1J. [(s,x;A4) k(x,t) dx
This completes the proof.
Some standard series useful in finding resolvent kernel.

1. 1-x)" :1+x+x2+x3+...=zx"
n=0
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(l+x) " =l-x+x - +...=Z(—l)”x”
n=0

2

and so on
x 0 1-x

2 3 4

X
C—log(l—-x)=x+—+—+—+...
& ) 2 3 4

3 5 7
X X

csinx=x——+—-"—+
3t 5t 7!

2 4 6
X X

.cosx=l-—+——-——+
21 41 5!

3 5

9 sinhx=x+—+—+
31 5l

2 4
X

10. coshx=1+x—+—+...
21 4|

Problem 1 : Find resolvent kernel associated with following kernels.

1) k(s, t) =e%"; in the intervel (0, 1)

i1) k(s, t) =st ; in the intervel (0, 1)

ii1) k(s, t)=(1 +s) (1 - t) ; in the intervel (0, 1)

Solution : 1) The interated kernel is
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k, (s, ) =k(s, t)

b
ko (s,0) = [ k(s,%) k., (x,t) de;m>2
Therefore k, (s, t) =e™

w ey (5,8) = [ (s, x) K (x, 1) dx

1
J‘eﬁx ex+t dx
0

1 2 ! 2
esﬂ‘Ierdx — es+t {e_:| — es+t |:€ 1j|
q 2 |, 2

1
Now, ks(s,6) = [ k(s,%) &, (x,2) dx
0
1 2
— J.eS‘FXeX‘F[ e 1 dx
) 2

2 471 2 2¢ ! 2 1P
— es+t 5 1 JGZde — es+t c 1 S — es+t € 1
2 s 2 2 |, 2

s+t ez -1 3
Similary k4 (s,1) = ¢ { }

2

In general, we have

k (s,t)=e"" {QT_I} ----- (1)

The resolvent kernel is given by

[(s,t;4) = i A e — )




Using (1) in (2) we get

m=l

OO 2 _ m—1
I(s,;A)=e""> A" [e > 1}
1

ez B m
2
2

— es+t i ﬂm |:
m=0
1

2_
:eﬁ—t ;ﬂ«[ez 1} <l
1—/1[8 —1]
2
F(s,t;/l)zze—z;/1|< 22
2—-A(e” -1) e —1

is the required resolvent kernel.
ii) The interated kernel is k, (s,t) =k(s,t) &
b
ko (5,8) = [ (s,%) K, (x,2) dx
Thus, k, (s,t)=st
1
Now K (5,8) = [ k(s,%) &, (x,1) dx
0
1
= j (sx) (xt) dx
0

1 3!
= stj x> dx  =st {x_} = st(
0 3

ky(s,1) = j k(s,x) ky(x,t) dx

= j(sx) (xt)(%j dx
1
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1 3! 2
=lstjx2dx :lst X = l st
39 313, 3
l 3
Similarly k4(S,l)=(§j st
1 m—1
Ingenerse k,,(s,1) = (gj (st)

The resolvent kernel is given by

L(s,;4) =Y A"k, (s,1)

m—1

[(s,t;4) =

3st : ﬂ,|<3
3-1

is the required resolvent kernel.

ii1) The interated kernel is given by k, (s,t) = k(s,t)
b

k, (s,0) = j k(s,x)k_ (x,1) dx

Thus k,(s,t) = (1+s)(1-t)

ky(s,1) = j k(s, %)k, (x,1)dx
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:j(l+s) (1-x) A+x) (1-1¢) dx
=(1+5) (1—r)j (1-x%) dx
={+s) (I1-1) {x-xgl
—(1+s)(l—t)(1—lJ
- 3
=§(1+s)(1—t)

Now £k, (s, t) = J-k(s, x)k2 (x,t) dx

_ 1(1+s)(1—x)(1+x)(1—t)(§}dx

=§(1+s)(1—t)i (1) dx
{%] (1+5) (1-1)

Similarly k,(5.1) = @ (1+5) (1-1)

Ingeneral &, (5.1) = @ (1+5) (1-1)

The resolvent kernel is

L(s,;4) =Y A"k, (s,0)
m=0




DY @jm (+s) (1-1)

© 22 m
=(l+s)(1-1) (TJ

m=0

1 2z‘<1

=(1+S)(1—f)l_ﬁ; EY
3

3

<3

2

3+9)1-0)

[(s,t;1) = YR

is the required resolvent kernel.
4.3 Solution of Fredholm Integral Equation by Method of Resolvent Kernel :
Problem 1 : Solve the integral equation
1
2(s)= f(s)+A[e " g(t) dt
0
Solution : Here, k(s,t) =e¢%t
The interated kernel is given by k, (s,t) =k(s,t) and
b
ko (5,8) = [K(s,%) e,y (x, ) doxsm > 2
sk () =est

1
Now, %> (5:6) = [ k(s,%) k,(x,1) dx
0




Similarly k,(s,t) ="
Ingeneral k_(s,t) =e"*

The resolvent kernel is

[(s,t;1)= Z A"k, (s,t)
m=1

e .
1-1’

al<1
.". The required solution is

2(s)= [ (s)+ A[ (s, £ (0) d




= f()+ A 161/1 £y dt

2' 1
= + Tf() dt
fo)+— j e (1)
Problem 2 : Solve the fredholm integral equation

1
g(s)=1+ /1] (1=3st) g(#) dt by determining resolvent kernel.
0

Solution : k(s, t)=1-3st
The resolvent kernel is

k,(s,) = k(s,1)
1
ki, (5,6) = [ K(s,%) K, (x,1) dbxsm > 2
0
L k(s, 1) =1 - 3st
1
oy (s,0) = [ K5, %) Ky (x, ) dx
0
1
= j (1-3sx) (1-3xt) dx
0
= [1—3xt—3sx+9st xz]dx
[1—3(5 +1)x +9st x2]dx

P 1
x—3(s +t)x7+9st x3}

I
O — — O e —
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:l—%(s+t)+9st

ky(s,t) = j k(s,x) k,(x,1) dx

——x—2+3xt—3sx+2sx2 +2Stx—9stx2 dx
2 2 2

1—z -3x l—t+s—3st +9sx° l—t dx
2 2 2
1
= (1—2jx—§x2(l—t+s—3stj+3sx3(l—tj
2 2 2 2 o

1 1
—
NS OS]

kS(Sat) :%kl(sat)
ky(s,1) = j k(s,x) ky(x, £) dx
= % [ =351 -3x1) dx
[, 3
—Z|:1—E(S+t)+3sti|

1
=Zk2(s,t)

l 2
Similarly &5 (s,2) = (Zj k,(s,1)




mo{ﬂ K (5.0)

1 2
k7(sat):(1j kl(Sat)
kg(Sal‘):(%J k,(s,t) and so on

The resolvent kernel is [(s,1;4) = > A" "'k, (s,1)

m=1

S T(s,650) =k, (5,0) + Ay (5,0) + A2y (5,0) + ..
=k, (s,0) + Ak, (5,0) + A° Gj k(s,0)+ A’ Gj ky(s,0)+ A Gj k(5,1

(1Y
+A 7 ky(s,t)+...

=k,(s,t) 1+(lj/12 +[1J At +(lj A’ +..1+/1k2(s,t){1+112 +(lj At +}
4 4 4 4 4

=k,(s,t) 1+(%2j+(%2j +..}+/1k2(s,t)[1+%2+£%2j +}

222y
_[kl(s,t)+/1k2(s,t)]{1+7+(7j +]

1——
4

= [k (s, ) + Ak, (5,0)]

L T(s,152) = [k (s, ) + Ay (s,1)]

el ot

= 4_4/12 {(1—3st)+/1(1—%(s+t)+3stﬂ
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The required solution is

g(8)=f(s)+A[T(s.1:2) f () dt

=1+/1j4 4/12 [l—3st+/7,(1—%(s+t)+3stﬂdt

04—

1
=1+ 4/12j (1+/1—%j—3t(s+i—sﬁj dt
4-274 2 2
_ ) |
=1+ 4/12 1+/1—% t—3L S+i—sﬂ
4-27| 2 2 2

0
=1+i2 (1+2—&j—3(s+i—sﬂj
4-2%| 2 ) 200 2
_4420(2-35)
4-2> 7

g(s)

<2
is the required solution.

Problem 3 : Solve the integral equation

g(s):1+ﬂjsin(s+t)g(t)dt

0

Solution : The iterated kernel is

k, (s,t) = k(s,t)

and k. (s.1) = Ik(s,x)km_l (x,1)dx,m>2

a

ki (s,¢)=sin(s+1)
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k(s

sin (s +x)sin (x+17)dx

)=[kto
fin
= %}[[cos(s —t)—cos(s + 2x+t)]dx

[ 2sin Asin B = cos(A—B)—cos(A+B)]

/4

X cos(s—t)—%sin(s+2x+t)}

N |~

0

T cos(s—t)—%sin(27z+s+t)+%sin(s+t)}

N | —

N |-

Vs cos(s—t)—%sin(s+t)+%sin(s+t)}

:%cos(s—t)

Now,

s

ky (s,t) = J-k(s,)c)k2 (x, t) dx

0

Il
SR

sin(s+x)%cos(x—t)dx
:%J.[sin(s+2x—t)+sin(s+t)]dx

[ 2sin Acos B =sin (4 +B)+sin(A—B)]




NG

r
4
ky(s,t) = (

Similarly, &, (s,

—%cos(s+2x—t)+xsin(s+l)}
0

—%cos(s t)+%cos(s—t)+7rsin(s+t)}

j sin(s +1¢)

0=(5) osts )

ks (s.1) = %j sin(s+1)

5
ke(s,t)= %j cos(s—1) etc.

The resolvent kernel is

INERYY Z/l"”k 5,1)

r (s,t;/l) =k, (s,t)+ Ak, (S,t)+ /12k3 (S,t)+ l3k4 (s,t)+

=sin(s+7) +/1(%Jcos(s—t) + A2 [%jz sin(s+1)+2° (%J

3

4
cos(s—t) +A° (gj sin(s+¢)+...

_sm(sﬂ)[u[”jj +(%) +}
2 cos (s - t){l + (%) . [%] . }




1

:—z[sin(s+t)+ﬁ—;cos(s—t)}

5

=7222[25in(s+t)+7r/1cos(s—t)]
-’z

The solution is given by

s

g(s) = f(s)+/1J‘F(s,t;/1)g(t)dt

0

2 2/1/12 2I[2sin(s+t)+7rﬂcos(s—t)]dt
-Ar

0

g(s):1+

:l+#ﬂzz[—2cos(s+t)—7zﬂsin(s—t)]
-z

0
42

m[Zcoss + A sins]

g(s):l+

is the required answer.

Problem 4 : Solve the fredholm integral equation.
e 1 1;
s)=e ——+—+—|gl(t)dt
g(9)=e'—+5 4520

by finding resolvent kernal
Solution : Here & (s,¢)=1

The iterated kernal is
k (s,t)=k(s,t) and

b
ko (5,8) = [K(s,%) o,y (x, ) doxym > 2
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k (s,t)=1
1
ky(s,0) = [ Ke(s, ) Ky (. ) dx
1 0
= J. dx =1
0
1
ky(5,0) = [ I(s,%) ke, (x,1) dlx
0
1
= J-dx =1
0
Similarlyk, (s,t) =1
Ingenerally k _ (s,t)=1
The resolvent kernal is
I['(s,t;1)= Z A"k (s,1)
m=1
DA (ks =1)

m=0

a1y 1
Z(EJ (423

m=0

1

oL
2

S L(s,t4)=2

The required solution is




g(s)=f()+ A[T(s,4) (1) at

1
=e' —£+l+l z(e’ —£+1]dt
2 2

2 29 2
1
=’ ——+—+(ef —t—+t—}
0
=e'——+—+e——+—-1
2 2

g(s) = e is the required solution.
4.4 Method of successive approximation :

1) If the sum of infinite series occurring in the formula of the resolvent kernal cannot be
determined in such a case we use the method of successive approximations (Method of

iteration)

2) The n approximation for the fredholm integral equation.
b

g(s)= f(5)+ A k(s,0) g(t) dt

is given by

g,(s)=f(s)+ ﬂik(s,t) g, ()dt; n>1.

in which zero order approximation is ingenerally we are taking as g (s) = f(s)

VPTTRN
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3) One can take zero order approximation g,(s) different from f{(s) illustrated in problem 6.
Problem 1 : Solve the inhomogeneous fredholm integral equation of the second kind.
1
g(s)=2s+A[ (s +1) g(t) dt, g, (5) =1
0
by method of succcessive apprximations to the third order.
Solution : Let g, (s) =1 Then
The n™ order approximation is
1
g,(5)=2s+A[(s,0) g, (1) dt; n>1.
0
1
Now & (5)=25+A[(s+1) g,(t) dt
0

1
=25+ A[(s+0)dt
0

27
:25+/{Sr+—}
2

0

o (s)= 1
..gl(s)—2s+/1(s+2j

g,(s)=2s+ /Ij‘ (s+1) g, (t)dt

= 2s+ﬂj'(s+t){21+ﬂ(t+%ﬂ dt

5L



1
=2s+/1J‘{t2(2+/1)+t(§+2s+/1j+%} dt

0
1

3 2
=2s+4 t—(2+i)+t—(i+2s+ij+ﬁ
3 212 2

:2s+ﬁ.(s+zJ+ﬂz (S+lj
3 12

g (5)=2s+ A[ (s +0)g, (1) dt

1
=2s+/1j(s+t){2s+ﬂ(s+zJ+/12 (S+lﬂ dt
) 3 12

1 2 5
=25+/1J.{l‘2(2+/1+/12)+l‘£%+ 71/; +25+S/1+S/12J+s(%+ 74 H dt
0

3 12
:2s+){s+g}r}tz (st-i-g +A° (Ejs+§
3 6 3 12 8

Problem 2 : Solve the fredholm integral equation

0

1
g(s)=1+A[(1-35t) g (1) at

0
by method of successive approximation starting with g, (s) =1
Solution : The zero - order approximation is given that g, (s) =1

The n™ order approximation is given by

g,(s)=1(s)+ ﬂj k(s,t)g, () dt; n>1
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~. g(5)= £ () + A[ k(s )g,(¢) dt

Here k(s,t) =1-3st, g (t)=1, &f(s)=1

g (s)=1+ ﬂj (1-3st) dt

2]
=1+/{t—3s—}
2 0
:l+/1(1—§s]
2
1
2,(5) =1+ A[ k(s,0) g,(t) dt
0
1 3
=1+A|(A-3st) |1+ A|1—=¢ || dt
I S)[ ( 2 ﬂ
0 1 Os
=1+ﬂj{(1—3st)+ﬂ{l—31(—+sj+—t2}}dt
) 2 2
i 2 37
=1+4 (t—éstz}t/’t 3L (l+sj+3“
U2 2 2 2 |
=1+ (1—3—Sj+/1 1—§(l+sj+3—s
o2 202 2

2
gz(s):l+ﬂ(1—3?sj+i

4

The third order approximation is

gz(s):1+/1j(1—3sz) g,(1) dt
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1 2
=1+/1_[(1—3st) 1+/1(1—2j+/1—]dt

0 2 4

1 2 1 9s
:1+/1j (I-3st)| 1+— +/1(1—3t(—+sjj+—tz dt

) 4 2 2

B 2 2 3\
W | PRI 1+ |44 l—i(l+sj+3ﬂ

o2 4 2 (2 2 )|,

3s 22 (22)
Similarly g,(s)= 1+ﬂ(1+?j{1+7+(7j ]

s.g(s)=lm g (s)
n—>0




<2

__ 4 _3s |
g(s)—4_/12{1+/1(1 2)},

is the required solution.

Exercise :

1) Find the resolvent kernel associated with the following kernel.
(a) M inthe interval (-1, 1)

(b) |s — t| inthe interval (0, 1)

(c) s’ t?in the interval (-1, 1)

(d) exp[ —|s —#|] inthe interval (0, 1)

(e) st+s?t?inthe interval (-1, 1)

(f) cos (s + t) in the interval (0, 27)

(g) (s-t)? inthe interval (-1, 1)

2) Solve the fredholm integral equation by finding resolvent kernel.

15
+— | st o(t) dt
4£ g(t)




@ =243+ g0 d

3) Solve the following fredholm integral equation by method successive approximation.
1 1
(@ 80) =€ +=u) dr; g,()=0
0
1
(b) &) =s+A[s g(t)dt; g,(s)=0
0
1
(c) 8()=1+[s g(r) dr
0

jst g(t)dt

11 1
(d) g(s) —ES+Z

(e) g(s)=sins+ Isinscost g(t) dt
0

Vi

) g(s):%+sins—%£sg(z) dt
(g) g(s) =gs3 +§}[S3 t g(t)dt

4.4 Volterra integral equation :

Applying the same procedure in fredholm integral equation to the volterra integral

equation of the second kind.
g(s)=1(5)+ Ak (s,) () at

we get its solution as

(156



o) = [+ ATt fOde M
where [(5.1:2) = 3 4"k, (1)

Which is called resolvent kernel, in which the interated kernal k_(s,t) is given by

k, (s,f) =k (s,t)

and

k,(s,t)= jk(s,x) k, (x,t)dx; m=1

we see this in detail in unit V

Note : Expression (1) also can be written as

¢) = () + X A" [k (5.0) (1) e

which is called Neumann series.

*0
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VOLTERRA INTEGRAL EQUATION

5.1 Volterra Integral Equation Definition and some Properties

The linear integral equation of the form
h(s)g(s) =f(s)+ﬂjk(s,t)g(t)dt

Where the upper limit's' is the variable is called volterra integral equation.
Special types of volterra integral equation :

1) Put h(s) =0 in equation (1) we get
0= £ (s)+ A[ K(5,1)g (r)ds

itis called volterra integral equation of first kind.

i1) Putting h(s)=1 in equation (1) we get

itis called volterra integral equation of second kind.
a) Putting f(s) = 0 in equation (2) we get

g(s) = ﬂjk(s,t)g(t)dt

a
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itis called homogeneous volterra integral equation of second kind.

b)If f (s) # 0 in equation (2) it is called nonhomogeneous volterra integral equation of

second kind.

Property 1 : Ifk(s, t) is continuous then the only possible continuous solution to the

homogeneous volterra integral equation of the second kind is trivial zero solution.

Solution : Consider the homogeneous volterra integral equation of the second kind.

g(s):zik(s,t)g(;)d; _____ @

We know the fact that, ifk is continuous and ¥ is bounded, then

b

Ik(s,t)w(t)dt

a
1S continuous.

Thus g(s) defined by equation (1) is continuous if it is bounded.
Let |[k(s.t)]< M
Let b be a number such that,

(b—a)‘/1|M<l. Leta<s<b

Then, (s —a)‘/1|M <1

Now from (1)

)= [k(s.0) g0y

S|ﬂ|i‘k(s,t)Hg(t)‘dt
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< |ﬂ|‘g(s)‘det

=(s—a)|2|M|g(s)
<lg(s)
Thus we have proved

lg(s)] <|g(s)|

Thus is only possible if g(s) is identically zero in g < s < b.

Properties 2: The volterra integral equation of firstkind J/ (5) + AI k(s,t) g(¢) dt =0

is consistent if f(a) =0

Property 2 : Any solution to the volterra integral equation of second kind.

g(5)= () + [ k(s.0) g(r) di

cannot be correct unless g(o) =f(a).
Property3:

Ifk (s, s ) is non zero then the volterra integral equation of the first kind can be reduced

to a volterra integral equation of second kind.
Proof :

Consider the volterra integral equation of first kind

f(S)+/1J‘k(S>t) g(#) dt =0 \here the kernal satisfy k(s,s) # 0, ¥ S
0

Differentiating w.r.t.s., we obtain




ak(s )

f1(s)+ ﬂ,j g(t) dt+k(s,s) g(s)=0

Since k(s,s) # 0 itis possible to divide through by it.

" k(s, )

0

Which can be written as
g(s) = () + A[ K (s,0) g(¢) dt
0

—f'(s)
k(s,s)

and k*(S,t)=_a];(;’t)/k(s,s)

Where #(5) =

Equation (2) is volterra integral of second kind.

Note that g (0) = ¢ (0)
It gives the correct solution ( - Property 2)

Ifk (s, s) =0 then (1) becomes

ak(s )

f(s)+ ﬂj g(t)dt =0

which can be written as
#(s)+ A j K (s,t) g(t)dt =0
0

where ¢(s)= f(s)

AN I{@ / k(s,s)} g)dt+g(s)=0
AY




, Ok(s,t
and k (S,f)zﬁ

which is volterra integral equation of first kind.

Property 4 : Ifk(x, y) is continuous on [0, a] x [0, a] then prove that, there are no

eigen values and eigen function associated with the homogeneous integral equation

b =A[kCy) gy 1)

Solution :

Let k(x, y) be continuous on [0, a] x [o, a] and hence bounded.
Let |k(x, y)| <M; Vx,y

.. From equation (1)
B0 < [A|[ k(e )8 ()| dy <|A]M [|p(3)]dy

e <Ay )

Where P :J. |¢(y)| dy

From (1) and (2)

60| <[A][ [k (x, )| [()] dv

~|po|<|2|p ] |2 MP dy

=2 M P[y];




sleeo<|af s e 3)
From (1) and (3)

60| <[2] [k (x, )| [$(3)] dv
< |/1|M“ﬂ|2 M?py dy
=|f Mﬁ{y—z}

2 0

2
~ o< A m3P %

Continuing in this way we get

n—1
n X
MP——— )

(n—-1)!

p(0)| <[4

A" M P
a
(n—1)!

n-1

<

© (|A|Ma "
Now P|1|MWZ::‘ %<oo
(|4 Ma)"
(n—-1)!

—>0 as n—> o

Letting n — o inequation (4) we have |¢(x)| —>0=¢(x)=0

.. The homogeneous equation have trivial solution and hence the equation has no eigen

value and eigen function.




5.2 Solution of Volterra integral equation by method of differentiation :

Problem 1 : Solve the integral equation

x> = |sina(x—y) ¢(y)dy;a#0

S C—

Solution : Given integral equation is

x* = |sina(x—y) ¢(y) dy

O C—y <

Differentiating w. . t. x we get

X

2x = aJ.cos a(x—y) ¢(y)dy +sina(x—x) ¢(x)

0
X

= aj cosa(x—y) ¢(y)dy

0

Differentiating again w.r.t.x, we get

2=a’|-sina(x—y) ¢(y) dy +acosa(x—x) ¢(x)

S S ¢

X

2= —azjsin a(x—y) ¢(y) dy+a ¢(x)

S 2=—a’x*+ad(x) (. equation (1))

2+a’x?

SP(x) =

is the required solution.

Problem 2 : Solve the integral equation

()= (x+ 1)+ [[1+2(x = )] () dy
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and verify your solution

Solution : Given integral equation is

()= (x+ 1)+ [[1+2(x = )] () dy
0

Differentiating w. 1. t. x we get

#'(x)=1+2[ $(») dy+[1+2(x = x)] $(x)

L) =142[ $(y) dy + ()

Differentiating w. . t. x, again
¢'(x) =2 Hx)+#(x)
S F ()¢ (0)-24x) =0
Also, ¢(0) =1,

#(0)=2
The auxilliarly equation for (1) is
D*-D-2=0
(D+1)(D-2)=0
=D=-1,2
.. The solution is
p(x)=C, e " +C, e
=¢'(x)=-C, e +2C, ™

Now, 1=¢(0)=C, +C,
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and 2=¢'(0)=-C,+2C, e 3)
Adding (2) and (3), we get

3C,=3=C, =1

~C =0

Thus required solution is

$(x) =™
Verification :

Consider

[[1+2 (=] g0 dy

I1+2(x y) 2ydy
0

Il
O C— <

v X
™ dy+ ZxI e*dy — ZI e dy
0

0

= (1+2x)j e dy—fy e’dy
0 0

B 2y x 2y 2y x
= (1+2x) e—} —2[);6——6_}

L 2 0 2 4 0
2x 2x
_ 200 T | 4| 2
2 2
er 1 ). ). er 1
= ——+xe —x—xe +———
2 2 2 2
N\




= —x—1

=p(x)—(x+1)
() = (e D+ [[ 14200 = )] $(v) dy

= ¢(x) = e** satisfies the given volterra integral equation.

Exercise :

1. Solve the integral equation #(¥)= 3_[ cos (x—y) #(y) dy+e” by method of
0

differentiation.

2. Solve the following integral equation by method of differentiation.

(a) P(¥) = 3+E (5x—=31) §(¢t) dt

(b) P(x) = —x—i (x—1) ¢(1) dt

() $0) = 1+I #(0) di

(d) ¢<X>=Cosx—x—I (x—1) §(1) dt

(e) P(x) = cosx—I (x—1) (¢) dt

) ¢(X)=1—x—4sinx+j' [3-2(x=0)] (1) dt

(@ 0 = (6x—5)+ [ (5—6x+61) pi0) ds

VPV RN
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5.3 Successive approximation for Volterra Integral Equations :

Consider volterra integral equation of the second kind.
g9 =)+ A[ks.ngwydr )

Let g,(s)= f(s) be the zero-order approximation to the desired solution g(s)

substituting this in equation (1) to get the first order approximation.

g()=f+Afksng0d o)

This function when substituded into (2) yields second approximation.
2,(5) = f(s)+ [ k(s,0) g,(0) dt
Further, if g, (s)and g, ,(s) aren™ and (n-1)" order approximation respectively then,

g, ()= f()+A[k(s.0 g, (ydt 3)

If g (s) tends uniformly to a limitas n — oo, then this limit is the required solution. To

find this limit we proceed in detail.

The first and second order approximations are

a®) = fO Ak fOd “
and € ()= £(5)+ A[ k(s.0) g, di

=f@+A[ks D gxyax )
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Using (4) in (5) we get

g,(8)=f(s)+ /Ij k(s,x) {f(x) + /1]& k(x,t) f(t) dt}dx
= f(s)+ Zik(s, x) f(x)dx

+izjk(5,x) ﬁk(x, 1) f(t) dt} 2 (6)

Changing the order of integration. Here, given strip is parallel to t-axis therefore to

change the order of integration consider the strip parallel to x - axis as shown in following

figure.

xX=a X=S

The equation (6) becomes

2,(5) = £ (5)+ A k(s,x) f(x) dx
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N

+A° j Uk(s,x) k(x,t) dx} (o) dt

= f(s)+ ﬂjk(s,t)f(t) dt +/12ij (s,0)f(¢) dt
Where k, (s, t) =k (s, t)

ky(s,t)= j.k(s,x) k(x,t) dx
£:(9)= /() + 2 A" [k, (5.0) £ () de
Similarly &5(5) =/ (5)+ X 2" [, (5.0) f(0) dt

Where K3(s,8) = Ik(S,X) k,(x,t) dx
t
By continuing this process we get

&)= 1)+ 22" [k (5.0) f(0) dr

Where, k,(s,t) = Ik(S,X) k, (x,t)dx; m=2

We call the expression k (s, t) the m™ iterated kernel (or m™ iterate)
where &, (s, t) =k (s, t)
Letting n — oo the expression (7) become

g(s)=lim g, (s)
n— o
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= f(5)+Y A" [, (s,0) £ (2) dt

Provided the series on R.H.S. of (8) is converges uniformly.

Expression (8) is called Neumann series which can be written as,

g(s)= () +] {2 2K, (w)}f(z) di

a Lm=l1

=f(s)+ Aj[i A"k, (s,t)} f()dt

a Lm=1

g(s)=f(5)+ A[T(s,1: 4) £(2) dt
is the required solution of equation (1)

Where T(s,,4) = 2"k, (s,1)

m=1

which called resolvent kernel.

Now solution (9) exists if Z A"k, (s,1) converges uniformly.
m=1

Aim: Z A" k,,(s,1) converges uniformly.

m=1

Suppose 0< s, <a, and|k(s, H<M
Then
ey (s,6)| = |[ Kes,0) e (o, 1) e

7L



dx

< [[ke(s, )] [k (x, )
< szldx

Sl (s, 0| S MP(s—t)if s>t

also k,(s,t)=0 if s<t

Similarly

Ik (s, 1)

jk(s,x) k,(x,t) dx

dx

< [Jie(s, )] ey Gx.)

SM3j(x—t) dx

t

:M{@—NT
2

t

Y
=M3(Sz—'t)if s>t

and k,(s,t)=0 if s<t¢

Therefore ingeneral

_p\ym-1
Y VA KRRV
(m-1)!

and k£, (s,t)=0 if s<t

|k, (s, 1)
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< gm m m|S_ |m_1

Now |s —t| <2a

2a)""

‘ﬂ’”km(s,t) (1]

<|A" M

(2a|A| M)

spm (m—1)!

i.e.‘/i’”km (s,1)

= Z A"k, (s,1) is dominated by the series

m=1

= (2a|A|M)"!
MM ———— whichi
| | mZ::, (m—1)! which is convergent
5 2 A"k, (5,0) converges uniformly.
m=1

Uniqueness :

If g, and g, are two solutions of equation (1) then

g,(5)= /() + A[ k(s.1) g, (1) di
and €5(5)= /() + A[ K(s.0) g, (1) dr

© 8,(8)=8,(5) = A[ k(s.0)[ g, ()~ g, (0] di

= g,(s)—g,(s) isthe solution of the homogeneous volterra integral equation. But

we know that ifk(s,t) is continous then the homogeneous integral equation has only
trivial solution.

VTN
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5 84(5)—gy(s)=0

= g,(s)=g,(s)
5.4 Resolvent Kernel of Volterra Integral Equation :

The resolvent kernel I'(s;¢; A) of volterra integral equation

g(5)= /() + A K(s.0)g(O)d is givenby

L(s,t;4) =Y A" "km(s,t) where km(s,t) is mth iterated kernel given by

m=1

k,(s,t)=k(s,t)and k, (s,t) = Ikm_l(s,x)k(x,t)dx;m >2
Theoram 1 : The resolvent kernel I' (s, t; /1) ofthe volterra integral equation

g(s):f(s)mik(s,t)g(f)df

satisfies the integral equation

P (5,62) = (s0)+ [ (5,55 2)k (5.t s

t

Proof: Theresolvent kernel is

o0

L(s,4)=> 2", (s.1)

m=l1

Where the iterated kernel k_ (s,t) is given by
k, (s, t) =k (S, t)

k,(s.t)= J‘kmfl (s,x)k(x,t)dx;m>2
t

.. Equation (1) becomes

VPN
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Changing order of integration

ki (5,t)+ 2

(s.1:2) = k(

t

s,t)+l'|.l“(s,x;l)k(x,t)dx

dx

dx

{gﬂt”"lkm (S,x)}k(x,t)dx

(= (1)

Problem 1 : Find the resolvent kernel of the volterra integral equation with the kernel.

i)k(s,t) =1

ik (s,t)=e"
1+s?
1+¢

i)k (s,t)=

Solution : i)k (s,t)=1

The iterated kernel is

k, (s,t) = k(s,t)

S

k, (S,t)zjk(s,x)km_1 (x,t)dx cm>2

t

Now,
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ok, (s,t) =1

ko (5.0) = [ (5,0, (1)

ky(s,t) = jk(s,x) ky(x,t) dt

:ju—om

=] (-2
L2 | 2

k,(s,t)= j-k(s,x) ky(x,t) dx

—l2

(xz)kzrwﬁfyzw—m

3.2 3!

t

:

(s—1)’

3!

Similarly k, (s,) =

(s—t)""
(m-1)!

Ingenerally £, (s,1) =

The resolvent kernel is

L(s,;4) =Y A"k, (s,1)

m=1
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) k(s,t)=e""

The iterated kernel is defined by

k, (S,t) = k(s,t)
and k.. (s,1) = J-k(S,x) k, (x,t)dx; m>2
Sk(s, ) =€

oy (s,0) = [ K5, %) Ky (x, ) dx
= I e e dx

= eHJ. dx

=& '(s—1)

ky(s,t) = j-k(s,x) k,(x,t) dx

= jeH e (x—1t)dx
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= eHj‘ (x—1)dx

:es_[(x—r)z }
2 t

— es—t (x B t)z
2

k,(s,t)= jk(s,x) ky(x,t) dx

J's—x x—t (x t) dx

t
Y
:es—z‘jS('x t) d
2
3
:es—t (S_t)
3!

s—t (S — t)4

Similarly k;(s.1) = €'

s—t (S l)m :

k,(s,t)=
Ingeneral , k,,(s,1) =¢ (m—1)!

.. Resolventkernel is

L(s,;4)=Y A"k, (s,1)
m=1

o0

z ml(s t)ml o)
prar (m—1)!

o\
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=€

i [ﬂ,(s—t)]m
2

— ex—tel(s—t) :e(l+ﬂ.)(s—t)

1+s°
+t

iii) k(s,1) =

The iterated kernel is given by

k, (S,t) = k(s,t)
ko (s,8) = [ (s,%) ko, ((x0) dx; m=2

1+s

(s, =7

k,(s,t)= j.k(s,x) k (x,t) dx

s

_[HSZ 1+x°
Y 1+x7 147

X

1+s%
= dx
1+t2~[

1+s
e

T (s—1)
ky(s,t) = jk(s,x) k,(x,t) dx

I1+S 1+x?

-1 d
1+x* 1+¢° Tap D&

t

VTN
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1+5°

= j(x t) dx

_1+S2 (s—1)°
1+ 2

k,(s,t)= j-k(s,x) ky(x,t) dx

_j1+s2 1+x% (x—1)°

dx
1+x* 1+ 2

t

1+s J~(x t) 1+s2 (s—1)
147 142 3!

1+S (s—1)*
4!

Similarly k5 (s,?) =

1+52 (s—0)™"

k (s,t)=
Ingeneral £, (s,1) 1+ (m=1)!

.. The resolvent kernel I'(s,#; 1) becomes

L(s,t;4) =Y A"k, (s,1)

m=1

Z - 11+s2 (S—t)’"’1

~ 1+¢5 (m-1)!

s’ & [As-0]”
144 ,,,2:‘5 m!

2
C+sT sy
=T 2 ¢

1+¢




5.5 Solution of Volterra Integral Equation by Method of Resolvent Kernel :

Problem 1 : Solve the integral equation
g()=f(s)+ A e gy di
0

Solution : k(s,t)=¢""
The resolvent kernel for k(s,t) =’ is
I(s,t;A) =P (see: Problem 1 (ii) )

.. The solution is given by

g(s)=f()+ A[T(s,1: 4) £ (2) dt

=f(s)+ ﬁ,j' " £(1) dt

tl+s°
Problem 2 : Solve 8(s)=1+5" +J. 157 g()dt
0
1+
Solution : k(s,t) =
olution : 4(s,?) i
.. The resolvent kernel is
1+s> .
I['(s,t;1)= o e (see : Problem 1 (ii) )
The required solution is

g(5)= f(s)+ A T(s.t:.2) £ (0) di

Here f(s)=1+s°,1=1
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tl+s® 5
sg(s)=1+s5"+ e (1+1) dt
~0[1+z‘2

=(+s57) +(1+s57)] e dt
0

=(1+s2)+es(1+52)[—e_’]:)
=(1+5) +e'(1+57) | 1-¢” |

g(s) = e’ (1+s?) istherequired solution.

Problem 3 : Find the Neumann series for the solution of the integral equation
g(s)=(1+5)+A[(s—1) g(¢) dt
0

Hence find the solution when A= 1
Solution : Here k(s,t) =s-t

The iterated kernel is given by k; (s, t) = k(s, t)

and K., (s,0) = Ik(S,x) k,  (x,t)dx

Sk (s,t)=s—t

k,(s,t)= jk(s,x) k (x,t) dx

kz(s,t):j.(s—x) (x—1)dx

B (x—1)
—{(S—X) 5 (=1 3

t
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B (s—t)3
Y

ky(s,t) = jk(s,x) ky(x,t) dt

(x=2t)’
3!

:j.(s—x) dt

= {(S—x)%—(—l)%}

t

_(s—t)5
5l

Similarly %, (s,£) = g

(S _ Z)Zm—l

k (s,t)= im >
Ingeneral &,,(s,?) 2m-1)!

.. Thereolvent kernel is given by

[(s,t;1) = Z/l””lkm (s,1)

m=1

The solution of integral equation is
g(s)=f(5)+ A[T(s,1: 4) £(2) dt
0

Here f(s)=1+s




ml(s )2m1
(s)_1+s+z£;/1 - )(1+t)dt

Changing the order of summation and integration.

/’i” 2m—1
g(s)—1+s+mlmj(s " (1+1) dt

(s=ty"  (s=0™" T
_(1+S)+Z(m 1)1[(1”) 2m (2m)(2m+1)1)

" /’im S2m S2m+l
(1+s)+z D)1 {Zm +m}

m=1

. 2m S2m+1
g0 =(+9+ 22 {(Zm)' (2m+1)!}

is the required solution.

Now forA =1




5.6 Solution of Volterra Integral Equation by Method of iteration :

1) If the sum of infinite series occuring in the formula of the resolvent kernel cannot be

determined in such a case we use the method of successive approximations.
(Method of iteration)

2) Then™ approximation for the fredhlom integral equation.

g(s)= f(5)+ A k(s,0) g(t) dt

is givenby & (5)= f($)+ A[k(s,0) g,,(t) dt; n>1

in which zero order approximation is ingenerally we are taking as g(s) =1{s)
3) One can take zero order approximation g,(s) different from f{s).

Problem 1 : Solve the integral equation by the method of successive approximation.
¢(5) = 1= [(s=0) g0y ds; g,(s)=0
0
Solution : The n order approximation is given by
g, (8)=f(s)+ ijk(s,t) g, () dt; n=1
.. Taking g, (s)=0
Then () =1- [ (5—1) g,(0) i
0
=102 g(s)=0)

g (s)=1-[(s=0) g/ dt
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g (s)=1-[(s=1) g () dt

zl—I(s—t) [l—gjdt

8

=1—s2+£+£—£

2 8
4 4
:l_S_+S_
2 24
2 4
S S
g3(S)—1—§+Z




2 4 6

. 12,5 5
Similarly &, (8)=1=51+ 7%,

s st st
Ingeneral gn(s)=1—2—!+4—!—a+
.. The required solution is

g(s)= lim g, (s)

n—> ©
8L st s
S22 41 6!
g(s)=coss

Problem 2 : Find an approximate solution of

g(s)=5-[(s—1) g(t) di: g,(s) =0

Solution : The n order approximation is

2,(5) = £(5)+ [ k(5,0) g, (0 dt; n>1

Here f(s)=s5,A=-1Lk(s,t)=(s—1)

g )=5-[ (=0 g, (O ds; n>1

ngs)=s=[(s=1) g, () dt
=5 (- g,(5)=0)

Now &:(5)=s—[(s—1) g (¢) dt

S om N\
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=S—j(s—t) tdt

=s—;j(s—r)[z—;—3!j p

_g 5,5 55
2 24 3 30
s s
=5 —— 4+ —
6 120
s s
= —_+_
31 5!
o PR
S1m1lar1yg4(s)_s—a.ka_ﬁ

(188 )



3 5 2n—-1

s s
s)=5——+——+..+(-1)"" ———
Ingeneral &,(s) 313 (=D Q2n—1)!

g(s)= lim g, (s)
n—> 00

3 5 7
S S S

3150 7

g(s)=sins isthe required solution.

Problem 3 :

Solve €(8) =145+ [ (s —1) g(0) dr

g,(s)=1 by method of successive approximations.

Solution : The n order approximation is given by
g,(5)= () + A[k(s.,0) g, () dt; n=1

0
Here f(s)=1+s5,A=1k(s,t)=5s—t

gn(s):1+s+jl(s—t) g, (t)dt

Now & ()=1+s+[(s=1) g, (1) dt
0
Givengy(s)=1

gl(s):1+s+j(s—t) dt




2
=1+s5+|st——
|: 2':|0

Now & (8)=T+s+[(s—1) g (1) dt

s 2
:1+S+J(s—t)(1+t+%jdt
0

2 37°
t
=l+s+s/t+—+—
{ 2 6

-0

S P P I R R
2 3 8
2 S3 S4
=l4+s+—+—+—
24
2 3 4
S S
gz(s)—1+s+2—!+§+4—!
Similarly,
2 3 4 5 6

g3(s):1+s+s—+—+s—+s—+s—
21 31 41 51 6!

<



2 n n m

1 (s)—1+s+S—+ +—= —
Ingeneral &, 20T =

g(s)= lim g, (s)
n—> 00

is the required solution.
5.5 Exercise :

1. Find the resolvent kernel of the volterra integral equation with the following kernel.

(@) k(s,r)=€" "

cosh s
k(s,t)=
b) k(s.) cosh?
2+coss
k(s,t)=
©) (s:1) 2+cost
d) k(s,t) =t-s

€) k(s,t)=¢e""; a>0

2. Solve the following volterra integral by finding resolvent kernel (or Neumann series
solution)

a) 8(s) =1+ [st () dt

by () =1+s—[ ¢ () dr

1
1+

0 8 =175 +:[sin(s—t) g(1) dt

L)



dy () =1+[(s=0) g(t) dt

o) 8(5) =53 —[3" g(t) dt

S

pas)=e"+2 e g(t) dt

0

g) gs)=e"+ J-es_t g(t)dt

h) g(s)=e” + j-e_(H) sin(s —#)g(¢) dt

2

i) g(s)= se? + J-e_(s_’) g(t) dt
0

3. Solve the following volterra integral equation by method of successive approximation
(Method of iteration).

a) g(S)=1+Ig(t) dt; g,(s)=0
by 2(5) =1+ [ (s=0g(t) dt: g,(s)=0

) &)= S+s= [0 d

2
. S
i) gO(S)=?+S

i) g,(s) =1

i) g,(s) = s




d) &) =s+1-[g()di; g(s)=s+1

3
S

) 80)= 525 [2)dr 5,0=5

Dg(s)=2s+2—jg(t)dt

1) gy(s)=1
i) gy(s) =2

s

g) g(s)=2s"+2 —Isg(t) dt

0

1) gy(s)=2

1) g,(s) =2s
'




SYMMETRIC KERNELS

6.1 Preliminaries :
1. Normed Linear Space :
A normed linear space is a linear space N in which to each vector x there corrosponds

areal number denoted by ||x|| called norm of x such that
i) |x|>0and|x|=0< x=0

i) [+ ] < x] + ]

;o 18 scalar

i) x| = e
(i.e. If there is a function || || : N = R satisfying (i), (ii) and (iii) then N is called normed

linear space).

2. Normed linear space : is a metric space with respect to the metric d defined by

d(x.y)=lx=)

3. Complete metric space :

A complete metric space is a metric space in which every cauchy sequence is convergent.
4. Banch space:

A banach space is a complete normed linear space.

5. Hilbert space :

A Hilbert space H is complax banach space in which there is defined a function

( ):H xH — Cwiththe following properties.

04



D(x,)=(»x)
ii)(ax,+By,z)=a(x,z)+ f(y,z)

cee 2

i) () = ]

for any vecters X, y, z, ¢ Hand «, f# be ascaler.

6. Square integrable function : A function ¢ (t)is called square integrable if

b

[ o (¢)[ dr < o0

a

7.1L2 - function : Asquare integrable function ¢ (t) is called an L function.

8.L2 -kernel : The kernel K (s, t) is called an L kernel ( L, function) if.

a) For each set of values of s, tinthe square a < s <bh,a<t<bh
b b )
[] |k (s.e)[ dsdt < oo

b) For each value of sin g < s<p

j e (s.0)[ dr <0

a

c) Foreachvalueoftin g <z <p

jl ‘k(s,t)‘z ds < o

a

9. The inner produce (scalar product) of two

L, - function : The inner or scalar product (¢,l//) of two complex L functions

b

¢ and y ofreal variableis 4 < g < p is defined as (bw)= J.¢(t)'/’

a

*

(t)dt

oz N\

1S



Where * denotes the complex conjugete.

10. Orthogonal functions :

Two L, functions are called orthogonal if their inner product is zero.

i.e. Two L, - functions ¢ and y ofreal variable t; 4 <¢ < p are orthogonal if.
b

(b)=0 Jo()w

a

*

(t)dt=0

11. Norm of L, - function :

The norm of L, - function ¢ (t) is given by the relation.
1
2

dt

A function ¢ is called normalized if ||¢|| =1

1

=) Jots war| = oty

12. Normalized function :

Note : A function ¢ (t) with ||¢|| # 0 (i.e. anonnull function) can always be normalised

by dividing it by its norm.

13. Orthogonal set : (System of orthogonal functions) A finite or an infinite set {¢k } is

said to be an orthogonal set if
(6.0,)=0; i#j
14. Orthonormal set :

Aset {¢,} is orthornormal if

0 i
wo)-{, 7




15. Compex Hilbert space L, (a, b) or L, - Space :

Let H be the set of complex valued function ¢ (t) defined on an interval (a, b) such that-

Jlo(e) <0

a

b

i) Define inner product by (¢v)= _[ #(t)y

a

5

(¢)dt
ii) Define norm ||¢|| by

- flo o

Then the function d defined by

d(¢y)=lé-vl

generates the metric on H

with information (i) and (i1)

H is Hilbert space denoted by L, (a, b) are L,-space.
15. Following both in equality hold sin L,- space

1) Scharz inequality : ‘(¢, l//)‘ < ||¢|| ||1//||
i) Minkowski inequality : ||¢ + 1//” < ||¢|| + ”l//”
16. Bessels inequality :

If f(s) is real continuous and square integrable function and ¢.(s);i =1,2,3,... isreal

and continuous consisting normalized orthogonal set then

Sl <o
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6.2 Symmetric Kernel and Properties :

A kernel k (s,t) is symmetric or complex symmetric or Hermitian if

k(s,s)#0, Vs,t e[a,b]

Where the asterisk * denote the complex conjugate.

Note : i) Areal kernel is symmetric if k(s,t) =k (t,), V s,t € [a,b]

i1) In the place of asterisk (*) we may use bare (-) to denote the complex conjugate.

Iterated kernel :

The iterated kernel k_ (s, t) are defined as follows.
k, (S,t) :k(t,s)
and k,,, (s,t) = Ik(s,x)kn (x,t)dx ;n=>1

or k (S,t) = J.kn (S,x)k(x,t)dx in>1
Theoram 1: Ifakernel is symmetric then all its iterated kernels are also symmetric.

Proof : The iterated kernel k, (s,t) is defined as k, (s,¢) =k(s,7) and

ko (5,0) = [k (5,)k, (x,)dx sn>1

Given k(s,t) is symmetric = k (5,¢) =k (t,5)

Now k,(s,t)=k(s,t) =k (t,s) =k, (t,5)

Now k,(s,0)=[k(s,x)k (x,0)x (1)
= [k (5,x) k (x,)dx
= [ (,%) k" (x, s )
= [k(t.2)k(xs)dx |
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*

=| [k(t. )k (x,5) d |
=k (1:5)

Which shows the result is true forn=1, 2.
Assume thatresult is true forn=m

ie. Letk (s,t)issymmetric
=k, (s,1) :km*(t,s)

Now we prove result forn=m + 1

ko (5,8)= jk(s,x)km (x, 1 )dx
:J.k:1 (t,x)k*(x,s)dx
:Uk’" (t,x)k(x,s)dx}

= k*m+1 (I’S)

— Resultistrue forn=m+1

*

.. Bymethod of induction, the kernel is symmetric.
Fredholm operator :

The fredholm operator k is
K= [k(s,t)p(¢)dt
and the operator K* defined by
K'y = J.k* (¢,s)w (r)dt is the adjoint operator of k.
Problem 1 : Let the operator K and K* are defined by

K= [k(s,t)p(t)at




and K'y = Ik* (t,8)w(1)dt

where ¢ and y are L, function, then prove that :

a) K* is an adjoint operator of k i.e. (K¢,y) = (¢, K*y)
b) If K is symmetric kernel then

1) K is self adjoint operator

i1) Inner product (K¢, @) is always real.

Solution : Given
=Ik(s,t)¢(t)dt
Ky (s)= [K'(t,8)y (¢) e

a) (Kg,v) = [Ke(e)y " (¢)dt

- j“"(f’y)ﬂﬂdy}w* ()dt
=[o) [ [k (ty)y’ (1)t |dy
:I"’(y)Uk*(f’y)w (t)dt}* dy

=[oOKw(y
“Kp)=4Ky).

— K" is an adjoint operator of K

b) (i) Letk (s, t) be symmetric kernel then
k(s,t) =k (t,s)

For all s we have




=_[k(s,t)x//(t)dt
=Ky(s)
Ky =Ky
— K=K

= Kiis selfadjoint operator.
Aliter :

From equation (1)

(Kgw)=[o()[[¥ (wr)w () dr | @

since k is symmetric we have

k (t,y) = k(y,t)
(Kg.w) = [9(0)[ [ K (1) (1) | v

= [¢()[Ky ()] av

(Kew)=(¢.Ky)

= Kisselfadjoint operator
i) (Kgh ) =[ [Ke(e) () |

= [TKo()] ()

= [[[*(e0)8 ()] p(2)a
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=[[JE(r0)8() ) ()

(-~ Changing order of integration)
=[Kg(»)¢' (»)dv
=(Ké.9)

= (K¢,¢) isreal
Exercise :

D If (k ¢,¢) isreal forall ¢ then prove thatk is symmetric fredholm operator.

Orthogonal Set : A finite or an infinite set {¢k } of function's is said to be an orthogonal
setif

(.6,)=0; i#j

Ifnone of the elements of this set is a zero then it is said to be a proper orthogonal set.

6.3 Orthonormal set :

A set of functions is said to be an orthonormal set if,

0; i#j
o), 7
Normalized function : A function ¢ for which ||¢|| =1 is called normalized function.

Gram-Schmidt procedure to construct an orthonormal set :

Given a finite or infinite denumerable independent set of functions
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We can construct an orthonormal set {¢,, é,....4, ...} by Gram-Schmidt procedure as

follows.

¢ =
bet™ II%II

To obtain ¢, define

w, (S) =y, _(W2¢1 )¢1
Then, w, is orthogonal to ¢,

@,
¢, is obtained by setting ¢, = m

Continuing this process we have

k-1
s)-> (v.¢)d, K= 2
i=1

¢ =
Then, % ”a)k”

Which given the orthonormal set.

Note :

1. A set of orthogonal functions, we can convert it into an orthonormal set simply by
dividing each function by its norm.

2.1f {¢1 Dy, . } be an orthonormal set then {qﬁ]* , ¢2 ,e. (15: . } also form an orthonormal
set.

6.4 Fundamental properties of eigen values and eigen functions for symmetric

kernel :




Property 1 : The eigen values of non zero symmetric kernel are real.

Proof: Let 4 and ¢(s) be an eigen value and a corrosponding eigen function of the
symmetric kernel k(s,t)

b

¢(S)=/1J.k(s,t)¢(t)dt _____ (1)

a

Multiply both side by ¢ (s) and integrate w.r.t.s. fromatob.

b

j5(9¢(gds=Aj$(g[jku¢)¢oyﬁ}k

a

i [Fe ke s0das @)

Now from (1)

B(s)= kast m}
— b —
=2 [k (s,t)4(
multiply both side by ¢(s) and integrating w.r.t.s fromatob

f¢(s)<}s(s)ds =ij:¢(s)ﬁl_c(s,t)¢;ﬁ(t)dt}ds

a a

=iﬁ¢(s)k(s,f)¢(t)d;ds

= iii(}i(S)k(t,S)éﬁ(t)dtdS ( kis symmetric)




bb
I J. 5 s t dtds
From equation (2) and (3) we have
b b b b
=A[[#(s t)deds =7 [ [§ (s t)dtds

=A=1
= Ais real
This completes the proof.

Aliter : Let 4 and ¢(s) be an eigen value and corroponding eigen function of the
kernel k (s, t)
b

o p(s)=A[k(s,t)p(t)at

a

S h(s)=Ake(s)

Multiply both side by ¢ (s) and itegrate w.r.t.s. fromato b

Q) >

¢7(s)¢(s)ds=/1ik¢(s)¢_ﬁ(s)ds

o) =2(ke-0)

Note that, <kd , ¢> # ¢, when ¢ is an eigntunurm, Threfor, we can write,

Since k is symmetric therefore (k¢, @) is real, also ||¢(s)|| is real.

- ] 1sreal.
S Aane N\
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Property 2 : The eigen functions of a symmetric kernel, corresponding to different
eigen values, are orthoginal

Proof: Let ¢, and ¢, are eigen functions corresponding, to the eigen values 4, and 4,

of symmetric kernel k(s,t).

#(s)=afk(s0h(0ar ()
and

¢2(S)212_[k(s,t)¢2(t)dt _____ (2)
from (2)

(.- eigen values of symmetric kernel are real)

b

(¢1,¢2): J.¢1 (S)¢72 (S)dS

a

-Jato)] & ) 00 fs

a

=ﬂz;féz(t)ﬁk(ns)szﬁl(s)ds}dt ----- (3)

b

From (1), ¢1(t):ﬂqjk(t,s)¢l(s)ds

a
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Using this in equation (3) we get

(4t)= 1] ()2

A
:%z¢1(t)¢2 (t)dt
_h
= (4.4,)

AU SEFACNY
(h=4)(4.4,)=0
=(d.4)=0 (4#4)
= ¢, and , arc orthogonal

Theorem : Riesz - Fischer Theorem :

If {¢ (s )} is a given orthonormal system of functions in L, and { a, } is a given sequence

of complex numbers such that the series > |0€ ‘ | converges, then there exists a unique
k=1

function f{s) for which ¢, are the Fourier cofficients with respect to the orthonormal

system {¢, } and to which the Fourier series converges in the mean that is

Hf(s)—iaiﬁ.H—) 0 as n— o

Property 3 : The normalized eigen functions associated with symmetric kernel form

an orthonormal set.

Proof : Letk (s, t) be symmetric kernel and {¢k} be the set of normalized eigen

functions associated with k(s,t)

VYR
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For each k we have
AR

=4[ =1

=N ﬂqﬁk(t)\z dt=1

= [0 ()6, ()i =1

Thus, <¢k , ¢k> =1 foreachk (D

Also we know that, "Eigen function of symmetric kernel corrosponding to different

eigen values are orthogonal".

b

= [¢(6)¢",(1)de=0 i=j

a

ie. (4.0)=0for i=j 2)

From (1) and (2), the collection {¢k} is such that

(08| o

0;i#j
= The collection {¢k } form orthonormal set.

Property 4 : The multiplicity of any non zero eigen value is finite for every symmetric

kernel for which [ (s,)|" dsdt is finite.

Proof : Letk(s,t) be a symmetric such that H ‘k (s, t)‘2 dsdt is finite.

Let the functions @, , (s),9,,(s),...,d,, (s),... be the linearly independent eigen
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functions which corespond to a non zero eigen value 4 . By the Gram - Schmidth

Procedure, we can find linear combinations of these functions which form an orthonormal

system {u ” (s)} . Then, the coresponding complex conjugate system {uk } also forms
an orthonormal system.

By Reisz -Fischer Theoram, for fixed s, the fourier series associated with k(s,t) in terms

of an orthonormal set {u; } is given by
k(S’t): zaiu; (t)
Where g, =J‘l\‘f(s,t)(u;:1 (t))*dt =(k,u*,)

—1 . . .
Also a,=A"'u,; (s) “cu, isaneigen function.

Using Bessels in equality we have

Ylaf = 3]k #) <l

S — n

lZ|ai|2 Sﬂk(s,t)

But Z|ai |2 = Zj:"ilum (S)‘z

Using this in equation (1) we have
Z(x-l)z [l () <k(s.2)

Integrating w.r.t.s.

? drds




? dids

X2 o < [l
e, 227 s ()] < Tl (o0

? dids

? dids

=32 <[[lk(s.0)

1

Let mis the multiplicity of 1 then,

m< ﬂzjj‘k(s,t)
since .mk(s,t)

— mis finite.

? dds

2 . .
dtds is finite

Propery S : The eigen values of a symmetric L,- kernel form a finite or an infinite

sequence {4, } with no finite limit point.

Proof: Letk(s,t) be symmetric L,-kernel

.mk(s,t)

Let u, () be the orthonormal eigen functions corrosponding to different eigen

2a’sdl‘<oo

values 4, .

Then proceding as in the proof of the property 4, we have

> (A1) < [flk(s.)

1

? dsdt < o

If there exists an enumerable infinity of 4, then we must have

2
;(ﬂ%j <0

Then by Cauchy Theorem




1
=>——>0 a5 n—ow

=>4, >0 as n—o
. oo 1s the only limit point of the eigen values. This complets the proof.
Problem 2 : Prove that K’g(s) = K,#(s) wherek, is second itercated kerenel of k.

Solution :

k2¢(s):kk¢(s)

= jlk(s,x)kqﬁ(x)dx

(- Changing the order of integration)

b
= jkz (s,t)¢(r)dt
(.- Definition of second iterated kernel)
=kp(s), VS

= k2¢ = k2¢

Property 6 : The set of eigen values of the second iterated kernel coincide with the set

of squares of the eigen values of the given kernel.

[(i.e. 1 isaneigen value ofk (s,t)iff 42 is an eigen value ofk, (s,t)]
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Proof : Let 4 bean eigen value of k corrosponding to eigen function ¢(s)
b

L p(s)=A[k(s,t)p(t)dt

a

b

i.e. ¢(S) = /1K¢(S) where K¢(s) = Ik(s,t)gﬁ(t)dt

= ¢=1K¢
~(I-2K)$=0
Where, I is an identity operator
Now, operate on both side 7 + 1K
S (I+2K)(1-4K)¢=0
(1=K )$=0
=¢(s)=AK¢(s)

b

=27 [, (s,2)p(t)dt

a

— A2 is an eigen value of kernel k, (s,t)

Conversely, let 42 isan eigen value of kernel k, (s,t)
b
o p(s) =2 [k, (5,0) () dlt

=(1-2k*)$=0
(1= 2k)(I+Ak)$=0

If 4 isan eigen value then proof'is complete

If 4 isnotan eigen value
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Sg(s)= ﬂiK(s,t)¢(t)dt

S @(s) #= AKP(s)

ie. p#AKp= 1+ K
=(1-2K)#0

(i.e. J—AK isnot null operator)

from (1) (/+1K)¢=0

ie. §(s) = —Akd(s)
p(s)==A[k(s.2)p(t)at

i.e. —4 isaneigen value of k(s,t). This complete the proof.

Aliter : Let 4 iseigenvalueand ¢(s) is corrosponding eigen function.

b

o p(s)= Ak (s,t)p(¢)dt
Now = #(5) =2 [k, (s.0) (1)
= ¢(s)—ﬂzj‘ﬁk(s,x)k(x,t)dx}é(t)dt

Changing order of integration

b

- ¢(s)—/1£k(s,x){/1i k(x,t)gzﬁ(t)dt}dx




=¢(s)—/1jk(s,x)¢(x)dx @)

b

;¢@)ﬁﬁj@(&g¢@yu=¢@)—4h(&ﬁ¢0yﬁ

— A2 iseigen value of k,(s,¢) ifand onlyif ; isan eigen value of k(s,t)
Property 7 : A symmetric kernel possesses at least one eigen value.
Definition : The spectrum of the kernel k(s,t) is the set of all eigen values.

In this terminology the above property 7 may be stated as, the spectrum of a symmetric

kernel is never empty.

Property 8 : If A, is the smallest eigen value of the kernel k, then

! m{\(w)\]

2

Il 4]
or equivalently
ﬁ = max‘(K(é,qﬁ) ; ¢|| =1

Proof: If A and ¢(s) bean eigen value and coresponding eigen function then we

have
#(s) = 2] k(s.0) p(0) dt
=1 Ks)
iep=AKg=>Kg=1"¢
Now (K¢.¢)=(4"¢.9)
=17 (4 9)




=27 ol

PRI,
|4
Y
A
1 _|Ke.g)
2
1 Keo) ... .
m= a){| ”¢|2 |]zf/1 IS minimum

Thus, It 4, is the smallest eigen value then

1 :maxl|(1<¢,¢)|]
4| |

!
1F =1 then T;7 max (K¢, ¢)|

6.5 Expansion of symmetric kernel in eigen function.

Letk (s, t) be anon null, symmetric kernel which has finite or an infinite number of eigen

values (always real and non zero). We order them in sequence.

O (1)
in such a way that each eigen value is repeated as many times as its multiplicity.

We order them as follows.

<

0<|A4]<|A,] <. |4,] <

Let ¢, (s).¢, ()-8, (s)see e (2)

//anrl
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be the sequence of eigen functions corrosponding to the eigen values given by the
sequence (1) and arranged in such a way that they are no longer repeated and are

linearly independent in each group corrosponding to the same eigen value.
Thus, to each eigen value A, in (1) there corrosponds just one eigen function ¢, (s) in(2).
Suppose that these eigen functions have been orthonormalized (property3)

we know that symmetric L,- kernel k(s,t) has atleast one eigen value, say 4, then

@, (s) is the corrosponding eigen function. Define, second truncated kernel, by

K (s.0) = k(s,t)—%?l*(t) ----- o)

Then k% (S,t) is nonnull and symmetric kernel.

Indeed, since K(s,t) is non null, K(2) (s,t) is non-null further, from (3)

[k(z) (s,t)]* - (s,t)—M

(- A = A aseigen (.. k(s,t) is symmetric) value of symmetric kernel are real)

i 602400

s (t,s)
=k (s,¢) is symmetric kernel.

-+ As the second truncated kernel is symmetric and non null, it has atleast one eigen

value, say A, (Property 7). (We choose smallest if there are more.)
Let ¢, (s) be the corresponding normalized eigen function of k@ (s,t)

Then ¢, (S) #= ¢, (S) evenif 4, =4, (i.e. ¢ (s) isnot an eigen function of kernel
k®)(s,t) Which can be shown as below)
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= [K(s,t) 4 (v) dt

B j{K(s,t)— SLIULL) (Sfl (t)} ¢ (t)dt

- {K(s,o mz)dr—@} # () (1)

- J‘{K(s,t) ¢l(t)dt—%s)} ) — @

= @ (s) can not be an eigen function corresponding to A, K@ (s,t).

Thus, we have proved ¢, (s) cannot be an eigen function of k)(s,t) similarly we can

prove that the third truncated kernel.

KO (5,6) = k(s,1) =3 28 (1)

k=1 ;l'k
is also non null and symmetric. Hence given third eigen value A, and eigen function ¢, ()

As discussed above the function ¢, (s) cannot be same with ¢ (s) and ¢,(s)

Proceeding in this way the n™ truncated kernel is given by

*

V4 ()¢ (1)

k=1 ﬂk

n

A (S, t) =k (s,t) -

Repeating this procedure countably many times we have two possibillities.

VPN
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a) This processes terminates after n steps thatis, k" (s,£)=0

Oy ACLAO;

k=1 jvk

Thus, k (s, t) is (degenerated kernel) separable kernal

b) The process can be continued in finitely and there are an infinite number of eigen

values and eigen functions.

Theorom 3 : Let the sequence {¢k (s)} be all the eigen functions of a symmetric L,-

2
| . & 8.(s)
kernel k (s,t), with {ﬂk } as the corroponding eigen values. Then, the series Z B
n=1 n

converges and its sum is bounded by C; which is an upper bound of the integral.

[l (s.0) at

Proof: Let {¢, (s)} be the all eigen functions of a symmetric kernel k(s,t) with {A, } as
the corresponding eigen values. We know that sequence of eigen functions of a symmetric
kernel can be made orthonormal. Thus we suppose that the sequence {¢, (s)} is

orthonormalized.

The n' truncated kernel k" (s,¢) is given by

g (s,1)= k(s,z)_nz_lM

a4

i

*

Now [[k (s.1)[ dr = [ (5.0) £ (s,2) |

= [| k(s.1)- 11 4()e (1) (t)}{k (S,t)—i_ﬁ* (S/%Q (1) dt

7,

i=

(A =4 K'(s.t)is symmetric)
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n—1

= rGs ()i [r(s. S . [k*(s,og"’f(si"’f(f)} i

i=1

SEEE 5 (0 )

/1 .2

Il s = e s - S ALV

A,

Since k" (s,¢)isnonnull, foralln

QD



K" (s,¢)|dt %0 foralln

$14.(5)4, ()

i=1 i

) ai-

4 (5)4(s)
DR A

i=1 i

Since C? i

(S
We have ZMT =6
i=1 i

Taking limit n — oo we get

1

L 8(s)d(5) ¢ (s)

i=

Converges and its sum is bounded by C;

Theorem 4 : Let the sequence {¢n (s)} be all the eigen functions of a symmetric

kernel k(s,t) w1th{ } as the corrosponding eigen values.

Then, the truncated kernel.

KD (5.0) = k (5,0) =3 2810 ()

m=1 2’

m

has the eigen values 4, , 4 to which corrospond the eigen functions

n+1°>""n+2°°°"
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.1 (5),4,.5(5),... Thekemel k""" (s,¢) hasno other eigen values or eigen functions.

Proof’: Let {ﬂn } be the all eigen values of symmetric kernel k(s,t) with corrosponding

eigen function {, (s)}
(a) For j>n+1 (ie j=n+Ln+2,..)

2, [ K" (s,0) ¢, (1) dt

=2, [k(s,0) ¢, (¢)dt— zz j¢ dt

= 4, [k (s.)g, (¢)dt - /12 (¢¢m)

=2, [k (s.2)8,(t)dt

wsince 1<m<n; j>n+l1..

:>j¢m:>(¢j¢m)=0

ie ¢,(s)=4, jk"“ (s,2)¢,(¢)dt;forj > n+1

n+l

= A, and ¢, are eigen values and eigen function of 3 (s, t)forj > n+1

b) Let 1 and ¢(s) be an eigen value and eigen function of the kernel A (s, t)

= [k (5,0) (1) dt




) jk(s,z)—;%(z)}n

= A[k(s,t)p(t)dt~ /12 j¢

#(s) = AKp(s)- 2D "ﬁf";)(czﬁ,m)

m=1

Taking inner product with ¢,; j < n onboth side we get.

(60)=(K0) 15 BNER)

1 f =
Using(¢ma¢j)={o x

for j#m
for fixed j; j <n wehave

A(.4))
A

J

(¢’¢j):i(K¢’¢j)_

Now, (K¢.¢,)=[Ke(s) (s)ds

=[] k(s,fm(f)dr}%(s)cfs

Changing order of integration

:jgb(t)“k(s,t)qﬁj(s)ds}a’t

interchanging tand s

= [p(s)[ k(£ 5) ¢ (¢)dt Jds

,...N)




(K¢’¢j) :%(9’5’ ¢j)
Thus equation (1) becomes

A A
(¢,¢1)=ﬂ—j(¢,¢,)—i—j(¢=¢)=0

(¢’ ¢/)= 0

= ¢ and ¢, are orthoginal forall j <n
=¢+P;j<n

If ¢(s) is an eigen function of " (s,7)
then ¢(s)=¢,(s);j=1,2,3,..n

= ¢(s) must be from the set

{¢”+1(S)’¢n+2 (S)}

and , must be from the set

s Az

n+12""n+2




This completes the proof

Theorem 5 : Anecessary and sufficient condition for a symmetric L,- kernel to be

degenerate is that it have a finite number of eigen values.
Proof : Letk (s,t) be symmetric L,- kernel.

Ifk(s,t) is degenerate

e k(5.0)= 20 ()5, (0),

Where {a,(5), a,(5), .cccevvnennn ,a.(8),}, {by(1), by(t), cevvvnnn , b (t),} are linearly
independent. Let D (A) denote the Fredholm determinant of the homogeneous Fredholm
integral equation corresponding to the kernel K(s,t). Then D (A) =0 is a polynomial in A of
degree at most n. This implies thatk (s,t) gives at the most n given values.

If =k (S, t) is degenerate then it has a finite number of eigen values.

Conversly letk(s,t) has finite number of eigen values say 'n', A, A,........... A&
Corresponding orthonormalized eigen functions are ¢,(s), ,(S), ...ovvvveenven. ,9,(s)
Now, the (n+1)" truncated kernel is

K (5. = k(s.0)- 3 AL n

= Ao

1

since k(s,t) has 'n' eigen value which finite & Xj, d)j ,0=1,2, e, ,n) are has not
eigen values & eigen functions of k™(s,t)

. k%D (5,£)=0,V,s,1,

using in (1) we get




Theorem 6 : Let {¢,} be all the eigen functions of symmetric L, kernel k(x,y) with

{/1, } as eigen values. Ifthe series

iqﬁ, ¢ L(»)

o (1)
converges uniformly then,
x y = ri: ¢’ ijﬂ (Bilinear form)
Proof : Suppose series in (1) converges uniformly to L(x, y). Let,
R(x,y)=k(x,y)-L(x.y)
We show that, R(x,y)=0
Since R(x, y) is also symmetric and hence it has atleast one eigen value say 4 ,
Let @, be the corresponding eigen function.
6o (X)= 2 [R5, ) e ()y ()

For each eigen function ¢, (m=1, 2,.......) of k (s,t)

Corresponding to 4, we have
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I¢R x)dx

=1 _[gé x)[ R(x,7) ¢y () dyelx

:ﬂ“RJ.¢R (y)IR(x,y)

, (x) dxdy

= 2 [ #e (D[ *(x.3) #,(x) dx=[ L(x. ) 4, (x) dxldy

(- R(x y) k(x y)—L(x,y))

=2 [ (D[ (x) dx—jz)—¢()¢ (x) dx]

=2 j¢R ) ke (x,) dx—jZ¢<x)(jk<y 2) §.(2)dz ) 4, (x)dx dy
24 (¥)=2[k(y,2) z>¢<z)dz
:¢*—= [k 6,(2) d=

=ARI¢R [ *(x.5) 8, (x) dx- Zj¢<x>¢ ) dx. [k(y,2)4,(2) dz1dy
= 2 [ 8 () k (x,) 8, () dx—[k (y,2)4,(2) d=]dy
(* {4, } are orthogonal)

= 2 [ 8 (D)L K (x.9) 6,(x) dx = [ k(z,)8,,(2) d=]dy




= 2 [ () K (x. ) 8,(x) de = k(x, ), (x) dx] dy

(0, () dx=0 = (4,.4,)=0, (m=1,2, ........ )

¢, 1s orthogonal to ¢

=[2Gy do(rdy = {ZW) b ()

= g ()
-2 P [#.07)
=§j¢R(y)Wdy%x)
=>4 (gg) =0
=§j¢R(y)Wdy%x)

g}qj’ix) ($0:8.)=0 ( - from (3))

(.. theseries converges uniformly)

From equation (2)

8 (x) = A [ [k (x, ) = L(x, )] 4, ()
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By () = 2 [ (. ) 6 (3)dly

¢ . 1seigen function of the kernel k (x, y) w.r.t. A, aseigen value.
By equation (3) we get

[ (%) 6, (x)dx = 0

g dr=0=]g] =0

= ¢, 1sazero function.

Since ¢, is the eigen function of the symmetric kernel R (X, y).

S R(x,y)=0, V,Xx,y

L(.X, y) = k(x, y)

ie. k(x,y)= iw

7

*0




Unit -7

HILBERT THEOREM AND ITS CONSEQUENCES

7.1 Hilbert Schmidt Theorem :
Theorem 1 : (Hilbert - Schmidt Theorem) :

If f(s) can be written in the form, f(s) = J.k(s, Hh(t)ydt (1)

Where k (s, t) 1s a symmetric L, - kernel and h (t) is a L, - function then f{s) can be

expanded in an absolutely and uniformly convergent Fourier series with respect to the

orthonormal system of eigen functions {¢n (s)} of the kernel k(s,t) ;

&= L=b) 2

The fourier coefficients of the function /(s) are related to the fourier coefficientsh_ of
the function h (s) by the relations.

e R N — 3)

n

>a|w

Where {xln } are the eigen values of the kernel k(s,t).

Proof : Letk(s,t) be symmetric, Lz-kernel and h(t) is an L2 - Function

Let £(5) = [k(s,t) h (f)dt = (Kh)(s),

Where K is the fredholm operator cooresponding to k (s,t)
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Let {Xn} be the sequence of eigen values of k (s,t) that is arranged as follows :

S and the corresponding eigen

<|4

— |7+l

ﬂ'f’l

o <|A|<|A| |4l < <

functions are ¢ (s), ¢,(S), ¢,(s), ........... $.(8),0,, (), v We suppose that the sequence

{¢ (s)} is orthonormalized.

Let the fourier coefficients f of the function f(s) corresponding to orthonormal system

{0.(s)} are  fa=<f, ¢ >
= <Kh, ¢ >

=<h,K¢ > (- k(s, t)is symmetric k is self adjoint)
= (h,})y;%) (" ¢, 1s an eigen function = ¢ =4 K¢,)

=1 \(h.¢,)

h,
i’l

(- h, =h,¢,) are fourier coef. of fucntion h relative to rothonormal set {d)n})

Thus, the fourier series for f{s) is

Ayl

©=3 140=Y " @

n=1 n=1

|

Aim : The series (4) converges absolutely and uniformly. For this we show that, the

remainder term
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ﬂ+p

z /1_1{ 9. (5) of the series (4) can be made arbitrarily small for any n and p.
k

k=n+1
Using, Cauchy schwartz inequality,

n+p

Z ¢k<)

k=n+1 k

< z ‘hz‘ z |¢k(5)|

k=n+1 k=n+1

using theorems 3 of unit VI

i g, (s)l

n=1

Converges and its sum is bounded by C; which is an upper bound of the

integral j|k(s,t)|2 dt

n+p

Z ¢k(>

k=n+1 k

31— 5)

k=n+1

Also, the Bessel's inequality gives

z "= [|ne) de <o
(-~ hisaL, function)
0 ) n+p
2
h,|" is convergent, hence by Cauchy cirterion Z ;. canbe made arbitrarily
n=1 k=n+1

small.

n+p

thus, forevery £>0, D/ <&’

k=n+1

Equation (5) becomes

n+p

S ﬁ 4|

k=n+1 "%

<C22




n+p

" g (5)

k=n+1 7%

<Ce¢

Since & was an arbitrary, we can made, the remainder term under modulus sign arbitrarily
small (Taking ¢ — ()

.. The series (4) converges absolutely and uniformly.

Aim : The series (4) converges to f{(s) consider, the partial sum
c hlﬂ
w,(s)= 2/1—% (s)
m=1 Yy

our aim is to show that
||f(s)—l,//n(s)|| —>0 as n—>o

Now,

n

F5)-v,(8) = £(5) —Zﬁ—m 4,(5)

m

= jk(s,t) h(t) dt — Z (hﬂﬁqﬁ (s)

m

= j k(s,t) h(t) dt —i@jh(ﬂ 8, (1) dt

m

- j[k(s,z)—iw ) dr

m

= [k (s,0) h(e) dt

— K"y,

Where ;) is the truncated kernel of k(s,t)




" 2
@ -y @ =[]
— (K(}'H—l)h K(n+l)h)
=(h,(K™"y K" (6)
[- -k is an self adjoint operator]

— (h K(rﬁ—l)K(rﬁ—l)h)

(- K" is an self adjoint operator.)
= (hK{™h)

(" k¢ = k,¢ forany kernel K)
* By theorem 4 of Unit VI the eigenvalues of the truncated kernel k™D (s,t) are

Ay Ayia A

n+l1,”"n+2,""n+32"

. Wwith

A €| Ania| < -
* By property (6) of chapter VI, the eigenvalues of
K" (s,t)ared’ |, Al s, ....

The least eigenvalue of &{"*"(s,#) is A’,, now we know the property, if 4, is the

+1

smallest eigen value of kernel k, then

0 :maxl|(1<¢,¢)|}
4] ol

Since A’,, is the smallest eignevalue for £{"*" (s,) we have

o t500)
A ¢l

7




@ 7

n+l

| [‘(h’Kénﬂ)h)‘:l
=max| ———

We have omitted the modulus sign from the scalar product (4, k\"""h), as it isa
positive quantity (Sec 6)

(h,K3™'h) _ 1
R

n+l

h n+1h <M
0K <o e (7)

n+l

Combining (6) and (7) we get

h 2
||f(S)—Wn(S)IIS%

But we know the eigen values of symmetric kernel has no finite limit point (Sec Property (5))

AL >woasn oo

n+l

Therefore n — 0 = ||f(s) -y, (s)” —0

=y, (s) > f(s)
Hence, ifn 9,(s)=1(s)

Uniqueness : Let ¢ be the limit of the series with partial sum ¥,

Then |/ -v|=|/-w,+v,-v|

+|

S”f—z//” 1//,1—1//||—>Oasn—>oo

L f=y




7.2 Application of Hilbert - Schmidt Theorem :

Let us apply the Hilbert - Schmidt theorem to find solution of the inhomogeneous

Fredholm integral equation of the second kind

g(S)Zf(S)+/1Ik(S,f)g(l)dt ----- (1)
With a L, - Symmetric kernel.

Let 4,4,,---,4,,--- be the sequence of eigen values repeated as many times as its

multiplicity, which are arranged as

0 <|4|< |4

With corresponding normalized eigen functions {¢,,(s)} of homogeneous integral

<

<

ﬂ’n

/1714—1

equation.
Casel: ) isnotaneigenvalueie. A # 4 ;Vn

By (1) we have

g)- ()= [k(s.0[ g @)
Which has the same form as the integral equation in Hilbert - Schmidt theorem

. By Hilbert - schmidt theorem

L Y — )
Where C, = (g~ /.4,) & €1 = l’;’n ”

= [ (g = 1)()g; (5)ds

= [ 8, (s)ds = [ £ (s)4; (s)ds

C=g~Li “)
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Where g, = [ g(s)¢; (s)ds = (9.4,)
1= [ 1), (5)ds =(1.4,)

AlsoC, = (/%¢)

1 .
C, 7]% g(s) 4, (s) ds

A
—Zgn ¢ (9)

//inCn
=g ="

Using (7) in (4) we get

¢, =5,

AN
a1-%)--

/R
C”_(/I—/Inj_[in—/ljf”

A

Using (8) in (3) we get

g(s)—f(s)= Z(—)f #,(s)

. g(s)=f(s)+ /12—¢ (5)




OR &)= f()+23 2 [ 10

_f(S)MjZV 2 (5)0, (t)}f(t)dt
g(S)=f(S)+/1.fF(S,tJ)f(t)dt ----- (10)

where (5,2, 4) = z¢ /(1s)¢ /1(t)

Which is the resolvent kernel

.. The solution of equation (1) is given by the equation (9) or (10) in terms of absolutely

and uniformly convergent series.

Casell: ; isaneigen value of k (s,t)

If 4 isan eigen value, then it necessarily occurs in the sequence {/1,1 } and perhaps it is

repeated several times.
Let A=4,=4,,=4,
and 4,,,9,., -9, arethe corresponding eigen functions.

Thenfork=m,m+1, .. m

A=A =0
Also from relation (8)
A, -4
f":( i jq‘:O
S 9.
i-4 O (a1

a indeterminate form which has some constant value.

VYN
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. The Solution of (1) is given by the formula (9) where the coefficients with the

. . 0 .
indeterminate form v have to be taken as arbitrary numbers.

Thus in this case solution is given by

86V = O+ 23 L, (5)+ € 51+ Cph6) 1+ Cohs 9)

n

(nzm,m+1,..m")

Where C,,C

m+1%°°

.C,, arearbitrary constants,

From (11) we see that integral equation (1) is soluble if and only if

fi=0k=mm+1,....m
= [ /6 (©)ds =0 k=mm+1,.ni

i.e. equation (1) is soluble iff f{s) is orthogonal with ¢, (s);k =m,m+1,..m’

7.3 The solution of Fredholm integral equation of the second kind by Hilbert
Schmidt theorem :

Consider, g(s)= f(s)+ A4 j k(s,t) g(t) dt

With symmetric L, - kernel is

Its Solution is given by
I/
g(s)=f()+ 2, #.(s)
k=1 /1/( -4

Where, A,;k=1,2,3...are the eigenvalues of homogeneous integral equation.
@, (s);k =1,2,3...are the corresponding normalized eigen functions of homogeneous
integral equation.

1.e.1f g, are the eigen functions of homogeneous integral equation then.

(238 )



¢k = =
<]

and f, = (/.¢) = [ S (s) 4 (s)ds

Problem 1 : Solve the symmetric integral equation
1
g(s)=(s+1) + [ (st +5) g(0) dt
-1
by using Hilbert Schmidt theorem.
1
Solution: €() = (s +1)* + [ (st + s> )g(¢)dt
-1

Comparing with standard equation

f&)=(s+1),A=1

Firstly we find the eigen values and corresponding normalized eigen function of
1
2(s)=A j (st+s°t2)g(t)dt
-1
Above equation can be written as
1 1
2(s) = As j te(t)dt + As’ j fr
-1 -1
ng(s)=Ase, + As’e, e (1)
1 1
Where ¢ = [tg(®)dt and ¢, = [£g(t)
-1 -1
Using (1) in (2) we get
¢ (1 —%) +0.c,=0

Using (1) in (3) we get




0.c, +(1—%)c2 =0

For non trivial solution, we must have

24

-2~ o

: 2470
0 1-2%
5

20, 224 35
(1= 1-Ly=0=1=2,2
( 3 XN 5) 0 572

3
Case I : For 4 = ) equation (4) and (5) becomes

oc +oc,=o0

2 =c,=oand ~ . .
0c,+=.c,=0 C, isan arbitrary.

3
g (s)=¢ ES

3
Eigen function corresponding to 4, = 5 isg,(s)=s

Corresponding normalized eigen function is

() = g,(s) _ g,(s)

lel g
|:_[|g1(5)|:|

-1




_ N ERR
2

(2)

5
Case 2 :/1225

Equation (4) and (5) becomes

——c,+o0.c,=0 0 J
3 = =0 an C, is an arbitrary

0o-c +oc,=0

5
g (s)= Eczs2

5
Eigen function corrosponding to 4, = ) is g,(s)=s’

Corrosponding normalized eigen function is

_ 9, (s) _ 9, (s)
¢2 (S) ”¢2 (S)” 1 2 %
[I|¢2<s)| ds}
_ 2 _ g2 _ 2
LT SN
i E]
_l 5
¢2(S):@32




s S =)= [ 1) f (s)ds

= J‘(s+1)2gsds

1
zgj(f +25° +5)ds
|

- g{Z(Z)j:szds}

=£4HI

2 3]

f=(f28)= [ 1(5) § (s)ds

mszds

=j-1(s+1)27




s
5 3
810
E
Since (A # Aand A # A,) A =1 isnot an eigen value, then we have unique solution

given by

56 = FO+1 XL g)

M)+ 2L

IR LA

9, (s)

2\/3\/_

6

=(s+1)? + =22
2

8+/10 V10

542NN TNV

g(s)= %sz +6s+1
Problem 2 : Solve the symmetric integral equation
2 3 1 2.2
2(s)=s +1+§I(st+s £) g(t) dt
-1
by using Hilbert - Schmidt theorem
2 3 1 2.2
Solution: €(5) = 5% +1+=- [ (st +5") g (1) d
-1
Comparing with standard equations.

f(s)=s2+l,/1=%




3 J6
Casel: A, = 5;¢1(s) = Ts

5 /10
CaseII:22=5;¢2(s)= > s’

S=8)=[ 1) (s)ds = [ (s° +1)§s ds

= gj(sz +s)ds=0 (- odd function)
fi=(f8) = [ F)(5)ds = [ (5° +1>@s2ds
Z@j‘l(s4+s2)ds
:@Zi(s4+sz)ds
s’ s31 I 1
= 10|:?+?:|0—\/E|:§+§:|
15

86)= [+ AY L4 0

_ f(@Mﬁ@@)M%@(s)




3
Since/1=ﬂqzz and f,=0

1 0
P _1 1 o aindeterminate form hence it should be taken as arbitrary constent, Say C
Ve 8/10
3 6 3715 o
Lo(s)=st+1+=C1—s+= g2
g(s) AR
2 2

=55 +Cs+1
is the required solution.

Problem 3 : Solve the following symmetric integral equation with the help of Hilbert -
Schmidt theorem.

g(s)=1+ /ﬁcos (s+1)g(t)dt

Solution: f(s)=1,4 = A firstly finding eigen value and corresponding normal eigen

function of

sog(s)= ﬂ]z‘cos(s +1)g(t)dt

=Acossc,—Asinsc, e (1)

Where € = I costg()at )
0

¢, = ! sintg(tydt 3)

Using (1)in (2)

¢2-Ar)+oc,=0 e 4)
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Using (3)in (2)

oc +(2+An)e, =0 e 5
fornon trivial solution
2—-Anmr o 2 2
=0=>A=—,——
o 2+Awm T 7

2
Casel: 4, = ~ (4) and (5) becomes

o.c,+o0.c,=0 , _
= and ¢, is an arbitrary.
oc, +4.c,=0

Equation (1) gives

g(s)= 2 C, coss
T

2
. Eigen function corresponding to 4, = ; is g,(s)=cos s and

corresponding normalized eigen function is

_ 8k _ gl
S T
{I Ig(s>|]

COS § 2
=———————-=,[—coss
T 2 T
Ucos2 ds}




4c,+o.c,=0 ' _
= and ¢, 1s an arbitrary
o.c,+o.c, =0

: 2.
-.g(s)=-Asinsc, =—c, sins
7

2
- g(s) =sin s is an eigenfunctions corresponding to 4, = .

_ g,(s) _ g,(s)
R PO I
{ [lg:(s)] ds}

sin s 2 .
=———————=,[—sins
3 T

Usin2 sds}
0

Now fi=(f.4) =] f(s) 4 (s)dt

:I(l)cos{\/%)d :\/%[sins]g =0

=8 =[ () di(s) ds =] \/%smsds:z 2

T

Now the required solution is

g6 = /() + Y L

9. (s)
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_ N e
f(S)+/12 ¢1+/112 1

9,

Casel:If 1# A4, A#4, thenequation (6)
becomes

ﬂ‘/gcoss(O) 12\/? >
g(s)=1+ ﬁz +— 41 \/:sins
-2 e A
T

T

4sins
2+7A

=1-

Case2:IfA=4, = . Since f, # 0 there fore given integral equation has no solution

2
Case3: A=4 =—Since f, =

h
equation (6) becomes with ﬁ is an arbitrary.

g(s)—1+Ccoss+— \/7 \/:sms
T

2.
=1+Ccoss——sins
s

Where C is an arbitrary constant is the required solution

Problem 4 : Solve the symmetric integral equation

g(s)=f(s)+ ﬂjk(S)k(t)g(t)dt

Solution : Firstly, we find the eigenvalues and corresponding normalized eigen functions
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of the homogeneous equation.

2(s) = A[ k(s)k(t)g(t)dt

= Ak(s) j k(t)g(t)dt
= Ak(s)c

Where ¢ = [ k()g(t)dt
using (2) in (3) we get

c= j k(t)Ak(t)e dt
= de[[k@)] dt

c[1- ][k dt|=o

for non zero solution we must have ¢ = ()
1= A[[k@] dt =0

1

The eigenvalue is A= W
(s =)
[[k@)] at

The corresponding eigen function is

=k(s)| . ——— =
g (s) (S){ I[k(r)]zdz const]

Normalized eigen function is




55— EO) KO
Ol e o]

and

5=(-8)=[ /() (s)ds

_ f(s)k(s)ds
k)T ds |

_ [ [[k)T ds}% [ r)k(s)ds

Casel: A # 4,
g(5)= 1(5)+ A=L g (s)
Fy
AT ds ]2 [ rs)kes)ds k(s)

= f(s)+

N | =

{U[k(t)]2 dtT /1} ' [ TkT ds |

is the required solution
Case2:Let A=4 and f, =0 ieand fand ¢, is orthogonal
Th S b bi

en A=A € an arbitrary const.

Required solution is

g(s) = f(s)+Cq (s); where Cis const.
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k(s)

=f(s)+ 1
S C[J'[k(s)]z ds}é

Case3: A=/4 and f, #0
Then the solution does not exists.

Problem 5 : Solve the symmetric fredholm integral equation of the first kind.
1
[k(s.0g(0)dt = £(s5)

Where

s(l1—-t);s <t
(A-s)t;s >t

K(S,l‘)={

Solution : Firstly we find eigen values and Normalized eigen function of

g(s)=A[k(s,0)g(0)dt
= jzk(s,z) g(t)dt + j Ak(s,t) g(2) dt
= j/ua —5)g(t)dt + j A(1—1)sg(t)dt

g'(s)= j-—/Itg(t)dt +As(1—-5)g(s) +J.ﬁ,(1—t)g(t) dt + A(1-s)s g(s)

-8 (s)=—Asg(s) - AL-5)g(s)

sgl(s)+ [/1S +A(1- s)] g(s)=o

VPN
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sg'l(s)+g(s)=0
and g(0)=g(1)=0

Casel: il=0=g'"(s)=0=g(s)=Ax+B

o=g(0)=B

= A=B=0
&0:g(1):A+B}

.. g(s) = o Notan eigen function
Case2: A=—k*k+o

g —-K’g=o0

Auxillaryequation . D’ —k* =o=D=+k
Solution is

g(s)=A4e™ + Be®
Lo=g(0)=A+B= A=-B
o=g(1)=Ae* +Be*

B —e")=B=o0(-e" —e" #0)

.. A=B=o0..g(s)=o0 notaneigen functions.
Case3: " A=k*k+o0

g +K’g=o0

A.E.is . D’ =-K*= D=+ik

g(s)= Acos Ks+ Bsin Ks
Lo=g(o)=4

- g(s)=Bsinks

0=g(l)=Bsink =sink=0

252



( B = o0 gives g(s) = 0; not eigen function)
S k=nr
L A=K?=n'7’
g(s)=Bsinnzxs
Eigen values are 1, = n’z” and corresponding eigen function are
g,(s)=sinnzs; n=1,23..
Corrosponding normalized eigen function are

_8,(5)
¢n (S) | gn (S)”

sinnrs

1
1 2
j sin n7rs
o

sinnzs

Ly 2
D-l cos2nrxs ds}
2

o

sinnzs
l S_sin2n7rs 1
2 2nr |,

sinnr’ .
= = \/Esm nrs.

¢ (s)=~2sinnzs;n=1,2,3...
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= (.8, = [ £ (5 (s)ds

1

= \/EJ.f(s) sinnzs ds
0

Required solution is

§)= 1)+ 23 ~Lg )

n=1

; \/EU‘ f(s)sin nﬁsds}
:f(s)+z 0 ] J2sinnrs C-A=1
n=1 nrw -

; sinnzs D f(s)sin nﬁsds}
. g(s)=f(s)+2D] 0

2_2
nr-—1

and solution exists if the series on R.H.S is convergent
Exercise :

Using Hilbert Schmidt theorem solve the following integral equations.

1y g(s)=f(s)+ 4 sin(s+1) g(t) dt

2y gls)=e'+ zjk(s,r) g(1) dt

sinh s sinh(z —1) (o<

- ;0S85<t

K(s,0) = sinh 1
’ sinhtsinh(s—l).t<s<1
sinh1 T
VYN
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3)

4)

5)

6)

7)

8)

g(s) =cos s + A[ k(s,))g(t)dt

k(s,t) = {

(t+D)s;t<s<

g(s)=s+1 j k(s,t)g(t)dt

s(t—1);0<s<t
t(s—1);t<s<1

k(s,?) :{

(s+Dt;o0<s <t

1

g(s)=s+A[(s+0g(t)dt

g(s)=s+ Ajg(z)dt
g(s) =5+ A[ tsg(t)dt

g(s)= %—S + ig(t)dt

*0
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INTEGRAL TRANSFORM METHOD

8.1 Laplace Transform :

If/(t) be a function of t defined for all values of't, then laplace transform of /(t) denoted
by L[f(t)Jor f(p) isdefined by

o0

LIf®0)]= e f ()t

o

Provided the integral exists for some values of p.

1. The Laplace transformation is a linear transformation.

Lle f(t) +c,g(0]= CL[ f(D)]+C,L[g(®)]
Where C, and C, are constants.

2. Laplace Transform of elementary functions.

Table : 1
S® LL/®] S® LLA® ]
1 a
1 —ip>0 sinhat ﬁ;pz >d’
P p —a
n! p
t";n=0, 1, 2, ... —g:p>0 cos h at ﬁ;l?2>az
p p —a
I'la+1 1_
t;a>-1 (P”“ ),P >0 Jo (at) Bessels Pt —d’
function

YN
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edt sp>a s(t-a) Impulse

function

a
sin at ——5.,P>0
pr+a’’

cos at
p’+a

3. First shifting theorem :

It L[ f(t)]= f(p) then

L[e" s ]=F(p-a)
4. Second shifting theorem :

If L[ £(0)] = F(p) and g(1)is

function defined by

g(t):{f(t—a);tZa
0

t<a

then

L{g®)]= % f(p)
5. Change of scale property:

IfL[f(t)]= f(p) then

L[f@n)=2F )
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6. Laplace transform of t" f(t)

IFL[f()]=f(p)
\ ,d =
mmLDfUﬂ=GDz;f@)

f()

7. Laplace transform of — —

IFL[f()]=f(p)

then {f(t)} jf( )dp

Note: |:f(t)} J.f( )dp

8. Laplace transform of derivative:
L[f'®]=PL[f(®)]- 1 (o)
lim f(¢)

t—0

LIf"0O]=P’L[ /(O] -Pf (o)~ f'(0)
LIf"O]=P’L[f(O]-Pf(0)~Pf'(0)~ [ (0)

9. Laplace transform of Integral :

= where f{0) =

thumﬂ=%LUvﬂ=%7@>

10. Laplace transform of periodic function :

Let f(t) Is periodic function with period T >0, 1i.e.f(t+ T)=f(t)

Ao
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T

Then L[/ (D] = — iPT [er f(oyar

o

11. Convolution theorem :

Let L[f(t)]= f(p) and L[g(t)] = g(p)

then L{ [ reozc —x)dx} =L[f(x)*g(x)]=f(p).g(p)
OR

it L' f(p)|= () and L g(p) | = g(0)

Then L [7(p)§(p)] = If(X)g(t —x)dx
12. Inverse Laplace Transform:

I LLfO)=f(p) then L] f(p) = 1)
13. L' is an Linear operator:

For any constant C, and C,

LCf0+Ced]=CL [ fO]+C.L [g®)]

Some elementary Inverse Laplace Transform :

Table: 2
fip) ' f)]=r@
1
— 1
p
LI .
p (n=1)!




p—a
hl -
pa 1“(06)
1 sin at
p2 +a2 a
P
pz g cos at
1 sinh at
p2 _a2 a
P
- coshat

T, 5 t
/ P24 42 Jo (at)
e o (t-a)
LD |t repgn
Note: L {f {,)) = jf(f)df
P 0
If L[ £(p) |= ()
Method of finding Inverse L.T.
1. By property of L.T.
2. By method of partial fraction
3. By convolution theorem

8.2 Solution of volterra integral equation with convolution type kernel by method
of Laplace transform.

Consider the volterra integral equation of first kind with convolution type kernel.
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g(s)=f(s)+ [ K(s—1)g(t)dt

=f(5)+k(s)*g(s)

Taking Laplace transform of both sides assuming

Llg(s)]=g(p), L[ f(s)] = f(p) and L{k(s)] =k (p) and using convolution theorem.

2(p)=f(p)+k(p)g(p)

Taking the inverse laplace transform of both side we get the required solution.

f(p) }

H=L" -
g(®) L—k(p)

Problem 1 : Solve the integral equation.

s= j‘eHg(t)dt

Solution : § = Ies_[g (t)dt

=e *g(s)
Taking Laplace transform on both side
L[S] = L[es *g(s)] =L [eSJL[g(s)]

1 1 =
Pz - p_lg(p)




Taking inverse laplace transform we get g(s)=1-s

Problem : 2 Solve &(8) =s+ 2[ cos(s - t)g(t)dt

Solution : 8(s) =5+ 2_[ cos(s —#)g(t)dt

=s5+2coss*g(s)

Taking Laplace transform on both side we get

—_ 1 —_
g(p)=—+2—L—35(p)
p p +1

p +1
2
=, p o+l
- &(p) (o 1)
By partial fraction
g =2eto 2, 2
p p* p-l (p-1y

on inversion, we get.

g(s)=2+s-2e+2set

Problem 3 : Solve sins = I J,(s-Hg(tdt

=Jo (s) * g(s)

Taking laplace transform on both side

L[sins] =L [Jo(s) * g(s)] =L [Jo(s)] L[ &(s) ]
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«/pz-l-l: 1
P+l Jp'+1

. g(p)=

1

sg(s)=L" {m] =Jo(s)
p

Problem 4 : Solve the integral equation

g(s)=1-[(s—n)g(t)dt

Solution : &(5) :1—I(S—f)g(f)df

=1-s5%g(s)

s Lg®)]=L[1]-L[s]2[g(s)]

gm="-Lgp
p

— 1 1
]l
p p
2
- L p p
&(p) p2 +1 p2 +1

Taking inverse laplce transform g(s) = Coss.

Problem 5 : Solve &(5)=$"+ I sin(s - )g(t)dt
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Solution : €(5) =5+ J sin(s —1)g(¢)dt

=5’ +sins* g(s)

Taking Laplace transform, we get

Llg(s)]=L [sz } +L[sins|L[g(s)]

2(p)

— 2
=—+
g(p) PR

.-.§(p>{1— ! }%
p+l] p

— 2(p* +1 2 2
g(p):Ls):_S_p_S
p p D

4

s)=s2+
g(s) 5

Problem 6 : Solve I g(t)g(s - t)dt = 4sings

Solution : Ig(t)g(s —t)dt = 4sin gs

= g(s)*g(s) =4sin gs

Taking Laplace transform on both side

Llg(s)1L[g(s) ]=4L[sings]
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Jep] = 4{p2g+81}

% _, 6
p 81 [p*+81

. g(p)=

1
=460 | ——
g(s) { THJ

g(s)=16Jo(gs)
is the required solution.

8.3 Solution of Integro - differential equation by Laplace transform method.
Problem 1 : Solve & (8)+3g(s)+ 2} g(t)dt=s
0
given g(0)=1
Solution : & (5)+3g(s)+ 2jg(t)dt =S
0
Taking Laplace transform an both side we get

L[g'(s)]+3L[g(s)]+2L {j‘ g(t)dt} =L[s]

[ p2(p)-2(0) | +38(p)+ 2~ g(p) =
- p p

p+3+£}§(p)zl+%['.‘g(o)zl]
p p




__ @+
P(p+1)(p+2)

Taking inverse Laplace transform we get

.-.g(s)zlL'1 R L Py
2 p p+1| 2 p+2

= 1 e +=e
2

2

is the required solution.

Problem 2 : Solve the integro differential equation

g"(s)+ j e (dt =1 gubiect g(0) =0, g((0) =0

Solution : &'()+ [€*°9'(1)di =1

Which can be written as
g"(s)+e> *9'(s) =1

Taking Laplace transform on both side we have

L [g"(s)] +L [ez‘V]L [g'(s)] = L[l]

1 = 1
5 [pg(p) - g(O)] =

| P’2(p)-p2(0)-g'(0) |+

1

P _e(p)=—
P

p—2

ple(p)+




[ g(0)=g'(0) = 0]

_ 1
pr+—L }g(p)=—
o p

2
B 3_2 2+ _
p —2p p}g( )=
. p-2
—= p—2 p—2
-.g(p)= =
p(p’-2p+1) p’(p-1)
g(P)Z_—gj—i+ & 1 [+ partial fraction]

P p-1 (p-1)
Taking inverse laplace transform on both side
g(s)=3-2s+3e°-se’
=3-2s+(3-s)e*

is the required solution.
Problem 3 : Solve y'(x) = 2+3[ cos 2(x — £) y(t)dt with y(0) =1
0

Solution : The given equation can be written as = y'(x) =2+ 3cos 2x * y(x)

Taking Laplace transform on bs
L[y (0] =2 +3 L[cos 2x] L[y(x)]
s

3s

(s
52+4y( )

- 2
sy(s)—y(o) = St
Putting y(0) = 1 and sloving for y(s)

— o (s+2)(s*+4)
Ms)= 2 (s7+1)
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4 8 S 1
2 _62
s S s +1 s +1

on inversion we obtain
= y(x)=4+8x—3cosx—6sinx

is the required solution

Problem 4 : Solve & (5) =s+ ICOStg(S -t)dt, g(0) = 4

Solution : &'() =5+ [ costg(s ~1)d

=s+coss*g(s)

Taking Laplace transform on both side

S L[g'(s)]=L[s]+L[coss]L[g(s)]

[pe(p)-20)]= §+ s)

§(p){p — } = L2+ 4] g(0)=4]
p+l] p

— 2+1] 1
s g(p) == {—2+4}
pLp




)= S st | L eart |
p p p

is the required solution.

Problem 5 : Solve 8'(8) = J-g(t)cos(s -0dt gubject to g(0) =1

Solution : &'(s)= Ig(t) cos(s —t)dt = g(s)*coss

S L[g'(s)]=L[g(s)]L[coss]

pg(p)-g(o)=g(p)—L
p +1
E(p){p— P }l[a-g(o):l
p +1
§(p){p3 L p}l
p +1
g(p)= 2j1=—+%
P
g(s)="L" le %}
P P
=1+£
21
:]+_2




is the required solution

Remark : 1) The gamma function is definded as

i)r(n)=j “x"dx;(n = 0)

i) [(n+1)=nl(n)
i) [((n+)=n! ;neN

iv) r@ =

v)r(a)ra—a)zsir:; -

8.4 Solution of Able integral equation by laplace transform method.

Problem 1 : Solve the Abel integral equation

f(s)= deto<a<1

Solution ;: /(5) = J‘(S—f)fag(t) dt;o<a <l

=5 *g(s)
Taking Laplace transform of both side
L[ f(s)]= L[s’“ * g(s)] = L[s’“]L [g(5)]

7(p )—“_Lajl).g(m

1,

F(l— )

g(p)= f(p)
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_ p -a =
“Fariw | PeT(@)f(p)]

Using

[(a)r(l—a) -_= }

Sinaox

-8(p)= { £ } [P T@f ()]

sinar

:sinam {F(a) T )}

Now L[ f(p)|= /()
s {r(f)} i
p

By convolution transform

r D“) 7(p)|= [(s= roas

i.e.{@?(p)
p

=L D (s—1)*"f (l)dt}

thus equation (1) becomes

g(p)= 2 py [j (s r)“'lf(r)dr}
7T o

:»g(s)—smf” { [j (5= lf(t)dr}

o N\
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We know,
L [PL O] = 10 =2 1) if£(0)=0

Provided /(0)=0

g(s) = Sm‘”d{j (s—1)" lf(t)dt}

is the required solution.

Problem 2 : Solve the Abel's Integral Equation

J-Lt)/dt—ﬂsﬂ
(s—2)”

Solution : 4442 =3 /2% 2(s)

Taking Laplace transform of both side

Llivs+st]=L]s 2rgio)|=2]s |1 [ew)]

-§(p>={1+1+2]1
A

g(s)=L"]2(p)]

LI: Si% S% S%

AN
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b
p“ (@)
Using [(n+1) = nl(mandT ( 1) =z

We have r(%):%r(%):%z
() 34r(30)- T 2E

(1) becomes

o) Pz 2s/ L2 3
¢ J_ VAN AEv -4

=l[s_% +25% +§s%}
T 3

is the required answer.

Problem 3 : Solve the Abel's integral

j L/dt —s(1+5)
o (s=1)"7
Solution : The given integral equation can be written as
= g(s)*sf% =545
Taking Laplace transform on both side
2
%) 1,2

— 1.2




I
--g(p)—r(%){pz ps]

_ 1 {1+2]
L

Taking inverse Laplace transform we get

1 s%f1 s%f1

TR ()

1 [ s% s% ]
= +
G| 100 T LA

is the required solution.

Exercise :

Q.1 Solve the following integral equation by method of Laplace transform.

a) g(s)=1+ jsin(s ~1)g(t)dt
by g(s) =€ —2[ cos (s—1)g(t)dt
¢) 8(8)=1-[(s=n)g(t)dt

d) g(s)=asins—2 j cos(s —t)g(t)dt
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e) &ls)=¢" - I e 'g(t)dt
f) g(s)=coss— j (s—t)cos(s—t)g(t)dt

o) 8(s)=sins+ [ (s—0)g(t)dt
Q. 2 Solve the following integro - differential equation by method of Laplace transform.

a) g'(s)=sins+ Icost g(s—1)dt,subject to g(0)=0

b) &'(5) +J:ez(s'° g'(s)dt = e”subject to g'(0) =0 = g(0)

c) &'(5)+2¢'(s)- 2;[ sin (s-t) g'(s)dt = cos s subject to g'(0) =0 = g(0)
d) g'(s)=sins+ j;cos t u(s-t)dt, g(0)=0

Q.3 Solve g(s)zf(s)+ﬂ£%dz;0<a<1.

8.5 Determination of Resolvent Kernel :

To find resolvent kernel of the volterra integral equation with a convolution type kernel

by intergral transform method:

1. If original kernel k(s, t) is difference kernel k (s - t) then the resolvent is also a
function of (s-t) i.e. of the form I'(s —¢)

2. The solution of volterra integral equation.

e N\
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g(s)=f(s)+ j ks-n@d )
is given by
g =f@+[Ts-0f0a @

Note : Equation (2) is called resolvent of integral equation (1)
Procedure to determine resolvent kernel :

Equation (1) can be written as

g(s) = f(s)+k(s)*g(s)

Taking laplace transform on both side and using convolution theorem we get
L Z8(p)=f(p)+k(p)g(p)

e[ 1-k(p) |=F(p)

Also, equation (2) can be written as

g(s)=f(s)+T(s)* f(s)

Taking laplace transform and using convolution theorem we have

2(p)=f(P)+L[T()] f(p)

Using equation (3) we get

f(p) _ -
T {1+L[T]} f(p)
. l —

Tk =1+ L[[(s)]
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Which gives I'(s —¢) the required resolvent kernel.

Problem 1 : Find the reslovent kernel for the following volterra type kernel by using

method of Laplace transform.

a) k (s,t) =sin (s-t)

b)k(s,t)=s-t

Solution : a)k (s,t) =sin(s-t) = k(s)=sins

k(s,t)=sin(s—t) = k(s) =sins

T = ko= fsins] =L

k(p) }

~I(s)=L L—%(p)




The resolvent kernel is
I'(s—t)=(s—1)
b)k(s,t)=s-t = k(s)=s

-1 %(p)
T = AS
) L—k(p)}
T
_p| P
o
L P
=" 1
sy
=sin hs

= I'(s,t) =sinh(s —¢) is the resolvent kernel

Problem 2 : Find the resolvent of the integral equation

g(s)= f()+ [ gy

Solution : Given integral equation can be written as
2(s)= f(s)+[ e g(t)dt

canbe written as; g(s)= f(s)+e’ * g(s)

Taking Laplace transform using convolution theorem we get

o\
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2(0)=F(P)+———g(p)
p—1

[1 —#} 2(0)=7(p)
p-1

e(p)=| 2L |7

--g(p)—(p_zjf(p) ----- )
The solution of equation (1) is given by

g@)=f(&)+[Ts-0fod 3

Where I'(s —¢) is the resolvent kernel of k(s,t) = e®*

Now, equation (3) can be written as

g(s) = f(s)+T(s)* f(s)

Taking Laplace transform & using convolution theorem we get

2(p)=f(p)+L[T()]f(p)

Using (2) we get

(;’—:;]?(p) =T+ L[]

p—_;=1+L[F(s)]

= L[I(s)]= 2L 27l P2
p—2 p—2

2



R S T
~T(s)=L L?—Z} e

ST(s—t)=et™"
Required resolvent kernel

Equation (3) becomes
g(s)=f(s)+ [ f(0)dt

is the required solution.

Problem 3 : Find the resolvent of the intergral equation

g(s)=f(5)+] (s—)g)at
Solution : The given IE is
g(s)=f(s)+[ (s—g()at

Which can be written as

g(s) =f(s) +s* g(s)

Taking Laplace transform we get
— — 1 —
gp)=r(p)+ ?g(p)

(1 —%j 29 =71(p)
p

g =—L—7(p)
p -1




The Solution of equation (1) is
g(s) = f(s)+ [T(s =)/ (0)dt

Where I'(s —¢) is the resolvent kernel of k(s,t) = s-t
Now, equation (3) can be written as
g(s)==f(s)+T(s)* f(s)

Taking Laplace transform, we get

g(p)=/(p)+L[T )]/ (p)

Using (2) we have

f’z =1+ L[T(s)]

p_

2

L L[(s)] =L 1

p_

pz—p2+1_ 1
- 2

pz—l p -1

~T(s)=L" { 21 J =sinhs

. Theresolvent kernel is
['(s—t)=sinh(s —?)

Equation (3) becomes

g(s)=f(s)+ j-sinh (s=1)f(t)dt




is the required solution.

Problem 4 : Find the resolvent of integral equation

2(s)= f(s)+A[J,(s—0) g(t)dt

Solution : The given integral equation can be written as

g(s) = f(s)+AJo(s)* g(s)

Taking Laplace Transform on bothside, we get

L L[g()]=L[f()]+AL[J(s)] L[ g(s)]

(0 =F(P)+A| —— |2(p)
Jpt+1
V4

J = f(p)

2

.-.§(p)£1—
p +1

Solution of IE (1) is given by
g(s)=f()+ A[T(s=0) f (t)at

Where I'(s —t) isresolvent kernel

Now, IE (3) written as

g(s)=f(s)+ AL (s)* f(s)
Taxing L.T.

~g(p)=f(P)+Af(P)L[T(5)]
=7(p) [1+AL[T(s) ]

Using this is (IT) we get




A

f(p)[1+aL[T 1-
f(p)[1+ [(sﬂ( N

{1+ ﬂL[F(S)]}(—d);:\/_i;i]

1+ AL[D(s)] = Nptl

=
~
=}
~,
’E
+
|

=\/p+l—\/p+l+/1
p+1-24

p+l1-4

1

LL[D(9)]= i

: _ 1
~T(s)=L { p+l—l}

=Q(s) ...(say)

S Thenl'(s —t)=Q(s—1)

Required solution is

g(s)=f(5)+ A[ Qs —1) f (1)t

j = f(p)

=1




Exercise :

Find the resolvent of the following integral equation.

1) g(5) = £(s)+ [(s* =1)g (D)t

(s—t)""

(m_ D)1 g(t)dt

2) 8(s)=f()+]

8.4 Fourier Transform :

Notations : We will denote the Fourier transform by F[ f(t) ] or F(P) Fourier cosine
transform by F_[ f(t) ] or Fc (p) and Fourier sine transform by Fs [ f(t) ]. All these

transform are defined in the Table 3

We Recall some properties of Fourier transform.

1. Linearity property

Flaf(t) +bg(t)]=aF[f(t) ] +bf[g(t) ]

same is hold for Fourier sine and cosine transform.

2. Change of scale property :

Flf@n]=rFlrol.,,

|a|
same is true for Fourier sine and cosine transform.
3. Convolution :

The Convolution of two functions f(t) and g(t) over the interval (—oo, %) is defined as

fO*g@)= [ f(0)gt-x)dx

4. Convolution theorem for Fourier Transform

FLE)*g® I=F[fO]F[g®) ]
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Table of Fourier Transform (F.T.)

Name of F. T. Interval Fourier Transform Inverse fourier Tranform
Complex F(p)=— [ e fdt | £(0)=—= [ " F(p)ip
P To<t<® N2 =, N2 2,
Form of E.T.
2% 2%
F.T. for —o<t<w| F(p)= \/;J f(t)cos ptdt | f(1)= \/;IF(P) cos ptdp
0 0
even function
2% ) 2% )
F.T. for w<i<on| FO) == f@sinpudt | f(0)=\|=[ F(p)sin prdp
odd function
2% 2%
Fouriercosine | 0 <1 <o | Fo(P) =\ =] f(Ocos prdt | f(t)=\| =] F.(p)cos pidp
Troms from
2% ) 2% )
Fouriersine | 0< (<o | F(P)=\[Z[/Osinpuds | f(0)=|=[F,(p)sin ptdp
0 0
Trems form

5. F[f(t—a)|=e"F[f(1)]

6. /0] =iF /0]

7. F[fO0]=Gp) F[f(0)]

g, if h(t)= f(x)dx

then F[h(0)] = %T[f(t)]

I
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8.5 Solution by fourier transfrom method :

Problem 1: Solve the integral equation by method of Fourier transform
If(x) cos pxdx=e "

Solution : We know Fourier cosine transform is

Fe(p)= \/sz(x) cos pxdx
72- o

2 P .. n
=\/;e [.ea (1)]

using corresponding inverse transform.

f(x)=\E [ F.(p)cos px dp
72-()

/2°° /2
= |— —e_p
ﬂ_'[ n cos px dp

o0

27 _
:;,[e ! cos px dp

o

2| e’ ) :
=— o (—cos px+ xsin px
T

ap

{ [e” cosbpdp = %bz[a cosbp +bsin bp]}
a

:%{0_(1:8)}




is the required solution.

fo=2—1
T l+x

Problem 2 : Solve the integral equation

I-p;0<p<l1

I f(x)cos pxdx :{
0 0, p>1

Solution : We know Fourier cosine transform is

F.(p) =\/% [ £ (x)cos pxax

Z{I—p;OSpSl

7| 0:4>1

Using corresponding inverse transform

f(x)= \/ET Fc(P)cos pxdp
7Z. [

1 o0
:\/E{J'Fc(p)cospx dp+IFc(p)cospx dp}
| I

1
=, /zj‘/z(l—p)cospx dp
o\

1
=\/§I (1-p)cos px dp
7[(1

zi{(l—p) sin px _(_1)(C08pxﬂl

2
X X 0

_—_Z{cospx}l
Tl x|




_—_2[cosx—l} _g[l—cosx}
V2 x° V2 x’
is the required solution.

Problem 3 : Solve the integral equation

o 1;0<p<l1
J.f(X)Sinpxdx: 2;1<p<2
’ 0;p=2

Solution : Using Fourier sine transform

Using corresponding Inverse transform

f(x)= ﬁ [ F.(p)sin px dp
72- o

1 2
:\/EDF;(p)sinpxdp+J'FS(p)sinpxdp}
T " 1

+IFS (p)sin pxdp|
2

1 2
= z[f sin px dp + J 2sin pxdp}
p/s

o 1




_2 __cospx}l +2{—cospx}z}
7 L ox p X
_2___cosx—1}_2[cos2x—cosx}2
7| | x X .
_E_—cosx+1—2cos2x+2cosx}
7| X
2| I+cosx—2cos2x | . .
S(x)= pu is required solution.
Exercise :
o0 . p
t)sin ptdt =
1 Solve [/ (O)sin pidt =2

o0

1
2. Solve | f(t)cos prdt = o

+a

o

*0




GREEN'S FUNCTION

9.1 Introduction :

Since their introduction in 1828, Green's Function are very powerful mathematical tool
for solving linear inhomogeneous differential equations. It is a basic solution of linear differential
equation which can be used as building block to construct many useful solutions of the equation.
The form of Green's function depends on the differential equation, and the boundary conditions
to be satisfied by a solution of the equation. These functions are named in the honor of English
mathematician and physicist George Green (1793 - 1841). The purpose of this unit is to
introduce Green's Function and the method of constructing Green's Function corresponding
to homogeneous differential equation with boundary conditions. We also discuss the use of

Green's Function in solving inhomogeneous boundary value problems.
9.2 Motivation :

To understand the motivation behind Green's Function, we consider the B.V.P.

czz_l/;+k2y/:—f(x),0SxSa ----- (1
dx
w(0)=w(a)=0

This B.V.P. arise in the study of a forced vibration of a string with fixed ends. We

assume a solution of the form.
v(x)=A(x)sinkx+ B(x)coskx - (2)
Where A(x) and B(x) to be determined with suitable restrictions.

' (x) = A'(x)sin kx + B’ cos kx + kA(x) cos kx — kB(x) sin kx
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We assume that

A'(x)sinkx+ B'coskx =0

=y (x) = kA(x) cos kx — kB(x) sin kx

Hence y"(x) = kA'(x) cos kx — kB'(x)sin kx — k* Asin kx — k* B cos kx
=~ By(1),

kA'(x)cos kx — kB'(x)sin kx = — f (x)

Thus A'(x) and B'(x) satify two linear equations (3) and (4)

. Solving these equations for 4'(x) and B'(x) we get

A'(x) = —%f(x) coskx and B'(x)= %f(x) sin kx

.-.A(@:—%j f(y)coskydy and B(x)=—%.f f(y)sinky dy

where C, and C, are constants to be determined

The solution of the BVP is of the form
v(x)= —%sin Iocf f(y)cosky dy + %coskx} f(y)sinky dy

This ¥ has to satisfy the boundary condition

y(0)=y(a)=0

Hence we must choose C, and C, such that

0=p(©)=—] f(y)sinkydy=C, =0

| =

and 0=w(a)= %sin ka j F(y)cosky dy+%c0s kaj F(y)sinky dy
) 0
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0 a
—%sinkaj f(y)cosky dy + %f(—sin ka cos ky +cos kasinky)f(y) dy =0
] 0

1 1 ¢sink(y—
or 5 I fcosky dr==1 | %ykaa)f(y) dy

By (5)and C, =0,

1 .  ¢sink(y—a
() = —sin ke | SO0 ) g
k o Sinka

—%sinkxjj f(y)cosky dy + %cosk]:‘f(y)sinky dy

1 sinkx ¢ .
Ly ()= ——=—=[sink(y—a) f(y)dy +
k sinka

[sink(y—x)f(y) dy

e

l//(x):%j‘{sink(y—x)sinka—sinkxsink(y—a)} 1O dy

0 sinka

_%Jsmkxsmk(y—a) Oy

sin ka

v |

sin ky sin k(a — x)}

_ 17 ¢l sinkxsink(a—y)
or yx)= kJ; [ sinka [

}f (»)dy

sin ka

X

Thus¥ (X) = IG(X,y)f(y) dy, Where

1 sinkysink(a—x)

f0<y<x
G(x,y) = k sin ka o<y
) lsinkxsink(a—y)f <v<g
Kk sinka =rs
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is the solution of the B.V.P. (1) and (2)

The function G (X, y) defined above is called Green's Function for the B.V.P. (1) and
(2) and (or Influence)

Ttexistsifsinka#0

Thus we have reduced the problem of solving the inhomogeneous differential equation

(1) with boundary conditions (2) to a simple formula.

w(x)=[ f() G(x,y)dy

The advantage of this formulation of the problem is that Green's function is independent
of the forcing function f. Thatis it depends only on the form of the differential equation,

k and the boundary conditions. Hence the solutions to all possible such problems with
different forcing functions fare known, provided the integral _[ J) G(x, )y exists.
0

We also note that the function G(x, y) satisfies the properties :

1) G(x, y) is continuous at y =x

0
2) ™ G(x, ) is discontinuous at y=x
3) G (x, y) as a function of x satisfies the homogeneous differential equation
y"+k’y =0 ineachinternal 0< x< y,y<x<a.
4) G(x,0) = G(x,a) =0 that G satisfies the boundary conditions (2)

5) G is symmetric that is G(x, y) = G(y, x). Hence we take some of the above conditions

(1-4) as defining conditions for Green's function for general BVP's.
9.3 Definition (Green's function) :

Consider the differential equation

L(y) = py ()" () + p, () y" () + .4 p,(X)¥(x)=0 e (1)
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where p , p,, p,..., p, are continuous functions on internal [ a,b ], P_(x) = Oon[a, b]

with the boundary conditions :

V. =ay(@)+a, Y'(@)+..+ oy (a)+ phy(b)+ By (B) +...+ B y" P (b) =0
k=1,2,..n Q)

Where the linear form, V,, V,, ... V_iny(a), y(a), ....y® " (a), y(b), ¥' (b), ..., y*D(b)
are linearly independent.

Green's function for the B.V.P. (1) and (2) is the function G(x,t) constructed for any
point t, a <t <b such that,

(G,) G(x, t) is continuous and has continuous derivatives w.r.t. x of order (n-2) ona <
x<b

(G,) The (n-1)* derivative of G(x, t) w.r.t. x at t =x has discontinuity of first kind and

1
A0

(G;) G(x,t)asafunctionofx,isasolutionof I(y)=oineachinterval ¢ < x <t,t <x<b

G" (", -G" (¢, 1) =

(G,) G(x,t)satisfies the boundary conditions (2), thatis V,(G) =0,k =1,2,...,n

1
. G@E,0)-G(t,)y=—
Note : If we taken O (¢,0) .0 P

we get - G(x, t) instead of G(x, t)
9.4 Existence and Uniqueness Thearem :

Theorem : Ifthe B.V.P. (1) and (2) has only trivial solution y(x) =0, then the operator
L or the B.V.P. has one and only one Green's function G(x, t).

Proof : Letthe B.V.P. (1) and (2) has only trivial solution y(x) =0. Let y,,y,, ...,y, be
linearly independent solutions of the equation L(y) = 0. From the definition of Green's

function, we want a function G(X, t) of the form

ay(x)+a,y,(x)++a,y,(x), if a<x<t

oen= {blyl(x) +b,y,(X)++b,y,(x), if t<x<b
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Where q,,a,,...,a,,b,,b,,...,b, are functions of t and are to be so determined that

G(x,t) satisfies the defining properties of Green's function.

By the defining condition (G, )

[blyl(t)+"'+bnyn(t)]_[a1y1(t)+"'+anyn(t)] =0
[by (6)+---+b,y (D] =[ay () +-+a,y ()]=0

By O+ +b, 3" PO -[ay" 7 O+ +a,y" ()] =0

and by second defining condition

[y @)+ + b, O1-[ay" () + - +a,y" ()] = ——
' ' K@)

Let C, =b, —a, for k=12,..,n
.. C, satisfy the linear equations

[Cy () +Coy, () +---+C,y,(1)]=0
[Cly: () +Cyy; (t)+"'+cny: (»)]=0

[CY" () +Coy" PO+ +C " (0] =0

[CY" (@O +Copy (@) +---+ Cy" (1)) =

£ (1)
The determinant of the above system of equations (4) is

@ @y,

yo@ oy @ ¥
: #0

yor@ Yy @y @)
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because it is the wronskian of L(y)=oatx=t

Therefore, the system (4) has unique solutions C, (¢),k =1,2,...,n.
Now by the definining condition (G,),U,(G)=0,k=L2,...n.
~a,Ga,t)+a, G(a,t)+a'G" " (a,t)

+B.G(b,t)+ B, G'(b,t)+-++ B G" " (b,t)=0

fork=1,2,...,n
Thatis

a, [alyl(a)+a2y2(a)+ ---+anyn(a)]

ra[ay @++ay (@] ++alay" @)+
+anyr(1n_l)(a) + B, [blyl D)+--+b,y, (b)] + B (b, y (b)+---+
by, (B)+--+ B [ B,y (B) +++B,30 " (B) | =0

fork=1,2,3,...n.
That is

a4 (y)+ta,4,(y,)++a,4.(y,)
+bB,(y)+--+b,B (y,)=0, k=12,.,n

Where

A =ay@)++a "y (a) and
B,(y)=By(b)+-+ B y" (D)

Now since a, =b, —c,, we get

(by—c)A,(y)+ (b, —c,))A,(y,)+--+(b,—c,)A.(¥,)
+bB,(y,)+--+b B (y,)=0, k=L12,..,n

Hence since V, (y) = 4,(y) + B, (»), we get
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bV.(y)+bV, (y)+--+bV (y,) = CA(y)+--+C 4(y,)
k=12,...,n.
This is the system of n linear equations in b,, b, ,---,b, and its determinant is

ACARRACS)

V)V, (»,) <0

V, () V, (»)

Hence the system has unique solution for b,(¢),b,(t),...,b,(t)
Hence a, =b, —c,, a,(t) are determined uniquely.

Thus, a,,a,,...,a,,b,,b,,...,b, areuniqualy determined.

.. G(x,t) exists and unique.

Special case :

Consider the B.V.P.

D (p(x, ) +q(x)y =0, p(x) # 0 on (a,b), p(x) € C'(a,b)

2) y(a)=y(b)=0

Suppose y, is a solution of the equation (1) with the initial condition
n(@=0,y; (a)=a#0

3) Assume that y,(b) # 0

Then the function C,y,(x) where C, is arbitrary, is a solution of the equation (1)
satisfying the boundary condition y,(a) =0. Similarly suppose y,(x)#0 tobea
solution of the equation (1) satisfying the boundary condition y,(b) =0

We shall construct to Green's function of the form

Cy(x)if a<x<t
C,y,(x) if t<x<b
S aom N\

G(x,t) :{
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We choose C, and C, so that G(x,t) is Green's function of the BVP (1) and (2)
Since G(x, t) is to be continuous atx =t, C,y,(¢t) = C,»,(¢) — (h)

1

p(?)

.0 .
Since o G(x,1) has jump atx =t equal to

1
Gy, O-Cy O=—~
y, 0)-Cy (1) >0 (5)

Solving the equations (4) and (5) for C, and C, we get.

IO RPN 1)
Lopw’ T pw)

Where w(?t) = y,()y; () =y (O)y,(t)

Green's function for the B.V.P. (1) and (2) is

11(0),(2)
pOW(t)
1)y, (x)
pOW(?)

if as<x<t
G(x,t)=
if t<x<b

9.5 Construction of Greens function

Problems 1 : Construct Green's function for the BVP
V'=y=0,0)=yO),yO+y®H=0 (1
Solution : The general solution of the equation " —y=01is y(x) = C,e* + C,e™*
Ifitis the solution of B.V.P. (1), y(x) must satisfy the conditions

¥(0)=y'(0), () +y'()=0

We must choose C, and C, such that

¢ +C, =y(0)=y1(0):C1—C2:>C2 =0
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and Cie' +C,e' +Ce' —Cye” = y()+y'(1) =0
20 =0=C, =0 C =C,=0= y(x)=0

Hence the BVP (1) has only trivial solution and by the existence theorem, the B.V.P.
has Green's function of the form :

X —X .
ae’ +a,e” if 0<x<t

be* +be ™ if t<x<l

G(x,1) = {

Where a,,a,,b,,b,, are to be determined.

By defining condition (G1)

(by—a)e' +(b,—a,)e" =0
(by—a)e' —(b,—ay)e" =1

(Note that P 0()c) =1)

t

1 1
Solving these equation for b, —a, and b, —a, we get b —a, = 5¢ and b,—a, Y
Since G(0,7) = G'(0,1)
a+a,=a,—-a,=>a,=0
Since G(l,1)+¢ G'(1,) =0,

be' +be +be —be’ =0

= 2be' =0
=b =0
b—a=—e' ' =>a=—c¢"'
_ +t _ t
a,=0,b,—a,=——e"' =b,=——e




- 1
Thus, 4, :Ee taaz =0,b,=0,b, :_Eet

Hence Green's function for the BVP (1) is

le_te" if 0<x<t
G(x,t)=
—Eete_’r if t<x<lI

%e’” if 0<x<t
G —
ie. (x.0)
—Ee”)‘ if t<x<I

Problem 2 : Determine Green's function for the B.V.P.

—x——==0 0<x<1

with boundary conditions y(0) =0 = y(1)

. d dy y dy
: —x——==0x—x—-y=0
Solution : Note that dxx e x e y

Now let x = ¢ then

& _yd_al b b

dx dz dx dz x dx  dz
A d () dy b 4y )
Cdx dx dx\ dz dz* dx  dz* x
.. d dy _d’y
SLX—Xx—2—=
dx dx dZ*
2
xixﬂ— = :>d2—y:O
dx dx d.
S ann N\




d2
But the general solution of dz{ -y=0is y=Ce" +C,e”*

1
Ly(x)=Cx+C, — is general solution of the equation

d d

R —g =0 an 0<x<I ofthis solution has to the conditions y(0)=0= (1)

we must have 0 = y(0) which implies that C, =0 and y(1) = 0 implies that C, =0

Hence the BVP has only trivial solution and hence its Green's function exists and is of

the form

alx-i-azl if 0<x<t
G(x,1) =
bx+b,— if t<x<l
X
Ifthis G(x,t) is to be Green's function of the B.V.P., we must have

1
(b, —a)t+ (b, —az);:()
1 1
and (bl _al)_(bz _aZ)[_z :;
. . 1 t
Solving these equations for b, — a, and b, —a, wehave b, —a, = > and b, —a, = -3
Also 0=G(0,£)= a,=0=b, :_%

0=G(0,6)= b +b, =0=> b = b, =§

_ 1 11
..b1—611:2—t361125 t—;
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Hence G(x,t) Green's function for the BVP is

%x(f—%jif O<x<t
G(x,t)=

lt(x—ljif t<x<l
2 x

Exercise in the following examples establish whether Green's function exists for the

given BVP and if it does, construct it.
D) y"=0,y(0)=y'(1),»'(0) = y(D)
2) y"=0,y(0) = y(1),»'(0) = y'(1)
3) ¥'+y=0,y(0)=y(7)=0

4) y"=0,y(0)=y(1),y'(0)=y'(1)
” T
5)y'+4y=0,y(0)= O,y(zj =0

6) y"=0,y(0)=y(1),y'(0)+y'(1)=0
7 y'+ky=0,0)=y(1)=0
8) »"=0,y'(0) = Ly(0),y'(1) = Hy(1)

9 y"'+y"'=0,y(0)=y(1),y'(0)+y'(1)=0

9.6 Solution or Convertion of BVP to integral equation by using Green's

function:

In this section we shall discuss the problem of convertion of B.V.P.'s into integral equation
by using Green's function. The Green's function G(x, t) of a linear differential operator

L, ata print tis any solution of

L[G(x,0)]=6(x-t) e (1)




Where s is the dirac delta function. This delta is not a function in usual sense. Itis

defined by 6(x) =0 for except at x =0 where its value is infinitely large in such way

that, _[5 (x)dx=1_ Also for any conditions function ¢ it satisfies.

[o-vpydx =9y 2

To see now Green's function can be used to convert a BVP to an integral equation we
consider the differential operator.

d’ d

L(G(s) = (A(S)W+ B(S)E+ C(s)]u(s) =0,a<s<b

Where A(s) continuously differentiable positive function.

Its, adjoint operator is

d’ d

M(9(s)) = W(A(S)B(s)) —;(B(S)S(s), a<s<b

By integration by parts,

[(OLH —um8)ds =[ A(s)[9u' ~u8'+ud(BAY]”

| | o[BG
This formula is known as Green's formula for L. If we take 2($) = exp j m $ and

4(s) = p(s) j“)

5) ds between the operator L in (3) can be converted to

d d
L="p(s)—+
= p(s) % q(s)

.. For approximateuand v,




kKLS—9Lu=u {% p(s) % 9(s)+ q(s)&’(s)} -9 [% p(s) %u(s) + q(s)u(s)}

- u% p(s)%g(s) +q(9)u(s)9(s) - 9% p(S)%u(S) —q(s)u(s)I(s)

d d d d
= ugp(s)aél(s)—Sgp(s)gu(s)

=u[p(s)3"(s)+ p'()F ()] =3[ p()u"(s) + p'(s)u'(s)]
= p(s) [u3" - Su "(s)] + p'(s) [u&" - Su']

= p(s)[ul9"+u’l9'—8u"—u’9’]+ p'(s)[uS’—Su']
= p(s)[(u&' — ,9u')’} + p'(s) [uv' — Su']
= (p(s)w'9' = u"))

_ %[ P()u(s)F(s)— I(s)u'(s)]

J.(uLS —3Lu)ds = p(s) (u(s)F'(s)— 9(s)u'(s)) |::

- If G(s,t) is the Green's function for L, then

b

j [ G(s,0) LI~ IL(G(s,1))ds | = p(s)(G(s,t)S'(s)—S(S)diG(s,t)] [
S

a

- by (1)

j: G(s,t)LYds —j‘ F($)0(s,t)ds = p(s) (G(S, )9 (s)- 19(S)di G(s, t)j |:Z
a a S

- by (2)




.Ii G(s,t) LY ds—9(t) = p(s)(G(s,t)S'(s) - S(S)diG(s,t)]
s

a

s=b
s=a

s=b
s=a

or 19(f)=f G(S,t)L(S)dS—p(S)(G(S,tW’(S)—S(S)dﬁG(S,f)j -
» A

-, Ifyisasolution of L(y) =1(s), then

s=b
s=a

YoM G(s,r>f<s>ds—p(s>(G<s,r)y'(s>—y(s)%c(s, r)j

The equation (7) can be used to convert or to solve a BVP of second order. We shall

illustrate this technique by considering examples.

Problem 1 : Consider the BVP
(') +ay=F(s), (a<s<b) e ®)
-T',y'(a)+v,y(a)= ()}
Fzy,(b) +v,y(b)=0

Where P is continuously differentable positive function and F(s), q(s) are continuous

function on (a, b). Find the solution of the BVP by using Green's function.

Solution : First consider the BVP.
L) =(p) +q=0 e (10)
subject to the boundry conditions (2)

Let G(s,t) be the Green's function the BVP (10) amd (9)
If'y is the solution of the BVP (8) and (9) by equation (7),

s=b
s=a

y(@) = I G(s,0)F(s)ds — p(S)(G(S, ny'(s)— y(S)%G(S, t)j
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Now p(S)(G(S,t)y'(S) - y(S)%G(S,t)] I

p(b)(G(b,wy'(b)—y(b)%G(s,t)s_,,j—p(a)[G(a,z)y%a)—y(a)%G(s,z)s_a]

Since G is the Green function for the BVP (10), (9) it satisfies the boundary
conditions, (g)

- T, EG(S, Hl,_,+v,G(a,t)=0
Os
0
I, —G(s,t)|,_,+v,G(b,1)=0
ds

0 12
H _G(Sat)|s:a :_IG(aat) d
ence ds 1—~l an

0 \%
—G(s,0)|,, =—2G(b,t
s (s,0)],2 r (b,1)

’ V ’ V
Also, V (b)= __zy(b) and VY (a) = __1y(a)
I, I

- LHS. of (12)is

p(b){ab,z)(—;—zy(b)}—y(b)(—;—zc(s,ﬂ}

—p(a){G(a,ﬂ(;—ly(a)]—y(a)u—lG(a,r)]}

= p(b).0+ p(a).0

=0




Hence by (11) the solution y(t) of the BVP (8), (9) is given by
b
() = j G(s,t)F(s)ds

Thus if we known the Green function for the BVP (10), (9), we can determine the
solution of the BVP (8), (9).

Problem 2 : Solve the BVP

(py')'_"qy:f(s), a<s<b (13)
va)=a,yb)= e (14)
by using Green's function.

Solution : Let G(x, t) to the Green's function for the BVP

(py') +qy=0.3(a)=0,y(b)=0
Hence G(¢,t)=0,G(b,t)=0 for g<t<b
By (7) the solution y(t) of the B.V.P.(13), (14), is

s=b
s=a

y(t)=j G(S,l‘)F(S)dS—p(S)(G(SJ)y'(S)—y(S)%G(SJ)j .

5
3

s_b}+p(a)[—a36<s,r>
ds

y(0)= I G(s,0)F (s)ds — p(b)(G(b,t)y'(b) - y(b)%G(S,t)

+p(a>(G<a,r)y'(a)—y(a)%G(s,r)

:I G(s,t)F(s)ds— p(b) {—ﬂ% G(s,1)

N

(0= [ GGOF (5)ds + (1) where

A N\
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0
s=b _ap(a) G(Sat)
ds

g(f) = ﬂp(b)dias,r)
A)

Problem 3 : Solve the BVP
y'—y=-ze',y(a)=y'(0),y(1)+y'(1)=0
by using Green's function.

Solution : First considerthe BVP y" — y =0, y(0) = y'(0), y(I) + y'(I) = 0 Let G(x,t)
be the Green's function for the BVP y" —y =0, y(0) = y'(0), (/) + y'(/) =0 Then
by the Problem 1 (V-3)

le"” if 0<x<t

G(x,t)=
——eift<x<lI
5 if

The equation " — y = —2¢"* can be converted to

d dy
— p(x)—+q(x)y(x)=-2¢€"
2o PO+ q()y(x)
Where p(x) =1 and q(x) =-1

By problem 1 of this section with I', =1=v, and I', =v, =1 the solution of the

BVP y"—y =0, y(0)=»'(0), »(/)+ y'(I) = 0is

(1) = j G(x,O)F(x)dx, 0<t<lI

Thatis (1) = [ GO0 F (¥)dx,+[ G(a, ) F (x)dx

t !
or ()= %J‘ e’ ' (-2e")dx —%‘!‘ e (-2e")dx

o




y(t)= —j e'edx+ je’dx

o

W) =—e" _e; 1;} e (l—1)
Y(t)=—¢" %—ﬂ—e’(l—t)
(t) :{et ¢’ }ef(z—z)

y(t)=—sinht+e'(I-1)
Example : Verifyreallyitis a solution ofthe B.V.P.

Problem 4 : Using Green's function find the solution of the BVP y"- y = x,
y(0)=y(1)=0
Solution : Considerthe BVPy"-y=0,y(0)=y(1)=0
The Green's function for this BVP exist and
is given by
sinh x sinh(z —1)
sinl

sinh ¢sinh(x —1)
sinl

if 0<x<t
G(x,t)=

if t<x<I

(show this)

As above problem 3, the solution of the BVP

V'=y=x30)=y(1)=0is




y(t)= jG(x,t)F(x)dx = jG(x,t)x dt

. t . 1
p(0) =D [ in box doe+ S0 [ sinh (e
sinl sinl -

y(t) = sinh(z-1) {2 cosh x
sinl

o —J. cosh x dx}

0

1
sinh? l: cosh(x—1)|! jcosh(x -1) dx}
sinl .
= w[f cosh ¢ —sinh t] sinh [1 xcosh(z—1) +sinh(z — 1)]
sinl sinl

(1) = [t(smh(t 1)cosht —sinh ¢ cosh(z —1)]
—sinn(t—1)sinh ¢ +sinh ¢ sinh(¢ —1) +sinh ¢
1 . .
sy = _—{—t sin h(x —(x— 1))} +sinh ¢
sinl

smh t
sinl

y(O)=-
It is really solution of the B.V.P.? Prove
Problem 5 : (Sturm - Liouville problem) : Convert the strum Liouville problem.
(p.y) +qy+Ay=F(s)a<s<b - '

I'y'(a)+vy(a)=0
Ly (6)+v,y(b) =0




Where , isaparameter and p, g, r are continuous functions an (a,b) and p has continuos
derivative and (a, b) with p 0 m (a, b) to an integral equation by using Green's

function.

Solution : First consider the BVP

»)+q=0 (iii)
With the boundary condition (i1)

Let G(s,t) be Gveen's function for the BVP (iii), (i1) Note that G(s,t) is symmetric i.e.
G(s,t)=G(t,s)

The equation (i) can be written as

(pY) +qy=f(s)
where f(s)=F(s)—Av(s)y(s)

Now we know that by problem 1 of this section the solution of the BVP.
(py') +qy=f(s),-Ty'(a)+v,y(a) =0

[,y/(6) +v,y(b) =0

¥(s)=[G(t,9) f (D)t
- y(s) = j G(t,9)[F(t) = Av(t)y(t)] dt
So V(5) = j G(t,s)F(t)dt—ij.r(t)G(t,s)r(t) y(t)dt

b
Let /i(8) = IG(t »$)F (1) (Note that G and F are known)




K(t, s) = G(t, s) v(t)
b
Then ¥(8) = /()= 2| k(t,5) (0)dt
Which is the fredholm integral equation of second kind with the kernel K(t, s) = v(t)

G(t,s)

Note : Note that the kernel K in (*) may not be symmetric However if r(t)>0 for all t,
then the BVP can be converted to Fredholm integral equation of second kind with
symmetric kernel

If v(¢) > 0 forall t, multiply both side of (*)

by \v(s)
£ 3(5) = () £1(5) = A [ WOv(s) £t WO p(0) e

by taking f(s)=+/v(s) f,(s) and ¢(s) =/v(s)y(s)
and k(t,s) = m JV(s) G(t,s)
we get

#(s)=f(s)~ ﬂj k" (1,5) p(r)dt

Since G(s,t) = G(t,s) we see that k2(z,s) = k*(s,?)

Problem 6 : Reduce the BVP

d’y

i) x° e +x%+(lx2—l)y:0, 0<x<l

i) y(0)=0,y(1) =0

to an integral equation by using Green's function.
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Solution : Since x > 0, the differential equation (i) can be written as

d d 1
—Xx—y |-——y+Axy=0
(dx dxyj xy 4

Axy =0wh p=4 2 1
or Ly + Axy = 0 where I x

1
Have p(x)=x,q(x) = —;

Now consider the BVP

Ly(0)=0,y(0)=0,y(1)=0

By the problem 2 (v-3), we know that Green's function of this BVP exists and is of the

form

%x(x——j if t<x<l1

X

Which is symmetrici.e. G(x,t) = G(¢,x)
Now consider the BVP
Ly+Axy=0,y(0)=y(1)=0

or Ly =-Axy,y(0)=y(1)=0

Hence by the problem 1 of this section, the solution y of the BVP satisfies.

() = [ GO )= Axp(x), dx

i Y(t)==A xG(x,)y(x)dx




Which is the Fredholm integral of second kind.

Example : Convert the BVP of problem 6 into Fredholm integral equation of second
kind with symmetric kernel

(Note that the x G(x, t) is not symmetric Butif we take k(x,¢) = \/; \/; G(x,t), then

(*) above can be written as

Niy(t) = =2 [ VX G(x, ONxp(x)dx

or $() = —A[ k(x,0)p(x)dx

Which is Fredholm integral equation of second kind with symmetric kernel
k(x,t) = txG(x,1)

Exercise : 1 - Solve or reduce the following BVP to integral equations by using Green
Function if exit.

”n 7[
1)y +/1y=x,y(0)=y(5j=0

2) y'+y=x,»0)=0,)'1)=0

3) V'+xy=1y0)=y(1)=0

d d n'y
4) —x—y——=0,p0)=y(1)=0
)lxdxy 7 (0)=y(1)

5) y"+ Ay =2x,y(0)=y(1)=0,y'(0)= y'(1)

2

" 7[ 7[ ! !
6) ¥ +7y —Ay= COSEx,y(—l) =y, y'(=D=»"1)

7y +y=x0)=1y'(1)=0

LU



Exercise : 2 - Consider the problem
M-y =F(x), 0<x<l e Q)

yO=ym=0 (i)
Where f(x) is given function , k is positive real number.
1) Construct Green's function for the BVP

i) With Green's function constructed, find the solution for f{x)=x. Make sure that your

solution is correct by verifying that it satisfies (i) and (ii)
'
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Unit 10
THE ADOMAIN DECOMPOSITION METHOD

10.1 Solution of Fredham Integral Equations by Adomain Decomposition

Method

Solution of Fredholm integral equation by Adomain decomposition
method (or decomposition method) provides a reliable and effective way for
finding solutions of linear and nonlinear differential & integral equation. The
method provides the solution of the integral equations in the form of series. In
decomposition method we usually express the solution u(x) of the integral equation

in the form of series

u(x) =Y, (x) (1)

It is important to note that the series obtained for u(x), frequently provides

the exact solution in the closed form.

However for some problem where series in Eq. (1) cannot be evaluated, a
truncated series Y.X_, u,(x) in usually used to approximate the solution u(x) if a

numerical solution is desirsd.

We point out that few terms of truncated series is usually provide the
higher accurate level of the approximate solution if compared with the existing

numerical techniques.

Consider the fredholm integral equation of the second kind of the form,




w(x) = £(x)+ A k(x,Ou(t)dt yela.b] (1)

Let. u(x)= i u,(x) (2)

is the solution of integral equation (1) Substituting (2) in (1), we obtain.
o0 b 0

> u, () = f(x)+ 2 j k(x,t) {Zun 0 dt}

n=0 a n=0

Then,

o (%) + 1y (X)Frvers e =f(x)+/1jk(x,z) uo(t)dt+/Ijk(x,t)ul(t)dt+....

+2 j k(x,t) w, (E)dt+...... 3)

The component uy(x),uq(x), ... of u(x) are completely determined in a

recurrent manner if we set

up(x) = f(x)
b
u(x) = AJ- k(x, t)uy(t)dt

b
Uy (x) =/1J- k(x, t)uq,(t)dt

b
usz(x) :Af k(x, t)u,(t)dt




The above discussed scheme for determination of components
Uy (x), uq1(x),uy(x), ... of the solution u(x) of the integral equation (1) can be

written in a recuresive manner by
b

uy (x)=f(x), u,, (x)= ﬂjk(x,t)un (t)dt, n=0

a

The solution u(x) of integral equation (1) can be determined from the

decomposition (2)

Problem 1 : Find the solution of Fredholm integral equation

9 1 x%t?
u(x) = Exz +J, 5 u(t)dt
by using adomain decomposition mothod.
Sol" : Given integral equation is,
9 , tx
u(x)=—x"+ u(d 1
(=15 j (0 )
Let  wu(x)=>u,(x) . )
n=0

is the solution of the integral equation (1)

Then,

2,2

= _i , Xt
;un(x)—lox +I 5

0

{i u, (z)} dt

Thus,




Then,

Uy () + 2, (X) F 1y (X) + ..

9
=% +—Jz uo(z)dt+—jt w ()t +..........

9x 1 B 9x?

200 5 o 1000

_ J' 2 9t
1000

B 9x? i : B 9x?
2000| 5 o 10000

Continuing in this way, we obtain,




9x’
u’? (X) = 10n+1

Thus (2) reduces to.

o]
0,1
10
_or10
10 9
_ .2
=X

Therefore, u(x) = x? is the required sol of integral equation (1)

Problem 2 Find the solution of Fredholm integral equation

u(x)=cosx+2x+ Ixtu (t)dt
0




by using Adomain decomposition method

Sol" :  Given integral equation is

u(x)=cosx+2x+ J-xt ult)ydt
0

be the solution of integral equation (1)

Then,

22}

Du,(x)=cosx+2x+ x]£ t {iun (t)}dt

n=0 n=0
This gives,

uy (x)+u, (x)+uy (x)+--

:cosx+2x+xjtu0(t)dt+xjtul(t)dt
0 0

+xjtu2(+)dt+---
0
Set, u,(x)=cosx+2x
u (x)= xI:tuO (t)dt = xI:[cos t+2¢]dt

up(x) =x[fy tecostdt+2 [ t3dt]

G2




3 v
{tsmt cost] +2{ }}
3 0

3

{0+cos T —cos O]+2?}

{ 2+2ﬂ—}——2x+27rx

3 3
x)= xj tu, (1) dt
0
=xj”t[—2t+z~7z3t}dt
0 3

:—2xjtdt+ jtdz

—ox+ Ty
3
27 2x°
= + X
3 9




and so on
Therefore equation (2) reducer to,
up(x) +ug (%) + up(x) + -

270 278
X+
3 9

2
:cosx+2x—2x+§7z3x— X

278 27’
= X+ b
9 27
=CoS X

Exercise : Solve the following Fredholm integral equation by using the
Adomai integral equation by using the Adomain decomposition

method.

1
1. u(x):e"+l—e+'[u(t)dt
0




7

2. u(x)zsinx—x+jxt u(t)dt
0

1 %
3. u(x):1+Esin2x.[u(t)dt

0

2
X

4. u(x)zl—g+j;(xt+x2t2) u(t)dt

1
5. u(x)=x+(1-x)e" + Ixzet(x"” u(t)dt
0

1
6. u(x)= %e”‘ —%e”z +jex” u(t)dt
0

19 , |
7. u(x) :I—Ex2 +£(xt+x2t2) u(t)dt

10.2 Solution of Volterra integral equation by Adomain decomposition

method:

Solution of Volterra integral equation of 2™ kind of the form

u(x) = f(x)+/ljk(x,t)u(t)dt, xela,b]  —mmmmmmmmmee- (1)
by the Adomain decomposition method is given by,

w=du® e @

in which u, (x), (n = 0) are giw,
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by using adomain decomposition method

Solution : Given integral equation is

u(x) = 1+jiu(t)dt -------------- (1)

Let u, (x)= i u,(x)
Then
iun(x) :l+J.: iun (¢)dt

uy (x)+u, (x)+u, (x)+---:1+fgu0(t)dt+ﬂ)ul(t)dt+---

Let up(x) =1,




X xt
u3(x):ju2(t)dt:I3dt=%
0 0 :

and so on

Thereofre Eq (2) reduces to

u(x) = iun(x) =u, (x)+u (x)+uy(x)+.........

Problem 2 : u(x):x—i-j(t—x) u(t)dt

0

Solution : Given integral equations is,

X

u(x)=x+j(t—x)u(t)dt ............ (1)
Let
u(x) = iun x (2)

is the solution of integral equations (1)

Then
iun(x) = x+j(t—x){iun(z‘)} dt

Thus,




Uy (X) + 1, (X) + 1y (X) + e, :x+j(t—x) u,(t) dt

+j(t—x) u, (1) dt+j.(t—x) u,(t) dt+.......
Set u, (x)=x

u, (x)= I(t—x) u, (1) dt

=j(t—x)t dt:j'(t2 —xt) dt




X

uy (x) = j (t - x) u, (t)dt

0

=£(¢—x) (%Jdt

X

:%j(t6—xt5) dt

and so on

Therefore equation (2) reduces to,

=X——+t——+..... =—sinx
31507
Exercise : Solve the following volterra integral equations by using Adomain

decomposition method.
(328)
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1. u(x) =1—%2+;|:-u(t)dt
2. u(x)zl—x+j(x—t) u(t)dt

3. u(x) = x—§x3 —2£u(t)dt

X

4, u(x)zl—ju(t)dt
5. u(x)zl—xz—jc-(x—t)u(t)dt

6. u(x) =6x—3x’ +I u(t)dt
0

10.3 Modified decomposition method:
10.3.1 Modified decomposition method for Fredholm integral equation:

Consider the Fredholm integral equation of 2" kind
b
u(x):f(x)+/1.[k (x,t)u(t)dt, a<x<bhb ... (1)

In modified decomposition method we simply split the given finction f(x)

into two parts. defined by

fO=x)+fx, (2)




where f;(x) consist of only one term of f(x) (or if needed two terms in
fewer cases), and f,(x) includes the remaining terms of f(x), In the view of (2),

equation (1) becomes,

b

u(x)zﬁ(x)+]g(x)+jk (x,0)u(t)dt, a<x<b ........ 3)

a

We write the solution u(x) of integral equation (1) in series form defined by

Substituting (4) in (1) we obtain,

22}

Y, (x)=1 () +f, ()+4] k(x,t)(iun(t) dtj

n=0

This give

Uy (X) + 1, (X) + 1y (X) F e =f (x) +1, (x)+
/lj'k(x, t) u,(t)dt + lik(x, ) u,(t)dt + /ljk(x, D) u,()dt +..............

In modified decomposition method the components

Uy (20), 1, (X), 8y (), o of u(x), we set as

u,(x)=fi(x) e (5)

()= )+ A[ k(e u Ot e ©6)
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u,(x)= ﬂik(x,t) u, (t)dt

uy(x) = A j k(x,t) u, (£)dt

and so on.
In most of the problems we need to use (5) & (6) only

A necessary condition is required to apply modified decomposition method

is that f'(x) should consist of more than one terms as shown in equation (2)

It is recommended to apply modified decomposition method for the cases
where the nonhomogenous part f (x) in (1) consist of polynomial that includes
many terms or in case f (x) contain a combination of polynomial and other

trigrometric transcendental functions.

Problem 1 :

1
Solve the Fredholm integral equation u(x)=e —é(Ze3 + 1)x+ jxt u(t)dt int by
0

modified decomposition method.

Solution : Given integral equation is
1

u(x)=e" —5(263 +1)x+jxt u(t)dt e (1)

0

Here f(x)=e™ —é(2e3 +1)x




= /() + £ (%)

where we take

£(x)=¢" and fz(x)=—é(2e3 +1)x

Let, u(x)= iun (x) ---(2)

is the solution of integral equation (1)
22} 1 22}
Then ZLtn (x)zfl(x)—i-fz(x)—i-jxt( u, (t)jdt
n=0 0 n=0
uy (x)+u, (x)+uy (x)+--

= fi(x)+ fi(x)+ x_[;tuo (¢)dt+ xj;tul (t)dt+ xJ‘;tu2 (t)dr+---

Set,  u,(x)=f,(x)=€"

3 a !
:—)C(2e3 +1)+x 1+
9 3 .

i 3
:—x(2e3+1)+x 163—6— —O+l
9 3 9 9




= —£(2e2 +1)+x(Mj
9 9

u, (x) = xJ.;tul (t)dt =0
Note that u, (x)=0,Vn >1

Thus equation (2) becomes,
u(x) = up(x) = e3*.
is the required solution.

Problem 2 : Solve the Fredholm integral equation by Modifed decomposition
method.

u(x)=sin_1x+(%—ljx—jloxu(t)dt

Solution : Given integral equation

u(x):sin1x+(%—1jx—ﬁ)xu(l)—dl
Here, f(x)=sin"' x+x(%—lj
= £ (x)+ £2(x),
(333D




where we take f; (x)=sin"'x, andf,(x)= x(—— lj

Let, u (x) = iun (x) ........... 2)

is the solution of integral equation (1) then.

Thus, uo(x)+”1(x)+uz(x)+u3(x)+...

Set,




Put t* =P, 2tdt =dp = tdt = %p

Ift=0then p=o andif t=1, then p =1

_72' ¢ ¢
Therefore, u,(x)= f,(x)-x 3_5.([ }

Equation (2) becomes,
u (x) =up (x) = sin”'x

Exercise : Solve the following Fredholm integral equations by using modified

decomposition method :
(335)
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7

1. u(x)zsinx—x+xj t1+1dt
0

2. u(x)=(r—-2)x+sin™ (%ﬂj—sinl (XT_I)—.[X u(t) dt

0

X

3. u(x)= x+e'—2e"" +2¢" —j e u(t)dt
0

1
4, u(x): %+%x+x2+x3—j (I+x—1¢) u(t)dt
0

1
5. u(x)= —6+14x4+21x2+x—j (x* = %) u(t)dt
0

6. u(x)= (7r+2)x+sinx—cosx—xj t u(t)dt
0

7. u(x)= e+ (e e —| & u(r)dt

© —y

10.3.2 : The modified Decomposition method for volterra integral equation.

Solution of Volterra integral equations by using the modified Adomain
decomposition method can be obtained by following same procedure that

have used for Fredholm integral equation.

Problem 1: Solve Volterra integral equation

u(x)= secxtanx—%(es“”‘ - )x+%£xes"°tdx+%|




by modified decomposition method.

Solution : Given integral equation is

u(x)=secx tanx—i(ese” - e)x+%.([x.ese“u(t)dt, x <%

Hers, f(x)=secsecx tanx —%(ese” - e)

= () + £ (%)

where we take f;(x)=secxtanx

and f,(x)= _Tx(ese” —x)

Let u(x)+x= Zu 1s the solution of integral equation (1)

\_/

Thus, Zu )+ fo(x)+ %! e (ﬂ

Thas, t (x) 2 (), (x) o0 = £, (1) 75 ()4 [ (1)

xX
N T
4 0

Set,

u,(x)= f,(x)=secxtanx




u, (x) =1, (x)+

N

j e*“'sect tantdt
0

Put sect=p

Then. Sec!-tant dt =dp

If t=0 then p =1 and if t= x then p = secx

Therefore, u, (x) = —

NG ‘e)x““%[epl

Thus, ”Z(X)Z%jese“ul(t)dtzo
0

We note u, (x)=0,Vn>1
Therefore equation (2) becomes,
u(x) =1y ()
=secx tanx

Problem 2 : Solve volterra integral equation

u(x)=x"-x° +5;[tu (¢)dt
0




by Modified decomposition method

Solution : Given integral equation is
u(x) =x -x +5.[tu (t)dt
0
Here f(x) =x -x

=fi(3¥)+ £ (%)

where we take deletes f;(x)=x" and f,(x)=-x"

Let u (x) = iun (x) 2)

is the solution of integral equation (1)

Then, 3w, (x)=(x)+ f2(x)+5j£t(iun(t)jdt

n=0 0
This is gives,

u, (x)+u1(x)+u2 (x)+u3(x)+---=f1(x)+f2(x)
+5jtu0 (t)dt+5j'tu1 (t)dt+--

Set,




() = £ () + 5 0y (1)
=—x"+ Sj't.t3dt

B
t
=—x"+5 —}

Therefore, u, (x)= SIt -, (1)dt =0
0

We note that, u, (x) =0, Vn >l
Therefore, equation (3) becomes
u(x) =u,(x)=x’

Exercies : Solve following Volterra integral equation by using modified

decomposition method.

1. u(x)ze"+x e"—x—jxu(t)+dt
0




2. u(x):cosx+sinx—ju(t)+dt
0

3. u (x) =COS X —(1 — eSi“)x —xjf e ™ u(t)+dt
0

VA

4. u(x)=sinhx+coshx—1—ju(t)+dt
0

5. u(x)= 2x—(1—e”‘2 )+.Te"2”2u(t)+dt
0

3 V4
6. u(x)=1l+x+x’ +x—+coshx+xsinhx—ju(t)+dt
2 0

7. u(x)=1+sinx+x+x’ —cosx—jxu(t)+dt
0

10.3 Adomain Decomposition Method for Integro —differential Equations

We will focus on integer-differential equations with seperable kernel of the form,
k(x,t) = ZLI a,(x)b,(?)

Without loss of gemerality we will make our analysis on a one term kernel k(x,t)

of the form
k(x,t) :g(x)h(t)

Consider the Fredholm integroditerential equations of the form




b
u”(x) = f (x)+ Ak (x0)u(t)dt,u, (@) = A4k =0,1,2,...... )
Then for one term kernel equations (2) takes the form

u(x)= f(x)+ijg(x)h(t)u(z‘)dt

b

= f(x)+Ag(x) [ h(t)u(t)dt, u* (a) =4 k=0,1,2,.... . (3)

a

n

Let L= d
dx"

Then equation (3) can be witten as,

b
L(u(x)) = f(x)+ig(x)jh(t)u(t)dt
Wet L is n-fold integration operretor and it is considered as definite integral from
a to x for each integral. Applying L™ to both sides of equation (4) we obtain,
x—a)’ (x—a)"

TR +aw1(n_m!

u(x)=a,+a,(x—a)+a,

+L"1(f(x))+[/lj:h(t)u(t)dt}L_l(g(x)) ................... (%)

In other were we integrate (3) n times from a to x and we used initial condition at

every step of the integration.




Note that egm (5) is standard Frodholm integral equation and can be solved by

using decomposition method.

Let u(x)= iun (X) (6)

be the series solution of (5)
Substituting (6) in (5) we obtain

2}

Du, (x)= :Z_:;a" (X;C!“)k L (f(x)){zih(t)(iun (t)dtﬂ L'g(x)

n=0

Therefore,

uy (x)+u, (x)+u, (x)+"'::2_:;ak (x;(!a)k +L"1(f(x))

+[ﬁ 2h(t)u, (t)dt]L"1 (g(x))

b

+ ﬂ_[h(t)ul(t)dt L’l(g(x))

+ /1J.h(t)u2 (¢)dt L_l(g(x))

We set,




and so on...
The components u, (x),u1 (x),u2 (x),...of u(x)
in (6) can be written in recursively relations by

uy(x) = nZak (x;c!a) +L" (f(x))

The Noise Term Phenomena:-

Definition : The self cancelling terms between the components u, (x) and u, (x)

are called the noise terms.

This phenomena suggest that instead of evaluating several components, it is useful

to examine the first two component u, and u,.




If we observe the appearance of like terms in both component with opposite sign
then by cancelling these terms, the remaining non cancelled terms of u, may in

some cases provide the solution of the integral equation (2).

This can be justified through direct substitution However if the exact solution was
not attenable by using this phenomena then we should continue at determing all

other components of u(x) to get closed form of solution or approximate solution.

Problem 1 : Solve the Fredholm integrodifferential equation

7/2

1
u'(x =cosx+£—— tu(t) dt, u(0)=0
(x) " 4£x () dt, u(0)

by using Adomain decomposition method.

Solution : Given integral equation is,
/4

1
u'(x =cosx+£—— xt(t) dt, u(0)=0
(x) y 4£ () dt, u(0)

Integrating w.r.t. x from o to x, we get.

) x2 1 /2 xz
u(x)—u(0)=s1nx+§—(z I tu(t)dt);

0

This gives

2 2 7/2
u(x)zsinx-i-%—% [w(@a )

0




be the solution of integral equation (2)

Then,
o) x2 xz /2 0
Du, (x)=sinx+—-— j t (Zun(z‘)jdr
n=0 8 8 0 n=0
This gives,
uy () +uy (x)+u, (x)+uy (x)+---=
2 2 72 2 7/2 2 7m/2
sinx -+~ =" [ty ()de =" [ tu, (£)dt =" [ tu, (t)dt + ...
0 0 0
We set,




2 4
— {[O+sin%+0—sin0}rm}

8 32
x2 7[4
=—=J1+
8 16x32
_—Xz_ x272'4
8 3x16x32
X2 X27Z'4
T8 16

Considering the first two components u,(x) and u;(x), we observe that the two

2
identitical terms %appears in their component with apposite sign. Cancelling

these terms and substituting the remaining cancelled term in uy(x) i.e. sinx, we see

that equation (1) satisfied which is as shown below. Letting u(x) = sin x we have,

/2
u(0)=0 and [cosx+2-2% j ¢sin tdt
4 47

X X . /2
=cosx+Z—Z[I(—cost)—L(—smt)]O
=cosx+£—£[0+1—0+0]

4 4

X X
=COSX+———=COSX




Hence u (x) = sinx is the required solution of the integro-differential

equation (1)

Problem 2 :  Solve the following fredhoim integrodiff exn,

u' (x):%—%wtj-xt u(z‘)dt, u(0)=0
o (1)

by adomain decomposition method
Solution : Given integral equation is,

, 1 x
u(x):g—EJr 0xtu(z‘)dt, u(0)=0

Integrating from o to x, we get,

u(x)—u(0)=2—§—6+70tu(t)dt ................ )
Let u(x) = iun (x) 3)

is the solution of integral equation (2)




we set,

_x
2
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1 1

18 4x36

J

8—1
144

7x? B 7x*

T 2x144 288

u, (x) =%2j-t

0

le
2J;t.

u, +(t)dt

2x144

J

2
7t dr




7x* (1 —O)

T 8% 288

B 7x*
8(288)

x2 1 x2 1 7t2
u3(x)=7.[tu2(t)dtzzj.t42x144 t
0

0
7x* ¢t 1
T 2x4 x144 [Zl

_ 7x*
8x 4% x144

B 7x*
64 (288)

Therefore equation (3) reduces to
u(x) =uy (x)+u, (x)+u, (x)+u, (x)+--

2 2 2 2
_x x Tx Tx Tx

= + + +
6 36 288 8x288 64x288

x x 7x I 1
=———t—|l+ =+ =+
6 36 288

_x X T (1Y
6 36 288448




RSN SE S
6 36 288 _

1
8

2 2
X X Tx %8

6 36 288x7

_x XX
6 36 36

X
6

_ 7x’ 4 4
_64x288(1 )

Exercise : Save the following Fredholam integro-differential equation by using

adomain decomposition method.

u' (x) =-1+ 24x+ju(t)dt, u0)=0

1.
1
ul(x) = 6+17x+jx u(t)dt, u((0)=0
2. 0
u'' (x) =2Xx—cos xjx +u(t)dt, u(0)=1, u'(0) =0
3. 0
h=_2- cosxj x— t ul—i-a’t u(0)=1, u'(0) =0
4. 0
u™(x)=-2x—sinx+cosx J. xt u(t) dt,
5. A
2

u(0) =1, u'(0) =0, (0) =-1, """ (0) =-1
(351

NS



Exercise 2 : Save the following Volterra integro-differential equation by using

adomain decomposition method.

u''(x)= —1+x—jf(x—t)u(t)dt,u(0) =1,u'(0)=-1,u"(0)=1

0

u'(x) :1+]£u(t)dt, u(0)=0

u''(x) =1+.T(x—t)u(t)u(t)dt, u(0)=1, u'(0)=-1

3.
u''(x) =—1—x+]£(x—t)u(t)dt, u(0)=1, u'(0)=1
4. 0
5 u''(x) =1+x;6—31+;|£(x—t)u(t) u(t)dt, u(0)=1, u'(0)=2




